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Abstract

We develop a supervised dimensionality reduction method, called Lorentzian Discriminant Projec-

tion (LDP), for feature extraction and classification. Our method represents the structures of sam-

ple data by a manifold, which is furnished with a Lorentzian metric tensor. Different from classic

discriminant analysis techniques, LDP uses distances frompoints to their within-class neighbors

and global geometric centroid to model a new manifold to detect the intrinsic local and global

geometric structures of data set. In this way, both the geometry of a group of classes and global

data structures can be learnt from the Lorentzian metric tensor. Thus discriminant analysis in the

original sample space reduces to metric learning on a Lorentzian manifold. We also establish the

kernel, tensor and regularization extensions of LDP in thispaper. The experimental results on

benchmark databases demonstrate the effectiveness of our proposed method and the correspond-

ing extensions.
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1 Introduction

Feature extraction has been studied by researchers in machine learning, pattern recog-

nition and computer vision for long time. There are many approaches for this task. One of

the most successful and well-studied techniques is dimensionality reduction. We devote

this paper to addressing the supervised dimensionality reduction from the perspective of

Lorentzian geometry which is extensively used in general relativity, as a basic geometric

tool for modeling the space-time in physics.

1.1 Related Work

Principal Component Analysis (PCA) [2] and Linear Discriminant Analysis (LDA)

[1] are two most popular linear dimensionality reduction techniques. PCA projects the

data points along the directions of maximal variances and aims to preserve the Euclidean

distances between samples. Unlike PCA which is unsupervised, LDA is supervised. It

searches for the projection axes on which the points of different classes are far from

each other and at the same time the data points of the same class are close to each other.

However, these linear models may fail to discover nonlineardata structures.

During the recent years, a number of nonlinear dimensionality reduction algorithms

called manifold learning have been developed to address this issue [17][7][14][8] [10][13].

However, these nonlinear techniques might not be suitable for real world applications be-

cause they yield maps that are defined only on the training data points. To compute the

maps for the new testing points requires extra effort.

Along this direction, there is considerable interest in using linear methods, inspired by

the geometric intuition of manifold learning, to find the nonlinear structure of data set.

Some popular ones include Locality Preserving Projection (LPP) [19][12], Neighborhood



Preserving Embedding (NPE) [18], Marginal Fisher Analysis(MFA) [11], Maximum

Margin Criterion (MMC) [20], Average Neighborhood Margin Maximization (ANMM)

[21], Semi-Riemannian Discriminant Analysis (SRDA) [5] and Unsupervised Discrimi-

nant Projection (UDP) [24].

In addition, the kernel trick [3] has been widely applied to extend linear dimension-

ality reduction algorithms to nonlinear ones by mapping thedata to a high-dimensional

(usually infinite-dimensional) feature space. It is worth noting that most of the existing

dimensionality reduction methods are vector based, but in many real world tasks, the data

are more naturally represented as higher-order tensors. For example, a captured image is

an order-2 tensor,i.e. matrix, and the LBP or Gabor feature of an image is in the form

of order-3 tensor [26]. Thus a number of algorithms [28][29][31] have been proposed to

handle the data as tensors directly. Caiet al .[43] also proposed a regularized subspace

learning framework which explicitly considers the spatialrelationship between the pixels

in images.

1.2 Our Approach

Recently, Yanget al .[24] adapted both local and global scatters to unsuperviseddimen-

sionality reduction. They maximized the ratio of the globalscatters to the local scatters.

Zhaoet al . [5] first applied the semi-Riemannian geometry to classification [5]. Inspired

by prior work, in this paper, we propose a novel method, called Lorentzian Discriminant

Projection (LDP), which focuses on supervised dimensionality reduction. Its goal is to

discover both local class discriminant and global geometric structures of the data set from

the perspective of Lorentzian geometry. We first construct amanifold to model the local

class and the global data structures. In this way, both the local discriminant and the global

geometric structures of the data set can be accurately characterized by learning a special



Lorentzian metric tensor on the newly built manifold. In fact, the role of Lorentzian metric

tensor in LDP is to transfer the geometry from the sample space to the feature space.

To our knowledge, this is the first time to introduce Lorentzian geometry to feature ex-

traction. Compared with traditional algorithms, our method has the following advantages:

(1) The solution to many popular dimensionality reduction algorithms, such as LPP,

NPE, LDA, MFA and UDP is to pose a trace ratio optimization problem, which

however does not have a closed-form solution [6]. While LDP avoids this problem

since it only needs to compute a simple eigen-decompositionproblem.

(2) In general, the amount and the prior distribution of the training data, and the type of

problem all influence the classification performance. Our LDP proposes a Lorentzian

metric learning framework to deform feature space towards the optimization of both

local within-class compactness and global structure diversity. For different data set,

we can learn their specific discriminant structure from the original sample space and

apply it to the feature space. Therefore, our “ learning strategy ” is more natural

than the traditional “ design-based strategy ”,i. e. design a weighted graph directly

[11][19]. The experimental results also indicate that LDP is more effective than tra-

ditional methods in extracting discriminant features.

The rest of this paper is organized as follows. In Section 2, we introduce the algorithm

details of Lorentzian Discriminant Projection (LDP). Section 3 builds the kernel, tensor

and regularization extension of LDP, respectively. The experimental results of LDP ap-

plied to real-world face analysis and handwriting digits classification are presented in

Section 4. Finally, we conclude the paper along with some directions for further research

in Section 5.



2 Lorentzian Discriminant Projection

2.1 Fundamentals of Lorentzian Manifold

Lorentzian geometry is an active field of mathematical research that can be seen as part

of differential geometry as well as mathematical physics. It represents the mathematical

foundation of the general relativity which is probably one of the most successful and

beautiful theories of physics.

