p-ADIC CLASS INVARIANTS

REINIER BROKER

ABSTRACT. We develop a new p-adic theory of class invariants. Our approach works
for virtually any modular function yielding class invariants. The main algorithmic
tool are modular polynomials, a concept which we generalize to functions of higher
level. The resulting algorithm is very fast in practice.

1. INTRODUCTION

Let K be an imaginary quadratic number field. The ring class field Hp of the order
O C K of discriminant A is an abelian extension of K, and the Artin map gives an
isomorphism

Gal(Ho/K) — Pic(O)

of its Galois group with the Picard group of the order. In this article we are in-
terested in explicitly computing ring class fields. Complex multiplication theory
provides us with a means of doing so. It states that we have

Ho = K[X]/(P}),

where Pi is the minimal polynomial over Q of the j-invariant of the complex elliptic
curve C/Q. This polynomial is called the Hilbert class polynomial. It is a non-trivial
fact that Pi has integer coefficients.

The fact that ring class fields are closely linked to j-invariants of elliptic curves
has its ramifications outside the context of explicit class field theory. The observa-
tion that the roots in Fp of P, € F,[X] are j-invariants of complex elliptic curves
with endomorphism ring O made computing Pi a key ingredient in the elliptic
curve primality proving algorithm [10]. Fast algorithms to compute Pi are also
desirable from a cryptographic point of view. Indeed, computing Pi allows us to
efficiently construct elliptic curves for which the discrete logarithm problem is hard,
cf. [5, Chapter 23].

There are three algorithms to compute Pi € Z[X]: a complex analytic [7], a p-
adic [2, 6] and a ‘multi prime’ approach [1, 4]. If GRH holds true, the run time of all
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three algorithms is O(|A|), cf. [4]. These three algorithms are efficient in the sense
that the bottle neck for each algorithm is the size of the output. We are therefore
inherently limited to ‘small’ discriminants. However, also for small discriminants,
the coefficients of P} are huge. For A = —23, we get

P’ = X3 4+ 3491750X 2 — 5151296875 X + 12771880859375

for instance. History tells us we should be able to do better. In his Lehrbuch der
Algebra [19] from 1908, Weber introduces a modular function f from the upper half
plane H to C with the property that f(w) generates the ring class field of Z[w] for
all imaginary quadratic orders Z[w] in which 3 is unramified and 2 splits completely.
For A = —23, a root of the polynomial

Pl,=x%-Xx%y1

generates the Hilbert class field of Q(y/—23). Weber’s function f is related to the
j-function via (f2* — 16)3 — j?* = 0, so computing PL has the same cryptographic
applications as computing Pi.

Following Weber, we call a function value f(w) of a modular function f : H — C
a class invariant if we have

K(f(w)) = Hz[),

i.e., if it is generates the ring class field over K = Q(w). The coefficients of the
minimal polynomial Pi of a class invariant are a constant factor smaller than the
coefficients of Pi‘. This means that from a purely asymptotic point of view, there is
no advantage in computing Pﬁ instead of Pi: the difference in run time is absorbed
in the O-constant. The example above shows however that from a more practical
point of view, class invariants give a big improvement.

The theory of class invariants is well understood in the complex analytic setting.
Using complex analytic techniques, it is now a rather mechanical process [17] to
decide if f(w) is a class invariant, and if so compute its minimal polynomial.

In this article we develop a new p-adic theory of class invariants. It is an extension
of the p-adic algorithm for the j-function [2], which we briefly recall in Section 2. Our
treatment of class invariants is more geometric than the complex analytic one. The
main ingredient of our algorithm are modular polynomials. These polynomials are
well known for the j-function, and we generalize the concept to modular functions
of higher level.

In Section 3 we recall the properties of the modular function field and give
a ‘weak version’ of Shimura reciprocity linking modular functions and ring class
fields. The geometric approach to class invariants is developed in Sections 4 and 5,
the resulting algorithm is stated in Section 6. The algorithm behaves quite well in
practice and computer experiments indicate that the p-adic approach is roughly as
fast as the complex analytic version. We illustrate the algorithm with a detailed
example in Section 7.
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2. p-ADIC ALGORITHM FOR j-FUNCTION

In this Section we explain the p-adic algorithm to compute, on input of a discrim-
inant A < —4, the Hilbert class polynomial P{ € Z[X]. For more details, proofs
and examples, see [2, 6].

As before, let O ¢ K = Q(v/A) be the order of discriminant A. Let p be a
‘small’ prime that splits completely in the ring class field Hp. Since a prime splits
completely in the ring class field if and only if it splits into principal primes in O,
we can find such p by looking for an integer solution to the equation

dp = z? — Ay? (2.1)

with p prime. Under GRH, we may take p of size O(|A|) by [2, Lemma 3.1].
The set

Ella(Qp) = {j € Qp | 3E/Q, with j(E) = j and End(E) = O},

is a finite set of cardinality #Pic(O), and consists of the roots of Pi € Q,[X].
The set Ella(F,) is defined similarly. Its elements are the #Pic(O) j-invariants
of elliptic curves over F), with endomorphism ring O, or equivalently, the roots of
P € F,[X].

