Minimizing Dynamic and Higher Order Energy

Functions using Graph Cuts

Pushmeet Kohli

Thesis submitted in partial ful Iment of the requirements d the award of

Doctor of Philosophy

Oxford Brookes University

November 2007



Abstract

Over the last few years energy minimization has emerged as iadispensable
tool in computer vision. The primary reason for this rising ppularity has been the
successes of e cient graph cut based minimization algoriths in solving many low
level vision problems such as image segmentation, objectoastruction, image
restoration and disparity estimation. The scale and form otomputer vision
problems introduce many challenges in energy minimizationn this dissertation,

I will focus on some aspects of these problems.

The rst problem | address relates to the e cient and exact mnimization of

groups of similar functions which are known to be solvable ipolynomial time.
I will present a novel dynamic algorithm for minimizing suchfunctions. This
algorithm reuses computation from previous problem instaes to solve new in-
stances resulting in a substantial improvement in the runmg time. | will present
the results of using this approach on the problems of interice image segmen-
tation, image segmentation in video, human pose estimaticend segmentation,
and measuring uncertainty of solutions obtained by miniming energy functions.

The second part of my dissertation will deal with the minimiation of multi-
label higher order functions which arenp-hard to minimize. These functions
are able to model interactions among groups of random varies and can be
used to formulate many vision problems. The runtime compléy of commonly
used algorithms for approximate energy minimization suchsaMax-product Belief
Propagation or Tree-reweighted message passing grows exgrgially with the
clique size, which makes them inapplicable to problems wigtven moderate sized
cligues. | will show how certain higher order energy functis can be minimized
using the graph cut based expansion and swap move algorithn&his method is
extremely e cient and is able to handle cliques involving ttousands of variables.
I will use these higher order energy functions to model the pblems of object
segmentation and recognition, and texture segmentation. he results of this
approach will be compared with those obtained using conveahal methods which
model these problems using second order energy functions.
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Chapter 1

Energy Minimization



1.1. Introduction

The last few years have seen energy minimization emerge adraispensable tool
in computer vision. This increasing popularity has primaty been the result of
the successes of graph cut based minimization algorithms solving many low
level vision problems such as image segmentation, objectoastruction, image
restoration and disparity estimation. These algorithms nibonly produce good
results but are also extremely e cient.

Energy minimization generally refers to the problem of ndng the values at
which a function reaches its minimum value. Many important ision problems
such as image segmentation can be formulated in terms of nmmzing a function,
usually called theenergyor costfunction. Although, the problem of minimizing
a general function isnp-hard, there exist classes of functions which can be min-
imized in polynomial time. For instance, it is well known tha one such class of
functions which is frequently encountered in computer vish can be minimized
by solving a minimum cost st-cut (st-mincut) problem.

Although graph cuts have been known in computer vision sindee 1980's [32],
they were not extensively used for a long time. This changed te turn of the
century when a number of papers [9,11,41] reinvigorated arest in graph cuts by
showing that they can be used for energy minimization. Thesaethods were ex-
tremely e cient and easy to implement which made them quite ppular. Graph
cuts have since been successfully applied to many vision pplems. The scale and
form of computer vision problems introduce many challengés energy minimiza-
tion. For example, computer vision problems require miniraing functions taking
millions of variables as arguments. In this dissertation, &will focus on some of
these problems and propose new methods for minimizing dista functions.

The rst problem dealt with in the dissertation concerns thee cient and ex-
act minimization of groups of similar functions which can beninimized optimally
by solving a st-mincut problem. | will present a novel dynana st-mincut algo-
rithm for minimizing such functions and demonstrate its usén solving a number
of vision problems. This algorithm reuses computation fronprevious problem
instances to solve new instances resulting in substantiahprovement in the run-
ning time. | will present the results of using this approach o the problems of
interactive image segmentation, image segmentation in \@d, human pose esti-
mation and segmentation, and measuring uncertainty of sdions obtained by
minimizing energy functions.