In differential geometry, a semi-Riemannian manifold is a generalization of a Rieman-

nian manifold. It is furnished with a non-degenerate and symmetric metric tensor called

the semi-Riemannian metric tensor. The metric matrix on thesemi-Riemannian manifold

is diagonalizable and the diagonal entries are non-zero. Weuse the metric signature to de-

note the number of positive and negative ones. Given a semi-Riemannian manifoldM of

dimensionn, if the metric hasp positive andq negative diagonal entries, then the metric

signature is(p, q), wherep + q = n.

Lorentzian manifold is the most important subclass of semi-Riemannian manifold in

which the metric signature is(n−1, 1). The metric matrix on the Lorentzian manifoldL
n
1

is of form

G =

















Λ̂(n−1)×(n−1) 0

0 −λ̌

















, (1)

whereΛ̂(n−1)×(n−1) is diagonal and its diagonal entries andλ̌ are positive. Suppose that

r = [r̂T , ř]T is ann-dimensional vector, then a metric tensorg(r, r) with respect toG is

expressible as

g(r, r) = rTGr = r̂T Λ̂r̂− λ̌(ř)2. (2)

Because of the nondegeneracy of the Lorentzian metric, vectors can be classified into



space-like (g(r, r) > 0 or r = 0), time-like (g(r, r) < 0) or null (g(r, r) = 0 andr 6= 0).

Fig. 1 shows the 3-dimensional Lorentzian space-time with the signature (2,1). One may

refer to [4] for more details.

Fig. 1.

2.2 The Motivation of LDP

The theory and algorithm in this paper are based on the perspective that the discrim-

ination power is tightly related to both local class and global data structures. Our LDP

is inspired by two factors: the viewpoint of Lorentzian manifold applied to general rela-

tivity and the success of considering both local and global structures for dimensionality

reduction.

The Lorentzian geometry has been successfully applied to Einstein’s general relativity

to model the space-time as a 4-dimensional Lorentzian manifold of signature (3,1). And

as will be shown later, this manifold is also convenient to model the structures of a group

of classes. On one hand, we model the local class structure bythe distances between each

sample and its within-class neighbors. We also characterize the global data structure by

the distances between each point and the global geometric centorid. Combining both local

and global distances together, we naturally form a new manifold to preserve the discrimi-

nant structure for data set. On the other hand, to optimize both local and global structures

at the same time, we need to perform discrepancies of within-class quantities and global

quantities. To do so, we introduce Lorentzian metrics whichare the unique tools to in-

tegrate such kinds of dual quantities from mathematical point of view. Therefore, the

discriminant structure of the data set is initially modeledas a Lorentzian manifold where

coordinates are characterized by the distances between sample pairs (each point with its

within-class neighbors and the global geometric centorid). Furthermore, we use the posi-



tive partΛ̂ to handle the local class structure and the negative part−λ̌ to model the global

data structure.

To this end, learning a discriminant subspace reduces to learning the geometry of a

Lorentzian manifold. Thus, supervised dimensionality reduction is coupled with Lorentzian

metric learning. Moreover, we present an approach to optimize both the local discriminant

and global geometric structures by learning the Lorentzianmetric in the original sample

space and applying it to the discriminant subspace.

2.3 Modeling Feature Space as a Lorentzian Manifold

For supervised dimensionality reduction task, the samplescan be represented as a point

setSx = {x1,x2, ...,xm}, xi ∈ R
n. The class label ofxi is denoted byCi andmi is the

number of points which share the same label withxi. As we have previously described, the

goal of the proposed algorithm is to transform points from the original high-dimensional

sample space to a low-dimensional discriminant subspace, i.e.Sy ⊂ R
d whered ≪ n.

In this subspace, feature points belonging to the same classshould have higher within-

class similarity and more consistent global geometric structure. To achieve this goal, we

introduce a Lorentzian manifold to model the structure of features in a low dimensional

discriminant subspace.

With yi, Syi
= {yi,y

i
1, ...,y

i
mi−1} (points share the same class label withyi) andȳ (the

geometric centroid ofSy, i.e.,ȳ = 1
m

m
∑

i=1
yi), a new pointdyi

is defined as:

dyi
= [d(yi,y

i
1), ..., d(yi,y

i
mi−1), d(yi, ȳ)]T ≡ [d̂T

yi
, d(yi, ȳ)]T , (3)

whereyi
j ∈ Syi

andd(yp,yq) is the distance betweenyp andyq. It is easy to see that this

coordinate representation can contain both local within-class similarity and global geo-

metric structure. We consider thesemi-tuple coordinate representations as points sampled



from a new manifoldLmi

1 furnished with a Lorentzian metric tensorgl. It is straightfor-

ward to see thatgl(dyi
,dyi

) can be written as

gl(dyi
,dyi

) = dT
yi
Gl

idyi
= tr((YiDi)G

l
i(YiDi)

T ), (4)

where the metric matrixGl
i is real diagonal and the signature of the metric is (mi − 1,1),

Di = [emi
,−Imi×mi

]T (Imi×mi
is an identity matrix of sizemi×mi andemi

is an all-one

column vector of lengthmi) andYi = [yi,y
i
1, ...y

i
mi−1, ȳ].

Then the total Lorentzian metric tensor can be given as:

m
∑

i=1

gl(dyi
,dyi

) = tr(YLYT ), (5)

whereL =
m
∑

i=1
BiDiG

l
iD

T
i BT

i , Y = [y1,y2, ...,ym, ȳ] andBi is a binary selection matrix

of size(m + 1)× (mi + 1) which satisfiesYi = YBi. 1

If there is a linear isometric transformation between the low dimensional featurey and

the original samplex, i.e.,y→ Uy = x, we can have an optimization model:


































arg min
U

tr(UTXLXTU),

s.t. UTU = Id×d,

(6)

whereX = [x1,x2, ...,xm, x̄] andx̄ is the geometric centroid ofSx. The linear transfor-

mationU that minimizes the objective function in (6) can be found as being composed of

the eigenvectors associated with thed smallest eigenvalues of the following problem:

XLXTu = λu. (7)

It is sufficient to note that the Lorentzian metric tensor forms the geometry of the feature

1 It means(Bi)pq = 1 if the q-th vector inYi is thep-th vector inY [16][15].



structure. Thus a question naturally arises: how to learn a special Lorentzian metric tensor

to furnish the newly built manifold? This is discussed in thenext subsection.