We first construct an (ordinary) elliptic curve E/F, with j(E) € Ela(F,).
Write N = p+ 1 — x with = as in equation 2.1. We try random curves over F,
until we find a curve E with N points. The subring Z[Frob] C O then has index
y > 1. For cryptographic applications, we are mostly interested in the case that O
is the maximal order. If we have y = 1 in this case, we know that the curve E has
endomorphism ring O. For the general case, the equality #F(Fp) = N does not
imply that E has endomorphism ring @. We then compute the endomorphism ring
End(E) using [13] and apply an isogeny of degree dividing [Ox : Z[Frob]] to find
an elliptic curve with endomorphism ring O. We refer to [2, Section 3] for details,
and fix an elliptic curve E/F,, with End(E) = O for the remainder of this Section.

We want to lift j(E) € F, to j € ElIa(Q,). Let C, be the completion of an
algebraic closure of Q,, and put XA(C,) = {j € C,, | jmod p € Ella(F,)}. The
set C,, consists of #Pic(O) discs of p-adic radius 1. Each disc contains exactly one
element of the set Ella(Q,) that we want to compute.



4 REINIER BROKER

Let £/Q, be an elliptic curve with endomorphism ring O. For an ideal I C O,
there exists an elliptic curve E7/ Q, and a separable isogeny £ — ET which has the
subgroup E[I] of I-torsion points as kernel. We obtain a bijection p; : Ella(Q,) —
Ella (Q,) that sends j(E) to j(ET). The fundamental idea in [6] is that the map p;
has a natural extension to a map

pr: Xa(Cp) = Xa(Cp)

for ideals I that are coprime to p. For principal ideals I, the map p; is analytic and
has the set Ellx(Q,) as unique fixed points.

To define pr, let j € XaA(C,) and choose an elliptic curve E/C,, with j(E) = j
that has good reduction modulo p. Assume that [ is coprime to p, and let [ € Z~
be its norm. The reduced curve E’/F,, has endomorphism ring O, and the subgroup
E'[I] C E'[l] lifts canonically to a subgroup S C E[l]. We put p;(j) = j(E/S). Note
that for j € Ella(Q,) we have S = E[I], so p is indeed an extension of the map
defined on Ella (Q,).

One proves [2, Theorem 4.1] that for principal ideals I = («) ¢ Z, the map
Pa : XaA(Cp) — Xa(C,) is analytic, i.e., it can locally be given by a power series.
The derivative in j € Ella(Q,) is given by a/@, cf. [2, Lemma 4.2]. Here, @ denotes
the complex conjugate of a. If j; € C, denotes any integral lift of j(E) € Ella(F)),
the ‘Newton process’

ep1 = jr — % for k € Zs (2.1)
converges to the canonical lift j € Ella(Q)) if /@ — 1 is a p-adic unit. For k =1
the computation is performed with two p-adic digits precision, and the precision
is doubled in each step. The accuracy required for the computation of P can be
explictly bounded [2, Section 7].

The run time of the lifting phase depends heavily on the choice of a. The equality
prg = prpy shows that we want o to be smooth: we can then decompose p, as a
series of maps corresponding to the prime divisors of («). The smoothness properties
are ‘in practice’ a lot better than what can be rigorously proved [6, Lemma 2]. At
the end of this Section we give more details on the explicit computation of p,,.

Once we have computed the canonical lift with high enough accuracy, we need
to compute its conjugates under the action of the Picard group Pic(Q). This can
be done using the same techniques as before, since the action of an ideal class
[I] € Pic(O) is given by

J(E) = §(ET) = pr(§(B))

We compute small generators of the Picard group, and compute the Galois conju-
gates of 7. In the end we expand the Hilbert class polynomial

Pl=T] X-p:i(j)€zX].
[I]€Pic(O)
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We explain how to explicitly compute the map p;. It suffices to show how to treat the
case that [ is a prime ideal, and we let [ # p be its norm. For j(E) € Ella(F,), the
isogeny E — ET has degree . Let ®;(X,Y) € Z[X, Y] be the classical modular poly-
nomial of level [. It is a singular model for the modular curve X(l) parametrizing
(cyclic) l-isogenies. This means that j(ET) € F,, is a root of ®;(X,j(E)) € F,[X].
Under the mild condition that the [-torsion E[l] is not Fp-rational, this polynomial
has only two roots in F, by [2, Theorem 5.1], namely j(E') and j(E!). Choose a
root h.

We need to decide if we have pr(j(E)) = h or not. Let E/S have j-invariant h,
corresponding to a cyclic subgroup S C EJl] of order [, i.e., S is the kernel of the
isogeny £ — E/S. Choosing a Weierstral equation

Y2=X34+aX+b

for E, the techniques that Elkies used to improve Schoof’s original point counting
algorithm [15, Sections 7, 8] allow us to compute a polynomial fs € F,[X] that
vanishes exactly on the z-coordinates of the points in S.

Write I = (I,a + br,) with m, € O an element of norm p. Then the group E[I]
is an eigenspace for the action of Frobenius with eigenvalue —b/a € F;. We now
test if (XP,YP) = —b/a - (X,Y) holds for the points in 5, i.e., we compute both
(XP,YP) and (—c/d) - (X,Y) in the ring

Fo[X,Y]/(fs(X),Y? = X* —aX —b).

If they are equal, we have h = p,(j (E)). Otherwise, we need to take the other root
We have ‘decomposed’ the map p,, : Ella(F,) — Ella (F,) as a cycle of isogenies.
Using modular polynomials, it is a simple matter to lift this cycle of maps

i(B) 15 j(E") — - I G EY) = (B

over F, to a ‘cycle’ j — ... — pa(ji) over Q,. Indeed, we know that ®;(ji, X) €

Z,[X] only has two roots in Z,, and since we know j(E ) € F,, we know which
root is pr(jx). This enables us to compute the map p, on Xa(C,).