The second part of the dissertation will deal with the mininzation of multi-
label higher order functions which arenp-hard to minimize. These functions
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are able to model interactions among groups of random varil@s and can be
used to formulate many vision problems. The runtime compléy of commonly
used algorithms for approximate energy minimization suchsaMax-product Belief
Propagation or Tree-reweighted message passing grows exggially with the
clique size, which makes them inapplicable to problems wigtven moderate sized
cligues. | will show how certain higher order energy functis can be minimized
using the graph cut based expansion and swap move algorithn&his method is
extremely e cient and is able to handle cliques involving ttousands of variables.
I will use these higher order energy functions to model the @blems of object
segmentation and recognition, and texture segmentation. He results of this
approach will be compared with those obtained using conveahal methods which
model these problems using second order energy functions.

1.1.1 Outline of the Dissertation

A brief outline of the dissertation follows.

Chapter 1  In chapter 1 we review the basic concepts of discrete optimizon

and discuss its use in solving computer vision problems. Wepdain the Markov

and Conditional Random Field models used in computer visioand show how
they can be solved by minimizing an energy function. We talkkmout the class of
submodular functions and explain how some functions belang to this class can
be minimized by solving an st-mincut problem. The chapter ewludes by brie y

reviewing some of the work done in minimizing non-submoduldunctions.

Chapter 2 In this chapter we describe a fast new fully dynamic algoritin for
the st-mincut/max- ow problem. This algorithm can be used © e ciently mini-
mize dynamically changing submodular energy functions emantered in computer
vision. Speci cally, given the solution of the max- ow prodem on a graph, the
dynamic algorithm e ciently computes the maximum ow in a modi ed version
of the graph. The time taken by it is roughly proportional to the total amount of
change in the edge weights of the graph. Our experiments shdwat, when the
number of changes in the graph is small, the dynamic algorith is signi cantly
faster than the best known static graph cut algorithm. Prevaus versions of this
chapter appeared as [48] and [50].

Chapter 3  The dynamic graph cut algorithm described in the previous @pter
can be used todynamically perform map inference in anmrf or crf . Such an
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inference procedure is extremely fast and has been used fonuamber of prob-
lems [12, 35,49, 84,102]. In this chapter we describe few Bggtions of the dy-

namic graph cut algorithm. Speci cally, | will present the results of using this
approach on the problems of interactive image segmentatioimage segmentation
in video, human pose estimation and segmentation, and meaislg uncertainty

of solutions obtained by minimizing energy functions. Pa# of this chapter pre-
viously appeared in [12,49,50, 102].

Chapter 4 In chapter 4 we extend the class of energy functions for whi¢he
optimal -expansion and -swap moves can be computed in polynomial time.
Speci cally, we introduce a novel family of higher order ajue potentials and show
that the expansion and swap moves for any energy function cpwsed of these
potentials can be found by minimizing a submodular functionWe go on to show
that for a subset of these potentials (which we call th®" Potts model family),
the optimal move can be found by solving an st-mincut problemThe P" Potts
model is a higher order generalization of the well known Patmodel pairwise
potential. We conclude the chapter by providing an examplefa useful higher
order potential for which it is np-hard to compute the optimal move. Parts of
this chapter previously appeared as [46,47].

Chapter 5 In chapter 5 we introduce a novel family of higher order poteials
which we call the RobustP" model (see equation 5.1.1). We show that the
optimal expansion and swap moves for functions composed otls potentials can
be found by solving an st-mincut problem. Our method for comging the optimal
expansion and swap moves is extremely e cient and can handbotentials de ned
over cliques consisting of thousands of random variablesh@ RobustP" model
can be used for modelling many computer vision problems. ladt the P" Potts
model introduced in the previous chapter is a member of thisamily of higher
order potentials.