2.4 Learning the Lorentzian Metric Tensors

The Lorentzian metric matricesGl
i are key to the proposed dimensionality reduction

algorithm. The role ofGl
i in our model is similar to that of weights in graph based models

[11]. In these algorithms, one should design a weighted graph based on some similarity

criteria, such as Gaussian similarity from Euclidean distance as in [19] and prior class

information in supervised learning algorithms as in [1]. The performance of these algo-

rithms strongly depends on such human designed graph weightmatrix. In contrast, our

LDP proposes a novel method to learn Lorentzian metric matrices from the sample set

Sx and then apply it to the feature setSy. In this way, LDP can transfer both local com-

pactness and global structure diversity from the sample space to the feature space for

specific data set. The metricGl
i consists of two parts: the positive-definite partΛ̂i and the

negative-definite part−λ̌i. In this subsection, we introduce an efficient way to learnΛ̂i

andλ̌i successively.

The positive part̂Λi of the Lorentzian metric tensor is used to measure the local struc-

ture of Syi
in low-dimensional discriminant subspace. We can characterize the within-

class similarity and local geometry by learningΛ̂i from Sxi
and then apply it toSyi

. Λ̂i in

the original sample space can be given as:

g
p
l (d̂xi

, d̂xi
) = d̂T

xi
Λ̂id̂xi

= gT
i D̂xi

gi, (8)

where

gi = [
√

Λ̂i(1, 1), ...,
√

Λ̂i(mi − 1, mi − 1)]T



and

D̂xi
= diag(d(xi,x

i
1)

2, ..., d(xi,x
i
mi−1)

2).

For the purpose of classification, we try to findgi which will draw the within-class

samples closer together. Therefore, for eachSxi
, we may minimize this metric and obtain

the following optimization problem:


































arg min
gi

gT
i D̂xi

gi,

s.t. eT
mi−1gi = 1.

(9)

Imposing the sum-to-one constrainteT
mi−1gi = 1 leads to the symmetries of the objective

function, say, invariants to translations, rotations, andscalings [9]. It is easy to check that

the solution to the above problem is

gi =
(D̂xi

)−1emi−1

eT
mi−1(D̂xi

)−1emi−1

. (10)

Thus the positive-definite part̂Λi can be obtained as

Λ̂i(p, q) =























(gi(p))2 if p = q,

0 otherwise.

(11)

It is easy to check that LDP coincides with the PCA algorithm if Λ̂i = 0 andλ̌i = 1,

i = 1, 2, ...m. From this point of view, the negative partλ̌i of the Lorentzian metric tensor

is exactly a special weight used to measure the global geometric structure (global scatter)

of Sy. As introduced in Section 2.1, a null (or light-like) vectorr is the vector that vanishes

the metric tensor:g(r, r) = 0. Inspired by this physical property used in general relativity,

we makeGl
i satisfy the followingsimplifiedlocal null property for discriminant analysis.

g(emi
, emi

) =
mi−1
∑

j=1

Λ̂i(j, j)− λ̌i = 0. (12)



So the negative definite part ofGl
i can be determined by̌λi =

mi−1
∑

j=1
Λ̂i(j, j). We em-

pirically find that the discriminability will be enhanced ifwe choose a positive factor

γ ∈ [0, 1.5] to multiply the negative parti. e., λ̌i ← γλ̌i. This free parameter actually

plays the role of adjusting the trade-off between local compactness and global structure

diversity. The value ofγ can be determined by cross validation.

To summarize, the main procedure of LDP is shown in Table 1.

Table 1

3 Extensions

In this section, we introduce three useful extensions of Lorentzian Discriminant Pro-

jection, Kernel LDP (KLDP), Tensor LDP (TLDP) and Smooth LDP(SLDP), which have

their own advantages under different circumstances.

3.1 Kernel LDP

We describe a method to conduct LDP in the reproducing kernelHilbert space into

which the data points are mapped. This gives rise to Kernel LDP.

Suppose that we mapSx to some high (usually infinite) dimensional feature spaceF

through a nonlinear mappingΦ : R
n → F , and apply linear LDP there.

Assume the kernel Gram matrix isK with Kij = 〈Φ(xi), Φ(xj)〉. Let the projection

beu =
m
∑

i=1
αiΦ(xi) + αm+1Φ(x̄) = Φ(X)α, whereα = [α1, ..., αm, αm+1]

T . Then the



optimalα can be obtained by solving


































arg min
α

α
TKLKα,

s.t. α
TKα = 1.

(13)

3.2 Tensor LDP

In order to match the tensor nature of data, we further extendvector-based LDP to

tensor form.

An order-n tensor is an element of the spaceR
n1×n2×...×nN . The scalar product of ten-

sorsA andB with the same dimensions is〈A, B〉 =
n1
∑

i1=1
· · ·

nN
∑

iN=1
A(i1, ..., iN )B(i1, ..., iN ).

The Frobenius-norm of a tensorA is given by‖A‖F = 〈A, A〉. Thej-mode product of a

tensorA and a matrixV ∈ R
nj×dj is ann1×n2×· · ·×nj−1×dj×nj+1×· · ·×nN tensor de-

noted asA×j V. Thej-mode unfolding ofA is denoted byA(j) ∈ R
nj×(nj+1...nNn1...nj−1),

where the elementA(i1, ..., iN ) of the original tensor appears at theij-th row and the

uj-th column ofA(j), in which uj = (ij+1 − 1)nj+2nj+3...nNn1n2...nj−1 + (ij+2 −

1)nj+3...nNn1n2...nj−1+· · ·+(iN−1)n1n2...nj−1+(i1−1)n2n3...nj−1+(i2−1)n3...nj−1+

· · ·+ ij−1.