3. SHIMURA RECIPROCITY OVER THE RING CLASS FIELD

For an integer N > 0, let

F(N):{(CCL Z) GSLQ(Z)|CLEdE1mOdN,bECEOmOdN}

be the full congruence subgroup of level N. The modular group SLy(Z) acts on the
complex upper half plane H and its completion H = HUP!(Q) by fractional linear
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transformations. The quotient I'(NV)\H has the structure of a compact Riemann
surface, and as such, it is isomorphic to the modular curve X (N) over C.

It is well known that the modular curve X (V) can be defined over the cyclotomic
field Q({n), where (y is a primitive Nth root of unity. Let Fiy to be the function
field of X (N) over Q(¢n). We have F; = Q(j). Elements of Fiy are called modular
functions of level N. Explicitly, a function f : H — C is called modular if it is
invariant under I'(/V) and if the coefficients of its Fourier expansion — which it has
because ((1) ];[) is an element of I'( V) — lie in Q({x).

Define the function A by

B 5 92(7)gs(t)
h(w,T) = —2735 . TTB)W”’ (1,7))

for w € C and 7 € H. Here, p(-; (1, 7)) is the Weierstra3 p-function associated to
the lattice Z+ Z - 7. For r, s € %Z/Z, not both 0, define the Fricke function f, s
of level N by

frs(T)=h(rN +s,7).

The Fourier coefficients of f, s are contained in Q((n). If we fix 7 and let 7, s vary
over %Z /Z, not both equal to 0, we get the normalized z-coordinates of the N? — 1
non-trivial points of order N of the complex elliptic curve C/(Z +Z - 7).

Theorem 3.1. We have

Fn = Q(j, frs | 78 € £Z/Z,not both 0).

Proof. [14, Theorem 6.2 and beginning of Section 6.3].

The extension Fy/F; is Galois with group GLa(Z/NZ)/{£1}. This combines the
geometric SLo(Z/NZ)/{£1}-action coming from the Galois cover X(N)c/X(1)c
with the arithmetic (Z/NZ)*-action coming from Q(Cy)/Q. Here, o4 : (v — (&
acts on a modular function f =", ¢ - ¢*/V via

fo4 = Zad(ck) e (3.1)
k

Let O = O ®z Z be the profinite completion of the imaginary quadratic order
O C K. Class field theory tells us that the Galois group Gal(K?*"/Ho) is given by
the exact sequence

1 — 0 — 0% X Gal(K**/Hp) — 1.

We obtain K?P as the union of finite extensions H ~N,0 corresponding to the finite
quotients
0" - (O/NO)* = (O/NO)*.
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The field Hy o is called the ray class field of conductor N for the order O, and the
Artin map gives an isomorphism

(O/NO)* /Tm[0*] = Gal(Hy.0/Ho).

If O is the maximal order of K, the field Hy o is the ray class field of conductor
N of K.

Theorem 3.2. Let f € Fy be modular of level N, and write O = Z[w]. If f(w) is
finite, we have f(w) € Hy 0.

Proof. See [14, Chapter 10]. O

Let the notation be as in the Theorem above. Then we have f(w) € Ho C Hn 0
if f(w) is a class invariant. To decide if this is the case for a given value f(w), we
need to know the Galois action of Gal(Hy,0/Hp) on values of modular functions.
This is the content of the ‘weak’ version of Shimura reciprocity, described below.

Shimura reciprocity gives a map g, : (O/NO)* — GL2(Z/NZ) relating the two
exact sequences in the diagram below.

0* — (O/NO)* 2 Gal(Hy 0/Ho) — 1
Jw

{£1} — GLy(Z/NZ) — Gal(Fy/Q(j)) — L.

If w has minimal polynomial X2 + bX + ¢ € Z[X], we have

t — bs —cs)

Ju - a::sw—l—tr—><
s t

The Galois conjugate f(w)® may now be computed via the reciprocity relation

(f(W)® = (f2 ) (),

cf. [16, Theorem 6.31]. If the extension Fiy/Q(f) is Galois, we have the fundamental
equivalence

(fW)* = flw) < fo@=r

The implication < is immediate from the reciprocity relation. The other implication
requires the hypothesis and an additional argument [16, Proposition 6.33].

We compute generators z1, ...,z for (O/NO)* and map them to GLy(Z/NZ)
using the map g¢,,. The value f(w) is contained in the ring class field Hp if and only
if go(x1),...,90.(zk) act trivially on f. If we for instance also know that there is
an inclusion Q(j) € Q(f), then f(w) is also a class invariant if g, (z1), ..., gu(Zk)
act trivially on f. We refer to [11] for examples.
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4. CLASS INVARIANTS OVER Q,

In this Section we extend the p-adic algorithm from Section 2 to work with other
modular functions than the j-function. The description we present in this Section
is not ideally suited for explicit computations yet, and serves as a stepping stone for
the more practical version of Section 5. The modular functions f we will consider
are integral over Z[j], so they are given as the zero of some irreducible polynomial
U, (X,j) € Z]j, X]. All known modular functions yielding class invariants have this
property.

As before, let p be prime that splits completely in the ring class field Hp for

the order O of discriminant A < —4. For a j-value j(E) € EllaA(Q,), the roots of

the polynomial Vs (X, j(E)) € Hp[X] lie in the ray class field of conductor Hy o
of conductor N for the order O, cf. Theorem 3.2. If we know that f yields class
invariants, for instance by using Shimura reciprocity, we know that some of these
roots actually lie in the ring class field Hn. We need to decide which ones, and
compute the action of the Galois group Gal(Hp/K) = Pic(O) on such roots.