Chapter 6 In chapter 6 we show two applications of higher order poterais
in computer vision. Our rst example shows how higher order gentials can be
used for enforcing consistency in labelling of sets of randovariables. We use
this method for the problem of multi-class object segmentain by augmenting
the conventionalcrf used for object segmentation with higher order potentials
de ned on image regions. These potentials encourage sotuts assigning the
same label to all pixels belonging to a segment. The secondample deals with
the problem of texture based segmentation. In both problemse compare the
results of our method with those obtained using state of theramethods based
on pairwisecrf s.
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Chapter 7 In the last and concluding chapter of this dissertation, | gie a
summary of this work and list its main contributions. | end the chapter by
discussing some promising directions for future research.

1.2. Energy Minimization in Computer Vision

Many problems in computer vision and scene understanding rcde formulated
in terms of nding the most probable values of certain hidderor unobserved
variables. These variables encode a desired property of teeene and can be
continuous or discrete. For the case of discrete variablejese problems are
commonly referred to adabelling problemsas they involve assigning a label to
the hidden variables. Labelling problems occur in many fors) from lattice based
problems of dense stereo and image segmentation [11,104h&use of pictorial
structures for object recognition [23]. Some examples ofgimlems which can be
formulated in this manner are shown in gure 1.1.

One of the major advances in computer vision in the past few e has been
the use of e cient deterministic algorithms for solving dicrete labelling prob-
lems. In particular, e cient graph cut based minimization algorithms have been
extremely successful in solving many low level vision prashs. These methods
work by inferring the maximum a posteriori (nap) solutions of conditional and
markov random elds which are generally used to model theseqblems.

1.2.1 Markov and Conditional Random Fields

Random elds provide an elegant probabilistic framework tdormulate labelling
problems. They are able to model complex interactions betee hidden variables
in a simple and precise manner. The power of this representat lies in the fact
that the probability distribution over di erent labelling s of the random variables
factorizes, and thus allows e cient inference.

Consider a discrete random eldX de ned over a lattice V = f1;2;:::;ng
with a neighbourhood systenN . Each random variableX; 2 X is associated with

neighbourhood systemN of the random eld is de ned by the setsN;;8i 2 V,
where N; denotes the set of all neighbours of the variabl¥;. A clique c is a
set of random variablesX . which are conditionally dependent on each other.
Any possible assignment of labels to the random variables ¢alled alabelling
or con guration. It is denoted by the vectorx, and takes values from the set
L=L"
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Building

Figure 1.1: Some labelling problems in computer vision. (a) Object segntation
and recognition: Given any image, we want to nd out which ot each pixel
in the image belongs to. There is one discrete random varialdbr each pixel in
the image which can take any value from a skt of object labels. For instance,
we can use the object sétoad, building, tree, skg. (b) Image denoising: Given
a noisy image of the scene, we want to infer the true colour afol pixel in the
image. The problem is formulated in a manner similar to objesegmentation.
Again we use one discrete random variable per pixel which cake any value
in rgb space. (c) Human pose estimation: Given an image, we want tofar
the pose of the human visible in it. The problem is formulateging a vector of
continuous pose variables which encode the orientation adiderent joint angles
of the human.

A random eld is said to be a Markov random eld (mrf ) with respect to a
neighbourhood systemN = fN ,jv 2 Vg if and only if it satis es the positivity
property: Pr(x) > 0 8x 2 X", and the Markovian property:

Pr(xyjfxy :u2V f vgg) =Pr( x,jfx, :u2N,Q) 8v2V: (1.2.1)

Here we refer to PriK = x) by Pr(x) and Pr(X; = x;) by Pr(x;). The pairwise

mrf commonly used to model image labelling problems is shown igure 3.2.
A conditional random eld (crf ) may be viewed as armrf globally condi-

tioned on the data. The conditional distribution Pr(xjD) over the labellings of

the crf is a Gibbsdistribution and can be written in the form:
X

. 1
Pr(xjD) = Va exp( c(Xe)); (1.2.2)
c2C
whereZ is a normalizing constant known as the partition function, ad Cis the

set of all cliques [61]. The term (X.) is known as the potential function of the

6
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\ MAXCUT \ ‘MAX-CSP H MAX-SAT