GivenSX = {X1, X2, ..., Xm}, Xi ∈ R
n1×n2×...×nN , our objective is to findN optimal

interrelated projection matricesUj ∈ Rnj×dj , such that the projected low-dimensional

tensors can be represented as:

Yi = Xi ×1 U1 ×2 U2...×N UN , i = 1, 2, ..., m.

We adopt an iterative scheme to obtain the projections [23] [22]. Given

U1,U2, ...,Uj−1,Uj+1, ...,UN ,



let

Y
(j)
i = Xi ×1 U1 · · · ×j−1 Uj−1 ×j+1 Uj+1 · · · ×N UN .

Then, by the correspondingj-mode unfolding, we can getY (j)
i ⇒ Y

(j)
i . Therefore, the

optimization model (6) can be rewritten as:



































arg min
Uj

tr(UT
j L∗Uj),

s.t. UT
j Uj = Idj×dj

,

(14)

whereL∗ =
m
∑

i=1
(Y(j)B∗

i D
∗
i )(G

l
i)
∗(Y(j)B∗

i D
∗
i )

T andY(j) = [Y
(j)
1 ,Y

(j)
2 , ...,Y(j)

m , Ȳ(j)].

The matric matrix(Gl
i)
∗ can be obtained by replacing each element inGl

i by a d̄j × d̄j

matrix:

(Gl
i)
∗ =





























Gl
i(1, 1)Id̄j×d̄j

. . .

Gl
i(mi, mi)Id̄j×d̄j





























where d̄j = dj+1dj+2...dNd1...dj−1. We can also obtainB∗
i andD∗

i in the same way,

respectively.

3.3 Smooth Regularized LDP

Learning the spatial relationship between the pixels in images is important for dimen-

sionality reduction, especially in face recognition, clustering and image retrieval applica-

tions. In [43], a Laplacian penalized functional was introduced as a smooth regularization

for dimensionality reduction. This prior information significantly improves the perfor-

mance of traditional methods. By incorporating this Laplacian regularization, we propose



another extended LDP (SLDP) for spatially smooth subspace learning:



































arg min
U

tr(UTLsU),

s.t. UTU = Id×d,

(15)

whereLs = ((1− α)XLXT + α∆T ∆) and∆T ∆ is the discretized Laplacian regulariza-

tion [43] andα ∈ [0, 1] controls the smoothness of the estimator.

4 Experimental Results

To evaluate our proposed LDP and its kernel, tensor and smooth extensions, four groups

of experiments are conducted on different kinds of benchmark databases (CMU PIE,

FRGC v2 [32] and MNIST2 ).

(1) Linear techniques: The performance of LDP is compared with PCA, LPP, LDA,

MMC and MFA.

(2) Kerneltechniques: The performance of KLDP is compared with KPCA, KLPP, KDA

[35], KMMC and KMFA. We all adopt the Gaussian kernel, and thevariance of the

Gaussian kernel were set by cross-validation.

(3) Tensortechniques: The performance of TLDP is compared with TPCA [30], TLPP

[36] 3 , TLDA (DATER) [28], TMMC and TMFA.

(4) Smooth regularizationtechniques: The performance of SLDP is compared with SLPP,

SMFA and SLDA 4 .

2 http://yann.lecun.com/exdb/mnist/
3 TPCA and TLPP was designed for matrices only, so we just test it on order-2 tensor data.
4 Three compared smooth regularization algorithms are all proposed in [43]



We use original one-dimensional (vector) and two-dimensional (matrix) image data and

the expressive features yielded by LBP [33] and Gabor filter [34] for our experiments,

respectively.

The generalized eigen-analysis based methods (e.g.LDA, LPP and MFA) encounter

the computational trouble as they need to compute the matrixinverse. ThisSmall Sam-

ple Sizeproblem [1] frequently occurs in computer vision and pattern recognition since

samples have large dimensions whereas the number of classesis usually small. The PCA

preprocessing is a classic and well-recognized method to solve this problem. For a fair

comparison with other algorithms, we perform the PCA-basedtwo step strategy in all

experiments. Here, we choose the percentage of the energy retained in the PCA prepro-

cessing step between 97% and 100% along with all possible dimensions.

4.1 Face Analysis

In this subsection, we demonstrate the effectiveness of LDP(Linear, Kernel, Tensor

andSmooth Regularizedforms) with real-world face analysis (representation and recog-

nition). We show as follows the comprehensive performance comparisons between our

proposed algorithms and the other state-of-the-art methods.

4.1.1 Face Representation

In the face representation problem, we want to use LDP to learn an optimal discrim-

inant subspace which is spanned by the columns ofU in (6). The eigenvectors can be

displayed as images, called the Lorentzianfaces in our approach. Using the facial images

in experiment 4 of FRGC v2 as the training set, we present the Lorentzianfaces in Fig. 2,

together with Eigenfaces [2] and Fisherfaces [1]. We can findthat the bottom Lorentzian-

faces contain most discriminant facial features (i.e. eyes, nose and mouth) which are in-



sensitive to variations in both lighting direction and facial expression [37], while the top

Lorentzianfaces retain unwanted variations due to lighting and facial expression. It is also

interesting to see that the bottom Lorentzianfaces (c.2 in Fig. 2) share similar patterns

with the top Fisherfaces (b.1 in Fig. 2) whenγ = 0.1. But if we chooseγ = 1.5, the bot-

tom Lorentzianfaces (d.2 in Fig. 2) are somehow similar to the top Eigenfaces (a.1 in Fig.

2). Thus the parameterγ in our LDP has its own advantages for different circumstances.

Hence, LDP is capable of resolving a wide range of problems.

Fig. 2.