The key observation is that f is an element of the function field

Fn =Q(j, frs | 78 € %Z/Z, not both 0)

of the modular curve X (V) over Q({n), cf. Theorem 3.1. The Fricke functions f, s
are normalized x-coordinates of N-torsion of points on the elliptic curve C/(Z +
Z - 1), and we can write f as a Q-rational function in j and the functions f, s.

Fix a primitive N'th root of unity {y € Q,,. For a € (Z/NZ)*, let Y/(N), be the
modular curve from parametrizing isomorphism classes of triples

(E’ P’ Q)

where P,Q € E[N] form a basis that maps to (% under the Weil pairing ey.
Then f is an element of the function field of Y/(N), g for every a € (Z/NZ)*.

Let z € Qp be a root of Ws(X,j(E)) € Qp[X]. There exist a € (Z/NZ)" and
(E,P,Q) € Y(N)a(ap) with f(E, P, Q) =T € Qp‘

The group of invertible O-ideals acts on Ella(Q,) via j(E) — j(ET), and we
have j(E).Ho/Kl — j(ET). If N is coprime to the norm [ of I, the isogeny
$r: E— E'
extends to a natural isomorphism
o1 : E[N] = E[N].
A basis (P, Q) for E[N] gets mapped to a basis (P!, Q') for E'[N]. We compute

en(P1, Q") = en(P, $1(Q")) = en(P,1Q) = i
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and conclude that we have (E!, P1, Q') € Y(N)1a(Q,). We have the fundamental
equality 3 .
F(B, PQ)IINe/E = F(E!, P Q).

We can explicitly compute the isogeny ¢;: first we compute the kernel polynomial
gr € Qp[X] corresponding to I using the ‘Atkin-Elkies techniques’ alluded to in
Section 2 and then we compute the isogeny using Vélu’s formulas [18]. Hence, we
have a way of computing f(E', P,Q)!lHin.0/Hol

A root = € Q, of U¢(X,j(E)) € Q,[X] lies in Hp if and only if it is invariant
under the action of

Gal(HN,o/Ho) = (O/NO)*/O*

We write x = f (E, P, Q) for some choice of basis P,Q € E [N] and test whether
gl Hy.o/Hol — g holds for all generators y of (O/NO)*/O*.

Once we have found that a certain root x € Q) lies in the ring class field Hp, we
need to compute its conjugates under Gal(Hp/K) = Pic(Q). This proceeds exactly
as before, since we have

L Ho/K] _ f(E, P, Q)[I,HO/K] = f(EI,PI,QI) € Qp.

All we require is that the norm of I is coprime to the level of f. If the minimal
polynomial of x has integer coefficients, we may expand the product

P{= [ (x-fEP""/H)eczX]
[I]€Pic(O)

Example. Let v : H — C be the holomorphic cube root of j with integral Fourier
expansion. It is a classical fact that 5 is modular of level 3. It yields class invariants
for all imaginary quadratic orders O in which 3 is unramified [19, §125].

Let £ : Y? = X3 + aX + b be an elliptic curve over Q,, with p > 3. Let
c1,...,c4 € Q, be the roots of the 3-division polynomial of degree (3% —1)/2 = 4.

Then
—48a

2a — 3(0162 + 0304)

(4.1)

is a cube root of j(F), as may be checked by using for instance the Fourier expansion
of the Fricke functions. Expression 4.1 nicely illustrates that ~s is not a function of
an elliptic curve alone: also some ordering on the 3-torsion is required. We indeed
get three distinct cube roots of j(F). From a geometric point of view, there is no
way to single out a root ‘corresponding’ to vs.

We illustrate how we can use this ‘geometric 72’ to compute the polynomial
P, € Z[X] for the order O of discriminant A = —31 using p-adic methods. The
primes 47 = 42 + 31 and 67 = 62 4 31 both split completely in the Hilbert class
field H = Hp of K = Q(v/—31). The case p = 67 best illustrates our techniques,
since j € Ella(Q,) then has 3 cube roots in Q,,.
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First we compute a curve E/Q, with End(E) = O. The accuracy needed is
only one third of the required accuracy for the computation of the Hilbert class
polynomial P’ ;. Using the algorithm from Section 2 we find that we may take

J(E) =34 33p—16p> + 0(p%) € Q,

as j-invariant. The three cube roots of j(FE) are

m =18+ O(p)
n2 =53 + O(p)
ns =63 + O(p).

Only one of them lies in the Hilbert class field H. Indeed, if 2 roots would lie in H,
then (5 would be contained in H as well and 3 would ramify in H.
We fix a Weierstrafl equation

Y2=X34+aX+b

for E/Qp. Let c1,...,cq € Qp be the 4 roots of the 3-division polynomial for E.
We compute 3-torsion points P; with z-coordinate ¢;. The points P, are defined
over the unramified extension of degree 4 of Q,.

Let I be an O-ideal that is coprime to 3. The isogeny ¢y : E — E! extends to a
natural isomorphism

or : E[3] = E1[3].

Hence, we get a natural bijection

o1 : {n,n2,m3} — {cube roots of j(ET)}.