Submodular Functions
(Polynomial Time Solvable)

Move making
algorithms for
st-mincut Multi-label Problems

Equivalent

NP-Hard

Figure 1.2: Function minimization problems.

cligue cwherex, = fx;;i 2 cgis the vector encoding the labelling of the variables
constituting the clique. The corresponding Gibbs energy given by

X
E(x)= logPr(xjD) logZ = o(X¢) (1.2.3)

c2C

The most probable or maximum a posteriori hap) labelling x of the random
eld is de ned as
X =arg m§1L>< Pr(xjD): (1.2.4)
X

and can be found by minimizing the energy functiorE. This equivalence to
map inference has made discrete energy minimization extremelyportant for
problems which are solved using probabilistic methods.

1.2.2 Discrete Energy Minimization

Minimizing a discrete function is one of the core problems optimization. Many
combinatorial problems such agnaxcut and constraint satisfaction €sp) can
be formulated in this manner.

Although minimizing a function is np-hard in general, there exist families of
energy functions for which this could be done in polynomiairme. Submodular
set functions constitute one such well studied family. Thelgorithms for mini-
mizing general functions belonging to this class of functis have high runtime
complexity. This characteristic renders them useless foraat computer vision
problems which involve large number of random variables. Rations belonging
to certain subclasses of submodular functions can be solvesfatively easily i.e.
are less computationally expensive to minimize. For instae, certain families of
functions can be minimized by solving a st-mincut problem fowhich fast and
e cient algorithms are available [10, 25, 39, 88].
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Many problems in computer vision result in energy functionsvhich are not
submodular, and arenp-hard to minimize. A number of approximate minimiza-
tion algorithms have been proposed for solving these funatis. -expansion and

-swap [11] are two such algorithms. They are widely used to miinize en-
ergy functions involving multi-valued discrete variables The di erent types of
function minimization problems are shown in gure 1.2.

1.2.3 Submodular Functions

Submodular set functions are encountered in many areas ofsearch. They
are particularly useful in combinatorial optimization, probability and geome-
try [29,67]. Many optimization problems relating to submodlar functions can be
solved e ciently. In some respects they are similar to conwéconcave functions
encountered in continuous optimization.

Consider the setN = f1;2;:::;ng. A set functionfs: 2V | R is said to be
submodular if and only if for all subsetsA; B~ N the function satis es:

fo(A)+ fs(B) fo(A[ B)+ fs(A\ B): (1.2.5)

Every set functionfs : 2N | R can be written in terms of a function of binary
variablesfy : f0;1g" ! R. For each element in set N, a corresponding binary
variable X; 2 f 0; 1g is needed for this representation. Any subseb of the set
N can be represented by a labelling of the binary variables. Fmstance, if an
elementi is in the subsetG then the corresponding binary variables; will take

value 1. This will be made clearer by the following example.

Example 1 Consider a set functionfs de ned over the setN = f1;2g. As
the setN contains 2 elements, the corresponding functionff) of binary vari-
ables takes two binary variableX,; and X, as arguments. Under the above de-
ned encoding scheme, the subs& = f2g will be represented by the labelling
(X1;X,) =(0;1). Similarly, the empty subsetG =  will result in the labelling:
(X 1;X3,) =(0;0). The submodularity condition (1.2.5) for two particular stsets
A=flgandB = f2g of G is:

fs(flg) + fs(f2g) fs(f120)+ fs() : (1.2.6)
This condition for the equivalent binary functionf, becomes:
fo(1;0) + f5(0;1)  f(1;1) + fi(0; 0): (1.2.7)

We will now extend the de nition of submodularity to functions of binary
variables. For this however, we will rst need to de ne the cacept of a projection
of a function.
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Denition 1 A projection of a functionf :L" ! R on s variables is a function
fP:L®! R which is obtained by xing the values ofi s arguments off ().
Here p refers to the set of variables whose values have been xed.