4.1.2 Face Recognition Experiments on CMU PIE

The CMU PIE database contains 68 persons with 41,368 face images as a whole. The

face images were captured under varying pose, illuminationand expression. We choose

the five near frontal pose (C05, C07, C09, C27 and C29) and illumination indexed as 10

and 13 such that each person has 10 images. All the face imagesare manually aligned

and cropped. The cropped images are32× 32 pixels, with 256 gray levels per pixel. We

randomly select 3 images of each person for training and the remaining 7 images are for

testing. The top row of Fig. 3 shows facial images of one person.

Fig. 3.

The recognition rate curves of linear methods versus the variation of dimensions are

illustrated in Fig. 4. The recognition rate of each method and the corresponding dimension

are given in Table 2. As can be seen, the proposed LDP outperforms other algorithms

involved in all four experiments.

Fig. 4.

Table 2



LBP is a new approach which is proved effective for feature extraction. In our exper-

iments, we subdivide each image by4 × 4 grids and perform the LBPu2
8 on 16 evenly

partitioned sub-blocks. Thus the LBP feature of one image isa59× (4× 4) order-3 ten-

sor. We compareTensormethods on LBP features of CMU PIE to test the discriminative

power of different methods on order-3 tensor data. Table 3 shows the recognition results.

One can see that our proposed TLDP is the best among them.

Table 3

4.1.3 Face Recognition Experiments on FRGC v2

Experiments are also conducted on a subset of facial data in experiment 4 of FRGC

v2 that measures the recognition performance from uncontrolled images. Experiment 4 is

the most challenging FRGC experiment which has 8014 single uncontrolled still images

of 466 persons in the query set. We choose the first 10 images ofeach person in this set if

the number of images is not less than 10. Then we collect 800 images of first 80 persons.

The images are all cropped to a size of32×32. The bottom row of Fig. 3 shows the facial

images of one person in our experiment.

We randomly select 2 images of each person as the training setand the rest images

are used as the testing set. Table 4 shows the recognition results on original raw data of

experiment 4 of FRGC v2. The recognition rate curves versus the variation of dimensions

are illustrated in Figure 4. One can find that our proposed LDPis superior to other methods

on uncontrolled facial data. We also compareTensormethods on the LBP feature yielded

from FRGC v2. Again, the results presented in Table 3 show that LDP is better than other

methods in comparison.



Table 4

4.2 Handwriting Digits Classification

The handwriting digits classification experiments are designed to test the performance

of feature extraction on multi-resolution images, which are widely used for image pro-

cessing. Since Gabor filter is the most popular multi-resolution operator which has been

frequently used in texture analysis [34] and digit recognition [27], we perform experi-

ments on Gabor features of MNIST database. Firstly, we choose the first 20 images of

each class for the experiments. Then the images are all cropped to a size of28 × 28

(Fig. 5). For each image, we extract 24 Gabor features in fourdifferent scales and six

different directions and down-sample them to7 × 7 images [26]. Then we get order-3

tensor features of size24 × (7 × 7). We randomly take 5 images as the training set and

the remaining 15 images as the testing set. The classification results, listed in Table 5 and

showed in Fig. 4, demonstrate that our proposed LDP and TLDP perform better than other

methods on the multi-resolution image set, respectively.

Fig. 5.

Table 5

4.3 Discussions

We find the free parameters for the test methods in the following way. The number of

K-nearest neighborhoods in LPP and the intra-class neighborparameterK̂ in MFA are

chosen asl − 1, wherel denotes the number of training samples per class. And the inter-

class neighbor parameteřK in MFA is chosen as the one achieving the best performance.

We also choose values of the Gaussian kernel parametert within the interval(0, +∞)



that achieves the best performance on different databases,respectively. For LDP, in all

experiments we choose the value ofγ between0 and1.5 such that the performance is the

best.

By conducting experiments systematically, we find that our proposed LDP and its ex-

tensions can perform better than those traditional methodson the three databases. It can

also be seen that the kernel and tensor approaches outperform vector-based methods in

some databases, but the vector-based methods have their ownadvantages under some cir-

cumstances (Table 4). In addition, the results demonstratethat, when the training set is

not enough to characterize the data distribution (only 3 training images for CMU PIE or

2 training images for FRGC v2),discrepancy criterionsbased MMC and its tensor ex-

tension appear to be less effective than other methods (Table 2 and Table 4). Fortunately,

the kernel trick can significantly improve the performance of MMC. If the training set

adequately characterizes the data distribution as the caseof 5 training images for MNIST,

MMC has the potential to outperform other methods (Table 5).But all experiments show

that MMC does not perform better than LDP.

The face recognition experiments also demonstrate the power of smooth regulariza-

tion for dimensionality reduction. By using 2-D Laplacian smoothing regularization tech-

nique, the regularized algorithms significantly outperform the corresponding ordinary ver-

sions. From Table 2 and 4, we can see the performance of traditional algorithms is signif-

icantly improved by smooth regularization (e.g., the recognition rate of LPP is improved

from 70.0% to 77.9% on CMU PIE and from81.3% to 87.5% on FRGC v2, respectively).

SLDP also outperforms original LDP on both two face data. This is because that smooth

regularization can explicitly take into account the spatial relationship between the pix-

els in an image and the projection vectors can be smoother than those obtained by the

ordinary dimensionality reduction algorithms.



5 Conclusions and Future Work

This paper presents a novel discriminant analysis method called Lorentzian Discrimi-

nant Projection (LDP). In the first step, we construct a Lorentzian manifold to model both

local and global discriminant and geometric structures of the data set. Then, an approach

to Lorentzian metric learning is proposed to learn metric tensor from the original high-

dimensional sample space and apply it to the low-dimensional discriminant subspace. In

this way, both the local class and the global data structurescan be well preserved in the

reduced low-dimensional discriminant subspace. We also derive the kernel and tensor ex-

tension of LDP for nonlinear and multi-linear data, respectively. The experimental results

have shown that our proposed LDP, KLDP, TLDP and SLDP are all promising.