For a cube root

- —48a
=5 3(c1ee + c3c4q)
we have ,
Lo Ha/H] _ —48a

2a’ — 3(cychy + chcy)

Here, ¢, is the z-coordinate of ;(P;) € E'[3] and E! has WeierstraB equation
2 _ 3 * * AU : _ —14+v-31
Y? = X°+a'X +0b". The group (O/30)*/O* = Z/4Z is generated by o = —3—
of norm 8. We compute nZ[I’Hs/H] for I = () = p3 and get
m o m
LI
N2 — 13
Y1
n3 — 7.
Hence, 71 = 18 + O(p) is a class invariant. Note that ¢y, is just a 2-isogeny, so we
do not actually need the ‘Atkin-Elkies’ techniques from [15, Sections 7, §].
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Computing the conjugates of 11 € Hp under Gal(Hp/K) = Pic(O) proceeds
similarly. We have Pic(O) = Z/3Z = ([p2]) and

Pt/ K — o (m).

We compute the Galois conjugates of 1; and expand

3
Py =] (X — ¢, (m)) = X + 342X + 837X + 116127 € Z[X].
=1

5. COMPUTING THE ACTION OF INVERTIBLE IDEALS

The theory developed in Section 4 is not directly suited for explicit computations. If
we are given a modular function f of level N as a Fourier expansion, it is not clear
how to write this as a rational function in j and the Fricke functions. Secondly,
we have to partially factor the N-division polynomial to use the approach from
the previous Section. The degree of this polynomial is roughly N2, and factoring it
annihilates the improvement gained by working with a ‘smaller’ function f. In this
Section we explain how to circumvent these problems.
The crucial observation is that it suffices to compute

z!

where z € Q,, is a root of V(X j(E)) € Qp[X] and I is an invertible O-ideal of
norm coprime to N. Indeed, if we want to know which root = of U;(X,j(E)) €
Qp[X] is a class invariant, we need to check which root is invariant under the
action of (O/NQO)*/O*. This amounts to computing x!, for I the principal ideal
generated by one of the generators of (O/NO)*. Once we know that z € Q, is
a class invariant, we need to compute z/ € Q,, with I one of the generators of
Pic(0).

Write I'( f) for the stabilizer of f inside SLa(Z). We have I'(N) C I'(f) C SL2(Z),
by the assumption that f is modular of level N. Write X (f) for the modular curve
corresponding to the congruence subgroup I'(f). The complex points of this curve
are I'(f)\H. The curve X (f) is a quotient of the modular curve X (N) by a subgroup
of SLy(Z/NZ), and can be defined over Q({x). We have a commutative diagram

X(N) ! p!
NS
X(f)

and f : X(N) — P! factors through the quotient X (f). Likewise, there exists a
curve X (f), for every a € (Z/NZ)* such that f factors through X (N), — P!. As
a complex curve, we have X (f), = X (f).
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For ease of notation, we simply denote a point on X (f), by a triple (E, P, Q)
instead of (E, P,Q). Here, P, form a basis for the N-torsion F[N] of E with
en(P, Q) = (& for a fixed choice of (y.

Let [ be a prime not dividing the level N. Writing I'(f; 1) = I'(f) NIy (1), we have
inclusions

L(IN) CT(f;1) € T(f).

Let X (f;1) be the modular curve corresponding to I'(f;1). It can be defined over
Q(¢nv). Just as we have curves X(f),, we also have curves X(f;[),. Points on
X(f;1)q are quadruples (E,P,Q,G), with (E,P,Q) € X(f), and G C EJ[l] a
(cyclic) subgroup of order [.

There is a natural map s : X(f;1)s — X(f)a and a natural map ¢ : X(f;1), —
X(f)ia- The map s sends (F,P,Q,G) € X(f;l)a to (E,P,Q) € X(f)a. The map
t sends (E,P,Q,G) € X(f;1)a to (E/G,¢(P),»(Q)), where ¢ : E — E/G has
kernel GG. The situation is as follows.

X(fiDa
AR
X(f)a F o X(fa (5.1)
/ |
P! P!

Here, ' and F’ are the composed maps.
Lemma 5.1. The maps s,t in the diagram above both have degree [ + 1.
Proof. We will show that the diagram

X(fla=——X(fiDa

oo

X(1) Xo(l)

is cartesian in the category of smooth projective curves with surjective maps. As the
cover X¢(1)/X (1) has degree [+ 1, this implies that s and ¢ have degree [ + 1. Here,
the maps on the ‘lower right part’ of the square are the forgetful maps. Instead of
working over Q({n), we will work over C; the same result then holds over Q((y).
We may then omit the subscript a in the diagram. Moreover, it is easier to work
with X(N)/X(1) and X (1)/X (1) instead of X (f)/X (1) and Xo(1)/X (1), since in
this case we explicitly know the Galois groups.

The fibred product of X (/) and X (N) is almost equal to X (N1). Indeed, writing
d(k) = #(SLo(Z/kZ)/{£1}), the degree of X(NI)/X (1) is

#SLy(Z/NIZ)/{£1} = 2- d(N)d(1),
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and we obtain the following diagram

X (N1)

X(N) <=L X(NI)/H

d(N)l O ld(N)
X(1) X(),

where H is the subgroup {1} x {+1} C SLo(Z/NZ) x SLy(Z/IZ). Since we are
working over C, we know that the degrees on parallel sides of the square are equal.
Hence, the square is cartesian.