De nition 2 A function of one binary variable is always submodular. A fation
f (X1;X2) of two binary variablesf x;; X>g is submodular if and only if:

f(0:1)+ f(1;0) f(0;0)+f(L:1) (1.2.8)

A function f : L" ! R is submodular if and only if all its projections on2
variables are submodular [8, 54].

The de nition of submodularity can also be extended to fungbns of multi-valued
variables (referred to as multi-label functions). Howeverthis requires the exis-
tence of an ordering over the labels that each variable canka

Denition 3 Let L be a completely ordered set of labels where the ldbgl is
above label;. A second order multi-label functionf : L2! R is submodular if

f(lyl) fla+150) f(pl+)+ f(li+1;1,+1) O (1.2.9)

1.2.4 Minimizing Submodular Functions

Many problems in combinatorial optimization can be formuleed as minimizing
a submodular set function. The rst strongly polynomial time algorithm for this
problem was given independently by [42] and [90]. These alijloms had high
runtime complexity. Although recent work has been partly socessful in reduc-
ing the complexity of algorithms for general submodular fustion minimization,
they are still quite computationally expensive and cannot & used to minimize
large problems. For instance, the current best algorithm fageneral submodular
function minimization has complexity O(n°Q + n®) where Q is the time taken
to evaluate the function [71]. This algorithm improved upornthe previous best
strongly polynomial time algorithm by a factor ofnlogn.

Certain submodular functions can be minimized by solving ast-mincut prob-
lem [8]. Speci cally, all submodular functions of binary vaables of order at most
3 can be minimized in this manner [54]. Researchers have shothat certain
higher order functions can be transformed into submodulaufctions of order 2,
and thus can also be minimized [27]. The same transformatid@chnique can be
used to minimize some functions of multi-valued variable2%$, 39, 88].
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1.3. Graph Cuts for Energy Minimization

Graph cuts have been extensively used in computer vision toropute the max-
imum a posteriori (map) solutions for various discrete pixel labelling problems
such as image restoration, segmentation, voxel occupanaydastereo [9,12,40,41,
53,82,116]. Greiget al. [32] were one of the rst to use graph cuts in computer
vision. They showed that if the pairwise potentials of a twodbel pairwise mrf
were de ned as an Ising model, then its exaaihap solution can be obtained in
polynomial time by solving a st-mincut problem.

One of the primary reasons behind the growing popularity ofrgph cuts is the
availability of e cient algorithms for computing the maxim um ow (max- ow)
in graphs of arbitrary topology [2,10]. These algorithms he& low polynomial
runtime complexity, and enable fast computation of the mimnum cost st-cut
(st-mincut) problem. This in turn allows for the computation of globally opti-
mal solutions for important classes of energy functions wdti are encountered in
many vision problems [48,54]. Even in problems where they dmt guarantee
globally optimal solutions, these algorithms can be used tad solutions which
are strong local minima of the energy [11, 46,55, 109]. Thesalutions for cer-
tain problems have been shown to be better than the ones oltaid using other
inference methods [104].

1.3.1 The st-Mincut Problem

In this section we provide a general overview of the st-mintmax ow problem
and give the graph notation used in this dissertation. A direted weighted graph
G(V; E; C) with non-negative edge weights, is de ned by a set of nod&s, a set
of directed edge<, and an edge cost functiorC : E ! R which maps each edge
(i;j ) of the graph to a real numberc; *. We will usen and m to denote the number
of nodesjVj and the number of edges$E| in the graph respectively. Graphs used
in the st-mincut problem have certain special nodes calleché¢ terminal nodes,
namely the sources, and the sinkt. The edges in the graph can be divided
into two disjoint categories: t-edges which connect a nod® ta terminal node,
and n-edges which connect nodes other than the terminal nadeith each other.
We make the following assumptions in our notation:ifj) 2 E ) (j;i) 2 E,
and (s;i)2 E ™ (i;t) 2 E for all i 2 V. These assumptions are non-restrictive
as edges with zero edge weights are allowed in our formulatio Thus we can

LWe will restrict our attention to edge cost functions of the form C : E ! R*[f Og.