For future work, we are considering the sparsity of the data set. For example, our LDP

only model the Lorentzian manifold by combining theL2 distances as the coordinates.

One of the disadvantages of this approach is that the learnt projective maps are linear com-

bination ofall the original features. But recent psychological and physiological evidence

have shown that the representation of objects in human brainmay be sparse [38][39]. How

to utilize the sparsity for the Lorentzian metric learning framework effectively is an inter-

esting direction. Another open problem in LDP is that the dense matrix eigenvalue prob-

lem is computationally expensive to solve especially for large-scale problems. Recently,

Cai et al . [40][41][42] propose a new regularization framework for linear dimensionality

reduction called Spectral Regression (SR). With this framework, different kinds of regu-

larizers can be naturally incorporated in dimensionality reduction algorithms which make

them more flexible. Furthermore, SR only needs to solve a set of regularized least squares

problems and computational analysis shows that it has only linear-time complexity which

is huge speed up comparing to the cubic-time complexity of the ordinary approaches.

We intend to further investigate regularization and least squares formulation for our LDP



model.

Acknowledgment: The first author would like to thank Wei Zhang and Yanqi Liu for

valuable discussions. This work was supported by the grantsof the National Science

Foundation of China, No. 60673006 , 60533060 and U0935004; New Century Excel-

lent Talents in University of China, No. NCET-05-0275.

References

[1] P. Belhumeur, J. Hespanha and D. Kriegman, Eigenface vs.Fisherfaces: recognition using

class specific linear projection, IEEE Trans. on Pattern Analysis and Machine Intelligence,

1997.

[2] M. Turk and A. Pentland, Face recognition using Eigenfaces, IEEE International Conference

on Computer Vision and Pattern Recognition (CVPR), 1991.

[3] K. Muller, S. Mika, G. Riitsch, K. Tsuda and B. Scholkopf,An introduction to kernel-based

learning algorithms, IEEE Tran. on Neural Networks, 2001.

[4] B. O’Neill, Semi-Riemannian geometry with applications to relativity, Academic Press, New

York, 1983.

[5] D. Zhao, Z. Lin and X. Tang, Classification via semi-Riemannian spaces, IEEE International

Conference on Computer Vision and Pattern Recognition (CVPR), 2008.

[6] H. Wang, S. Yan, D. Xu, X. Tang and T. Huang, Trace ratio vs.ratio trace for dimensionality

reduction, IEEE International Conference on Computer Vision and Pattern Recognition

(CVPR), 2007.

[7] D.L. Donoho and C. Grimes, Hessian eigenmaps: new local linear embdedding techniques

for high-dimensioanl data, Proceedings of the National Academy of Sciences, 2005.



[8] S. Roweis and L. Saul, Nonlinear dimensionality reduction by locally linear embedding,

Science, 2000.

[9] L. Saul and S. Roweis, Think globally, fit locally: unsupervised learning of low dimensional

manifolds, Journal of Machine Learning Research, 2003

[10] J. Tenenbaum, V. Silva and J. Langford, A global geometric framework for nonlinear

dimensionality reduction, Science, 2000.

[11] S. Yan, D. Xu, B. Zhang, H. Zhang, Q. Yang and S. Lin, Graphembedding and extensions:

a general framework for dimensionality reduction, IEEE Tran. on Pattern Analysis and

Machine Intelligence, 2007.

[12] X. He, S. Yan, Y. Hu, P. Niyogi and H. Zhang Face recognition using Laplacianfaces, IEEE

Tran. on Pattern Analysis and Machine Intelligence, 2005.

[13] Z. Zhang and H. Zha, Principal manifolds and nonlinear dimensionality reduction by local

tangent space alignment, SIAM Journal of Scientific Computing, 2004.

[14] S. Lafon and A. Lee, Diffusion maps and coarse-graining: a unified framework for

dimensionality reduction, graph partitioning, and data set, IEEE Tran. on Pattern Analysis

and Machine Intelligence Parameterization, 2006.

[15] D. Zhao, Formulating LLE using alignment technique, Pattern Recogition, 2006.

[16] D. Zhao and Z. Lin and X. Tang, Laplacian PCA and its applications, IEEE International

Conference on Computer Vision (ICCV), 2007.

[17] M. Belkin and P. Niyogi, Laplacian eigenmaps and spectral techniques for embedding

and clustering, Advances in Neural Information ProcessingSystem 14, Vancouver, British

Columbia, Canada, 2001.

[18] X. He, D. Cai, S. Yan and H. Zhang, Neighborhood preserving embedding, IEEE International

Conference on Computer Vision (ICCV), 2005.



[19] X. He and P. Niyogi, Locality preserving projections, Advances in Neural Information

Processing Systems 16(NIPS), 2003.

[20] H. Li, T. Jiang and K. Zhang, Efficient and robust featureextraction by maximum margin

criterion, Neural Information Processing Systems (NIPS),2003.

[21] F. Wang and C. Zhang, Feature extraction by maximizing the average neighborhood margin,

IEEE International Conference on Computer Vision and Pattern Recognition (CVPR), 2007.

[22] H. Wang, Q. Wu, L. Shi, Y. Yu and N. Ahuja, Out-of-core tensor approximation of multi-

dimensional matrices of visual data, ACM SIGGRAPH, 2005.

[23] J. Ye, Generalized low rank approximations of matrices, International Conference on

Machine Learning (ICML), 2004.

[24] J. Yang, D. Zhang, J. -Y. Yang, and B. Niu. Globally maximizing, locally minimizing:

unsupervised discriminant projection with applications to face and palm biometrics, IEEE

Tran. on Pattern Analysis and Machine Intelligence, 2007.

[25] R. Liu, Z. Su, Z. Lin, and X. Hou. Lorentzian discriminant projection and its applications,

Asian Conference on Computer Vision (ACCV), 2009.