Since we have (Bl ) € To(l), the curve X (N1)/H is a cover of X (f;1). Hence,
the diagram

d(l)

X(f)=——X(f;1)
5 |
X(1) =—— Xo(l)
‘fits inside’ the bigger cartesian diagram for X (N1)/H. In particular, it is cartesian.

Since the degree of X (1)/X (1) is [ + 1, the same must hold for X (f;1)/X(f). O

Remark. The curve Xo(l) can be defined over Q. The cartesian diagram above
shows that X (f;1), can be defined over Q({n).

We map Y (f;1), to a curve C inside A' x A! as in the diagram below. The map b
is defined by b(x) = (s(x), t(z)), and the maps p;, ps are the two projection maps.

\ lpz " (5.2)

The function field of C' is generated by f and f;. Here, f; is as in (3.1) defined
by fi(w) = f(lw). If f has rational Fourier coefficients, we have f;(w) = f(lw).

The minimal polynomial (IJ{ of f; over Q(C{n)(f) is called the modular polynomial

relating f and f;. The coefficients of <I>lf need not be polynomials in f yet, but after
multiplying the coefficients by the common denominator, we get a polynomial in
Q(¢n)[X,Y]. This polynomial is a model for the curve C. As we have deg(F) =
deg(F"), diagram (5.2) tells us that we have

(I +1) deg(f)

degx (@) = degy (2]) = s
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Remark. For f = j, the modular polynomial @{ is the ‘classical’ modular polyno-
mial ®; that we used in Section 2.

Lemma. If f has rational Fourier expansion, then <I>lf has rational coefficients.

Proof. It suffices to show that X (f) can be defined over Q. Since the algebraic
closure of Q inside Q(f,7) is Q itself, the minimal polynomial ¥ of f over Q(j)
is absolutely irreducible. The curve defined by ¥ = 0 is absolutely irreducible and
has Q(f,7) as function field showing that X (f) is defined over Q. O

Computing <I>lf is relatively easy if we know the Fourier expansion of f. We have
an upper bound

deg(f) (I +1)

for the degrees deg X(<I>lf ) and degy(élf ). By comparing the Fourier coefficients of

f and f;, we can recursively find the coefficients of <I>lf . The following lemma often
simplifies the computations.

Lemma. Let f be a modular function, and let I be a prime not dividing the level
of f. Suppose that the modular polynomial <I>lf has integer coefficients. If f is in-

variant under the action of either S = ({ ') € SL2(Z) or M = (9 ') € GL2(Q),
then we have
o/ (X,Y) = &f (¥, X),

i.e., (I>lf s symmetric.

Proof. The proof is similar to the symmetry proof [14, Theorem 5.3] of the classical
modular polynomial for the j-function. Assume first that f is invariant under S. If
we replace z by —1/(lz) in the equation @{(f(z), f(lz)) = 0, we obtain

of (f(~1/(12)), f(~1/2)) = 0.

Using the invariance of f under S, we derive
®f (f(12). £(2)) = 0.

Since (I>{(X, f) is irreducible in C[X,Y], we see that @{(f,X) is a multiple of
<I>lf(X, f). There exists a polynomial g(X,Y’) with

of (f,X) = g(X, f)g(f, X)®] (f, X).

The Gauf lemma tells us that we have g(X,Y) € Z[X,Y] and hence g(X,Y) = £1.
For g(X,Y) = —1, we get &/ (X,Y) = —®/ (Y, X) and &/ (X, X) = 0. Then X -V
would be a factor of <I>lf (X,Y). This contradicts the irreducibility. Hence, we have
g(X,Y)=1 and <I>lf is symmetric.

The other case proceeds similarly, one replaces z by —1/z in the beginning of
the proof. ]
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Let € Qp be a root of ¥¢(X,j(F)) € Qp[X] and let I be an invertible O-ideal
of prime norm [ { Np. Let <I>l be the modular polynomial defined above. From the
moduli mterpretatlon of X(f l)q, it is clear that one of the roots of (I>f(x X) €
Qp [X] equals z!. To see what the other roots are, we look at diagram 5.1. Above
x € Al(Qp) there are deg(f) distinct points (E;, P;, Qi) € (f)a(Qp). Above
(B, P, Qi) € Y(f)a(ﬁp), there are [ + 1 points (E;, P;, @i, G;) € Y(f;l)a(ap).
Here, G; ranges over the [+1 subgroups of order [ of E;[l]. The points (E;, P;, Qi, G;)
all map to x € Al(Qp) under F. The images under F’ : X (f;1), — A' are exactly
the roots of <I>lf(m, X).

Remark. The curve X(f;1) is a quotient of X (IN). Since X (N) has good reduc-
tion outside N, the curve X (f;1) has good reduction outside IN by [12, Proposition

4.2]. Hence, the description of the roots 0f<I> (z, X) remains valid over F,.

We need to decide which root of <I>lf (x, X) equals z!. The first observation is that
it suffices to look at the roots in Q,. Indeed, if = is a class invariant then we
automatically have x € Q,. If = is not a class invariant, then 2! need not lie in Q,.
But if it does not, we have automatically proven that x is not a class invariant.

Usually, z! is the only root of @{(m,X) that is also a root of W, (X, j(ET)).
Hence, we test for all roots o € Q,, of <I>f(3:, X) whether U ¢(a, j(ET)) = 0 holds. If
x is a class invariant, we find at least one such «. If we find exactly one root with
this property, we have computed /.