10



1.3. Graph Cuts for Energy Minimization

conform to our notation without changing the problem.

A cut is a partition of the node setV into two parts SandS=V S, andis
de ned by the set of edgesi(j ) such thati 2 Sandj 2 S. The cost of the cut
(S;S) is given as: X

Css = Gj (1.3.2)
i2S;j2S
An st-cut is a cut satisfying the propertiess2 S andt 2 S. Given a directed
weighted graph G, the st-mincut problem is that of nding a st-cut with the
smallest cost. By the Ford-Fulkerson theorem [26], this ijaivalent to computing
the maximum ow from the source to the sink with the capacity d each edge equal
to ¢; [2].

1.3.1.1 Formulating The Max-Flow Problem

For a network G(V; E) with a non-negative capacityc; associated with each edge,
the max- ow problem is to nd the maximum ow f from the source nodes to
the sink nodet subject to the edge capacity (1.3.2) and mass balance (1)3.3
constraints:
0 Xfi,- ¢Gi 8(;j)2E; and (1.3.2)
i2 N(j)
wheref;; is the ow from node i to nodej and N(j) is the neighbourhood of
nodej i.e. N(j) consists of all nodes connected by an edge jtd2].

Observe that we can initialize the ows in the t-edges of any adei of the
graph asfg = fiy = min( cs; G). This corresponds to pushing ow through these
edges from the source to the sink and has no e ect on the nal kion of the
st-mincut problem. From this it can be deduced that the solubn of the st-
mincut problem is invariant to the absolute value of the ternmal edge capacities
Csi and ¢ . It only depends on the di erence of these capacities( cs). Adding
or subtracting a constant to these capacities changes the jebtive function by
a constant and does not a ect the overall st-mincut solutioras can be seen in
gure 1.3. Such transformations result in a reparameterizeon of the graph and
will be explained later in chapter 2.

1.3.1.2 Augmenting Paths, Residual Graphs

Given a ow fj, the residual capacityr; of an edge (j ) 2 E is the maximum
additional ow that can be sent from nodei to nodej using the edgesi(j ) and
(j;i) or formally rj = ¢ fj + f;;. Aresidual graphG(f) of a weighted graph
G consists of the node se¥ and the edges with positive residual capacity (with

11



1.3. Graph Cuts for Energy Minimization

Source (0) Source (0)

1
sink (1) sink (1)

Figure 1.3: Graph reparameterization. The gure shows a graph G, and itepa-
rameterization G, obtained by adding a constant to both the t-edges of node
a,. The edges included in the st-mincut are depicted by dottedels. Observe
that although the cost of the st-mincut in G and Gis di erent, the st-mincut
includes the same edges for both graphs and thus induces #meespartitioning of
the graph.

respect to the ow f). An augmenting path is a path from the source to the sink
along unsaturated edges of the residual graph.

1.3.2 Minimizing Submodular Functions using
Graph Cuts

The problem of nding the minimum cost st-cut (st-mincut) in any graph can be
written in terms of minimizing a sum of functions de ned on iividual and pairs
of binary variables. Conversely, any submodular functionfdinary or boolean
variables which can be written as a sum of unary and pairwisertms can be min-
imized by nding the st-mincut in the corresponding graph. h this dissertation,
we will call functions of this form “second order functiondr “functions of order
2

De nition 4  We say that a functionf : L" ! R is of orderk if it can be written
in terms of a sum of functionsf; : LX! R, each of which is de ned on at most
k variables.

In the above de nition we use the function representation wich leads to the
smallest order.