[26] W. Zhang, Z. Lin and X. Tang, Tensor linear Laplacian discrimination (TLLD) for feature

extraction, Pattern Recgnition, 2009.

[27] D. Xu, S. Yan, H. J. Zhang, Z. Liu and H. Y. Shum, Concurrent subspace analysis, IEEE

International Conference on Computer Vision and Pattern Recognition (CVPR), 2005.

[28] S. Yan, D. Xu, Q. Yang, L. Zhang, X. Tang and H. Zhang, Discriminant analysis with tensor

representation, IEEE International Conference on Computer Vision and Pattern Recognition

(CVPR), 2005.

[29] J. Yang, D. Zhang, A. Frangi and J. Yang, Two-dimensional PCA: a new approach to

appearance-based face representationand recognition, IEEE Tran. on Pattern Analysis and

Machine Intelligence Parameterization, 2004.



[30] D. Cai, X. He and J. Han, Subspace learning based on tensor analysis. Department of

Computer Science Technical Report No. 2572, University of Illinois at Urbana-Champaign

(UIUCDCS-R-2005-2572), 2005.

[31] J. Ye, R. Janardan and O. Li, Two-dimensional linear discriminant analysis, Advances in

Neural Information Processing Systems, 2005.

[32] P. Philips, P. Flynn, T. Scruggs and K. Bowyer, Overviewof the face recognition grand

challenge, IEEE International Conference on Computer Vision and Pattern Recognition

(CVPR), 2005.

[33] T. Ojala, M. Pietikainen, T. Maenpaa, Gray scale and rotation invariant texture classification

with local binary patterns, European Conference on Computer Vision (ECCV), 2000.

[34] S. Arivazhagan, L. Ganesan and S. Priyal, Texture classification using Gabor wavelets based

rotation invariant features, Pattern Recognition Letters, 2005.

[35] M. H. Yang, Kernel Eigenfaces vs. kernel Fisherfaces: face recognition using kernel methods.

IEEE International Conference on Automatic Face and Gesture Recogntion, 2002.

[36] X. He, D. Cai and P. Niyogi, Tensor subspace analysis, Advances in Neural Information

Processing Systems, 2005.

[37] T. Kandade, Computer recogniton of human faces, Birkhause Verlag, 1977.

[38] D. D. Lee and H. S. Seung, Learning the parts of objects bynon-negative matrix factorization,

Nature, 1999.

[39] J. Wright, A. Yang, A. Ganesh, S. Sastry and Y. Ma, Robustface recognition via sparse

representation, IEEE Tran. on Pattern Analysis and MachineIntelligence Parameterization,

2009.

[40] D Cai, X He and J Han, Spectral regression for efficient regularized subspace learning, IEEE

International Conference on Computer Vision (ICCV), 2007.



[41] D. Cai, X. He and J. Han, SRDA: An efficient algorithm for large scale discriminant analysis,

IEEE Transactions on Knowledge and Data Engineering, January, 2008.

[42] D. Cai, X. He and J. Han, Efficient kernel discriminant analysis via spectral regression, Int.

Conf. on Data Mining (ICDM’07), 2007.

[43] D. Cai, X. He, Y. Hu, J. Han and T. Huang, Learning a spatially smooth subspace for face

recognition, IEEE International Conference on Computer Vision and Pattern Recognition

(CVPR), 2007.



Table legends:

(1) Table 1. The LDP algorithm.

(2) Table 2. The recognition results on the CMU PIE (%). “Linear” means we use the

original linear methods, “Kernel” means we compare the KPCA, KLPP, KMMC,

KMFA and KLPD methods, “Order-2Tensor” means we compare the TPCA, TLPP,

TMMC, TMFA and TLDP methods on the raw facial data (matrix). Using the orig-

inal data directly without dimensionality reduction is thebaseline. The percentage

of energy retained in the PCA step is 97%. The optimal dimensions of feature space

are given in the brackets.

(3) Table 3. The recognition results on the LBP features (order-2 tensor) of CMU PIE

and FRGC v2 facial data. Using the LBP features directly without dimensionality

reduction is the baseline. The optimal dimensions of feature space are given in the

brackets.

(4) Table 4. The recognition results on the FRGC v2 (%). “Linear” means we use the

original linear methods, “Kernel” means we compare the KPCA, KLPP, KMMC,

KMFA and KLPD methods, “Order-2Tensor” means we compare the TPCA, TLPP,

TMMC, TMFA and TLDP methods on the raw facial data (matrix). Using the orig-

inal data directly without dimensionality reduction is thebaseline. The percentage

of energy retained in the PCA step is 99%. The optimal dimensions of feature space

are given in the brackets.

(5) Table 5. List classification results on the Gabor features (order-3 tensor) of MNIST

(%). Using the Gabor features directly without dimensionality reduction is the base-

line. For linear methods, the percentage of energy retainedin the PCA step is 98%.

The optimal dimensions of feature space are given in the brackets.



Figure legends:

(1) Figure 1. Illustration of the 3-dimensional Lorentzianspace-time. The plane is the

space-time of the present. On the top is the future light coneand the bottom the

past light cone. Inside the light cone is the time-like space-time and the outside the

space-like space-time. This figure is adapted from [5].

(2) Figure 2. Illustration of Lorentzianfaces together with Eigenfaces and Fisherfaces.

The first row is the Eigenfaces; the second row is Fisherfaces; the third row is

Lorentzianfaces withγ = 0.1; the fourth row is Lorentzianfaces withγ = 1.5.

(3) Figure 3. Some examples of cropped images in CMU PIE and FRGC v2 face databases.

The top row shows ten cropped facial images of one subject in CMU PIE database.

The bottom row shows ten cropped facial images of one subjectin the gallery set of

experiment 4 of FRGC v2.