Lemma 5.2. Let the notation be as above. Suppose that f has degree 1, and let
x € Qp be a class invariant. If the l-torsion of E is not Qp-rational, there is there

is exactly one root o € Q, of both <I>lf(m,X) € Q,[X] and ¥ ¢(X,j(ET)) € QpX].

Proof. Let (E, P,Q) € Y(f)a(Q,) be the unique point of Y (f), with f(E, P,Q) =
x € Qp. Of the [ + 1 points (E,P,Q,G;) € Y(f;1)a (Q ) lying over (E,P,Q) €
Y (f)a(Q,), only for the 2 points having G; = E[I] or G; = E[I], the value
J(t(E, P,Q,G;)) is contained in Q,, cf. [2, Theorem 5.1]. If both F'(E, P,Q, E[I])
and F'(E, P,Q, E[I]) are roots of ®/ (x, X) € Q,[X], then we must have [I] =
[I] € Pic(O). Because x is a class invariant, we then have F'(E, P, Q, E[I])
F'(E,P,Q, E[I).

ool

If we want that the polynomial Pﬁ has much smaller coefficients than Pi, we need
the degree of f to be small. Many functions that are used in practice, including
Weber’s function f from the introduction, have degree 1. For general f, we cannot
prove that there is only one root « as above. In our computations, we have never
found an example where this problem occurs.

6. THE ALGORITHM

It is of great help that for many class invariants the coefficients of the modular
polynomial CI)lf are a lot smaller than those of the classical modular polynomial
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for j. As an example, we consider the Weber function f from the introduction. For
small primes [ the coefficients of the polynomial are really small, like

PLX,Y) = (X°—Y)(X —Y®) +5XY.

For [ = 13 it takes at least 2 of these pages to write down the polynomial <I>{ , but
we have

PlL(X,Y)=(XB-Y)(X -YB)+5.13XY
+13(X2Y12 4 X122 44X 10y4 44 X104 4 6XOYV8 + 6X5Y6).

This can be used to give a significant practical speed up of the algorithm. We
now give the Algorithm to compute on input A < —4 a generating polynomial for
the ring class field Ho corresponding to the order of discriminant A. Assume that
we are given a modular function f that yields class invariants when evaluated at
appropriate generators w € H of the Z-algebra O = Z[w]. We need the Fourier
expansion of f and the minimal polynomial W(f, X) € Z[j, X].

Step 1. Find a prime p t N and an elliptic curve E/F, with End(E) = O. We

compute the zeroes x1,...,z, € F), of U((X,j(F)) € F,[X].

Step 2. We have to decide which of these zeroes is the reduction of a class invariant.
Compute smooth primitive generators yq, ...,y of (O/NO)*.
Write (y1) = aq - ... as, with N(«a;) = [; € Z prime. Compute the cycle

. Pa . 501\ Pa Pay ., ~—=(y1) .
J(EB) I B e B = ()

of j-invariants over F, as in Section 2 using the modular polynomials for j. Compute
all roots n; € F,, of <I>fl (21, X) € Fp[X] that also satisfy U ;(n;, 7(E ")) = 0, where

(I>lf1 is the modular polynomial for f. In practice, we find either zero or one such
root n;, cf. Section 5. If we find zero roots, then z; is not the reduction of a class
invariant. If we find one root, we have computed z7".

Continuing like this, we compute a series

Po, g Do Lo (o),

If we have z = 1, we compute mgyz), etc. If 1 is invariant under all generators
Y1, ...,y of (O/NQO)*, it is the reduction of a class invariant. Otherwise, we repeat
this computation with zs, etc., until we find a reduction of a class invariant.

(y1)
1

Step 3. Say that x € F, is the reduction of a class invariant. We choose a smooth
O-ideal (o) = a3 ...a, for the map p, from Section 2. Here, we require that the
norm of « is coprime to the level N.

We compute a cycle

=y Paq =01y Pag gy - @) e
J(E) I B L2 P yEY) = §(B),



p-ADIC CLASS INVARIANTS 17

and using this cycle we compute the corresponding cycle

z 2ot goa Loz Pou o

for x, just like we did in Step 2.

Step 4. Lift E/F, to E1/Q, by lifting the coefficients of the Weierstrafi equation
for E arbitrarily. We use two p-adic digits accuracy in this Step.
Step 5. Lift = € F), to z1 € Z,/(p*) as a root of U;(X,j(Ey)) € Z,[X]. It is
easy to compute z7"'. Indeed, we know the reduction z{* = z* modulo p, hence
we know which root of CI){(azl, X) € (Z,/(p?))[X] to pick. In this way we compute
xga) € Zy/(p?).

We compute p,(j(E7)) as the unique root of \Ilf(:cla), X) € Z,[X] that reduces

to j(E) modulo p.

Step 6. Update p,(j(E1)) to j(E2) according to the ‘Newton formula’ (2.1).

Step 7. Repeat Step 5 with j(F;) replaced by j(F3). We now work with four
p-adic digits precision. We obtain j(Fs). Continue this iteration process until we

have computed the canonical lift j(E) with high enough accuracy. We compute the

‘canonical lift’ & € Z,, of = as the root of W;(X, j(FE)) reducing to z € F),.

Step 8. It remains to compute the conjugates of & under Pic(O). This is done
exactly as before. For an invertible O-ideal I of norm [ coprime to N, we compute
j(FI) € F, as in Section 2. Knowing j(FI), we compute aroot € F,, of <I>lf(ac, X) e
F,[X] that also satisfies \Ilf(ﬁ,j(FI)) = 0. Just as in Step 2, in practice we only
find one such 3, and we then have 2! = 3.

We know the reduction #/ = 3 of #!, and consequently, we know which root of
& (%, X) € Z,[X] is &

Step 9. Expand the polynomial

Pl= J] (x-i)ezX]
[I1€Pic(0)

Remark. We only need the (large) modular polynomials for j when we are working
over F,. In the lifting process we only need to know the smaller modular polynomials

for f.
7. EXAMPLE

We illustrate the p-adic algorithm by working with the function

) = LD € 015,
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where 7)(z) denotes the Dedekind eta function. More examples can be found in [3,
Chapter 7]. Let O be the order of discriminant A = —1571. By [8, Theorem 3], the
value f(w) is a class invariant for a suitable choice of generator of the Z-algebra
O = Z|w]. Furthermore, the polynomial Pg has integer coefficients, and the size of
these coefficients is a factor 24 smaller than for the j-function.

By explicitly computing the conjugates of f over Q(j), we compute the minimal
polynomial W of f. In accordance with the example in [9], we find

U, X)= X"+ (—j+708) X" + ...+ 12X + 1 € Z[j, X].

The function f generates the function field of Xy(35) over C(j) and therefore has
degree 2. Using linear algebra, we compute some modular polynomials.

®) = X34+Y3 - X224 2(XY2 4+ X2V) + XY

®f = X'+ Y4 - X3Y3 +3(X2Y3 4+ X3Y2) 4 3(Y3X + X3Y)
+6(X2Y?) — 3(Y2X + X2Y) — XY

The fact that these polynomials have degree [ + 1 and not 2(I + 1) is due to the
fact that f is invariant under the Atkin-Lehner involution — the map b : X(f) — C
in diagram (5.2) has degree 2. Since 5 and 7 divide the level 35 of f, we cannot
use @g and @;. We computed all modular polynomials for primes up to 23. This
should be seen as a precomputation.

The prime p = 449 splits completely in the ring class field Ho, and the elliptic
curve

E:Y?=X3+X+16

of j-invariant 383 has endomorphism ring O. The polynomial ¥;(j(E), X) € F,[X]
has the four roots by = 62, by = 130, bs = 239 and by = 358 in F,,. We know [8,
Theorem 3] that each one of them is a reduction of a class invariant. To illustrate
our p-adic techniques, we reprove this.

A root b; € F,, is the reduction of a class invariant if it is invariant under the
action of the group (O/350)* {1} = Z /27 x Z/2Z x Z/12Z x Z/127Z. We take
{mp,2m, — 11,21, — 19, —m,, — 28} as a generating set for (O/350)* where 7, is an
element of norm p. We choose this particular set of generators, because the elements
have smooth norm (except 7).

Since b; is an element of F, it is invariant under the action of m,. The element
a = 21, — 11 has order 12 in (0/350)*, and the ideal () of norm 1587 = 3 - 232
factors as

(a) = ps - 35 = (3,7, — 1) - (23,7, — 17),

We compute the cycle of j-invariants over F,, for the map 5, : Ella(F,) — Ella (F,):
§(E) =383 22, 13 223, 94 P23, 383

The modular polynomial (I>§(b1,X) € F,[X] has 2 roots, namely 64,95 € F,.
We check that 64 satisfies ¥(13,64) = 0, where 13 is the j-invariant of E™.
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The other root 95 does not satisfy W¢(13,95) = 0, and we conclude that we have
bi? =64 € F,. Continuing like this, we compute

by = 62 22 64 £, 34 P2, go.

The computation for by, b3, by proceeds similarly and they are also invariant under
the action of (a). The computation for the other two elements of our generating set
is similar. All four elements b; are invariant under the action of (O/350)*, proving
that they are reductions of class invariant. ‘

We will work with b = by = 62 € F,. For the polynomial P{ we would have
needed 62 p-adic digits accuracy. For Pi we only need 3 p-adic digits. As element
a for the map p, : Xp(C,) — Xp(C,) we again take o = 27, — 11 of norm 3 - 232.
We lift E/F, to the curve E;/Q, defined by Y2 = X3 + X + 16 of j-invariant
J(Ey) = 383 4 224p € Q,,. This leads to the lift by = 62 + 45p € Q,.

We compute the ‘cycle’ for b; € Q,, corresponding to the map p,:

by = 62+ 45p =5 64 + 175p 225 34 + 6p 22 62 — 198p = b!*)

The degree two polynomial W (X, bga)) € Z,[X] has roots 131 — 94p + O(p?) and
383 — 119p + O(p?). We conclude that we have p,(j(E1)) = 383 — 119p € Q,. We
update this j-value according to the ‘Newton formula’ (2.1) and obtain j(Fs) =
383 — 98p € Q,. This is the j-invariant of the canonical lift in two p-adic digits
accuracy. We compute b = 62 — 64p + O(p?) € Q,. Similarly, we compute j(E3) =
383 — 98p + 127p? and b=62— 64p + 66p%. To compute the conjugates of b under
Pic(O) = Z/17Z = (p3) we use the modular polynomial ®} once more. In the end
we expand the polynomial

Pl= I x-b)
[I]€Pic(O)
and find
Pl = X7 4 21X16 4+ 918X 15 — 11046 X 4 + 49849X 13 — 115187X 12
+112918X 1 4+ 168294 X 10 — 275500X° + 361744X® — 403346 X7
+181066X5 — 10143X5 — 3403 X% — 4290X3 + 1422X?
~71X +1 € Z[X].
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