(4) Figure 4. Illustrations of thelinear experimental results on CMU PIE, FRGC v2 and

MNIST databases. The recognition or classification rate curves versus the variation

of dimensions show the performance of LDP against other state-of-the-art methods.

The horizontal axis is the feature space dimension and the vertical axis is the recogni-

tion or classification rate. (a) displays the results on CMU PIE. (b) shows the results

on FRGC v2. (c) shows the results on MNIST.

(5) Figure 5. Examples of some cropped digital images in MNIST handwriting digits

database. The top row are digital images “2” and “3” in the training set; the bottom

row are digital images “2” and “3” in the testing set.



Summary of Changes

As part of this paper has appeared in ACCV’09, We include a summary of changes.

(1) In section 1.2, we give more detail of our motivation for LDP, and list the advantages

of our proposed LDP.

(2) In section 2.1, we give a new figure to illustrate the Lorentzian space-time.

(3) In section 3, we add a new section to generalize original LDP to kernel and ten-

sor forms and give two new algorithms (KLDP and TLDP) as the extension of our

proposed LDP framework.

(4) In section 4, we redo all the experiments. Three groups ofexperiments are conducted

on different kinds of benchmark databases (CMU PIE, FRGC v2 and MNIST). We

use original vector and matrix image data and the features yielded by LBP and Ga-

bor filter for these experiments, respectively. We also givethe top and bottom five

Lorentzianfaces together with Eigenfaces and Fisherfacesto illustrate the face rep-

resentation ability of LDP. At last, we discuss and analyze the free parameters for

the test methods and the experimental results in section 4.3.

Summary of Changes
Click here to view linked References

http://ees.elsevier.com/pr/viewRCResults.aspx?pdf=1&docID=5937&rev=1&fileID=310476&msid={92997804-D47D-4D89-BC72-38D0248B652E}
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Table 1 Algorithm of LDP.

Input: Sample point set Sx and the labels {C1, C2, ...Cm}.

Output: Feature point set Sy and the projection matrix U.

1. Compute the metric matrix Gl
i using Eq. (10) and Eq. (11).

Form L using L =

m∑

i=1

BiDiG
l
iD

T
i BT

i .

2. Obtain U by Eq. (7), and project samples: y = UTx.

3. Choose an optimal γ in [0, 1.5] with the adaptation λ̌i ← γλ̌i.

Table 1



Table 2 The maximal recognition results (%) on the original CMU PIE facial data (vector and

matrix images). Using the original data directly without dimensionality reduction is the baseline.

The percentage of energy retained in the PCA step is 97 %. The optimal dimensions of feature

space are given in the brackets.

Method Linear Kernel Order-2 Tensor Smooth Regularized

Baseline 67.65 - - -

PCA 66.6 (86) 67.7 (188) 68.5 (14, 3) -

LPP 70.0 (60) 62.4 (30) 69.5 (18, 27) 77.9 (55)

LDA 71.2 (27) 81.9 (67) 74.8 (25, 5) 76.9 (69)

MMC 66.0 (39) 83.4 (80) 73.1 (31, 26) -

MFA 70.8 (28) 80.5 (27) 73.5 (28, 5) 73.1 (98)

LDP 74.8 (26) 84.0 (115) 79.4 (15, 14) 79.2 (69)

Table 2



Table 3 The maximal recognition results (%) on the LBP features of CMU PIE and FRGC v2

facial data. Using the LBP features directly without dimensionality reduction is the baseline. The

optimal dimensions of feature space are given in the brackets.

Method CMU PIE FRGC v2

Baseline 85.3 75.2

TLDA 90.6 (34, 4, 4) 82.3 (33, 4, 3)

TMMC 90.1 (53, 3, 4) 80.6 (53, 4, 3)

TMFA 89.5 (48, 4, 4) 81.1 (57, 4, 3)

TLDP 91.6 (52, 4, 3) 82.5 (42, 3, 3)

Table 3



Table 4 The maximal recognition results (%) on the original FRGC v2 facial data (vector and

matrix images). Using the original data directly without dimensionality reduction is the baseline.

The percentage of energy retained in the PCA step is 99 %. The optimal dimensions of feature

space are given in the brackets.

Method Linear Kernel Order-2 Tensor Smooth Regularized

Baseline 60.8 - - -

PCA 60.8 (151) 60.8 (144) 60.9 (32, 22) -

LPP 81.3 (94) 78.1 (29) 75.2 (24, 17) 87.5 (154)

LDA 90.2 (63) 91.7 (77) 85.5 (13, 15) 90.3 (107)

MMC 67.2 (74) 90.5 (115) 64.7 (27, 29) -

MFA 84.4 (42) 89.7 (28) 83.8 (15, 15) 89.4 (107)

LDP 92.0 (59) 92.7 (79) 87.2 (20, 32) 92.5 (79)

Table 4



Fig. 1 An illustration of a 3-dimensional Lorentzian space-time with the signature (2,1). Inside

the light cone is the time-like space-time and outside the space-like space-time.

Figure 1



(a.1) Top Eigenfaces (a.2) Bottom Eigenfaces

(b.1) Top Fisherfaces (b.2) Bottom Fisherfaces

(c.1) Top Lorentzianfaces (γ = 0.1) (c.2) Bottom Lorentzianfaces (γ = 0.1)

(d.1) Top Lorentzianfaces (γ = 1.5) (d.2) Bottom Lorentzianfaces (γ = 1.5)

Fig. 2 Eigenfaces, Fisherfaces and Lorentzianfaces calculated from the facial images in the FRGC v2 database.

Figure 2



(a) CMU PIE

(b) FRGC v2

Fig. 3 Some facial images used in our experiments. All images are 32× 32 pixels in size.

Figure 3
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Fig. 4 The recognition rate curves of linear methods versus the the variation of dimensions.

Figure 4



(a) Train

(b) Test

Fig. 1 Some handwriting digits in the MNIST database. All images are 28× 28 pixels in size.

Figure 5