12



1.3. Graph Cuts for Energy Minimization
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Figure 1.4: Energy minimization using graph cuts. The gure shows howadlivid-
ual unary and pairwise terms of an energy function taking twbinary variables
are represented and combined in the graph. Multiple edgetnaen the same nodes
are merged into a single edge by adding their weights. Fortarsce, the costw;
of the edge ¢; x,) in the nal graph is equal to: wy = 40+ anoo. The cost of a
st-cut in the nal graph is equal to the energ¥ (x) of the con guration x the cut
induces. The minimum cost st-cut induces the least energynaguration x for
the energy function.

Example 3 The function f 2(xy;X,; X3) = 4X; + 5X,X3 + 3X, is of order 2 be-
cause of the maximal order ternbx,X3. Similarly, the function

f a(Xl; X2, X3) = 4 X1 +5X1X5X3 (134)
is of order 3 because of the maximal terrBx;x,Xs.

Algorithms for nding the st-mincut require that all edges in the graph have
non-negative weights. This condition results in a restricbn on the class of en-
ergy functions that can be solved in this manner. For instam; binary second
order functions can be minimized by solving a st-mincut prdbem only if they are
submodular [54].

We will now show how second order functions of binary variaés (also referred
as Pseudo boolean functions) can be minimized by solving amstncut problem.
The procedure for energy minimization using graph cuts compes of building
a graph in which each st-cut de nes a con gurationx. The cost of an st-cut
is equal to the energyE(Xxj ) of its corresponding con gurationx. Finding the
minimum cost st-cut in this graph thus provides us with the co guration having
the least energy. Kolmogorov and Zabih [54] described thequedure to construct
graphs for minimizing pseudo-boolean functions of order abost 3. The graph

13



1.4. Minimizing Non-submodular Functions

constructions for functions of multi-valued variables we given later by [39] and
[88].

We now explain the graph construction for minimizing energs involving bi-
nary random variables. We use the notation of [51] and write aecond order
function as:

X X
E(Xj ): Const+ v;i i(xv)+ uv;jk j(xu) k(xv); (1-3-5)
v2V;i2L (u;v)2E; (jik )2L 2
where ; is the penalty for assigning label to latent variable x,, . is the
penalty for assigning labels and| to the latent variables x, and x, respectively.
Further, each j(x,) is an indicator function, which is de ned as:

1 ifxy=j

(%) = 0 otherwise.

Functions of binary variables (pseudo-boolean functiongan be written as:

X
EXj) = constt (vaXvt voXy)
X v2V
+ (st;llxuxv+ st;017uxv+ st;loxuxv'*' st;007u7v)(1-3-6)
(u;v)2E

The individual unary and pairwise terms of the energy functin are repre-
sented by weighted edges in the graph. Multiple edges betwethe same nodes
are merged into a single edge by adding their weights. The gaconstruction for
a two variable energy function is shown in gure 1.4. The comant term cgnst
of the energy does not depend or and thus is not considered in the energy
minimization procedure. The st-mincut in this graph proviges us with the mini-
mum solution x . The cost of this cut corresponds to the energy of the solutio
E(x j ). The labelling of a latent variable depends on the terminait is discon-
nected from by the minimum cut. In our notation, if the node isdisconnected
from the source, we assign it the label zero and one otherwise

1.4. Minimizing Non-submodular Functions

Up until now we have not addressed the problem of minimizingam-submodular
functions. For certain functions belonging to this class,peci cally, those de ned

on trees or graphs with only one cycle, it is possible to comfaithe exact globally
optimal solution in polynomial time!. However, minimizing a non-submodular

1Graphs containing multiple loops can be transformed into trees. The tree resulting from
such a conversion has sets of vertices of the original graphsats nodes. The tree width of a
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1.4. Minimizing Non-submodular Functions

function is in general anp-hard problem. Many problems in computer vision give
rise to such functions and making progress towards their swion is of paramount
importance. A number of algorithms have been proposed in thaerature for
solving this problem. These methods can be divided into tworbad categories:
1) methods which work by minimizing a related submodular fuetion [7,77,85],
and 2) methods which solve a relaxation of the integer prograning problem
arising from the function minimization problem [14,112].

1.4.1 LP Relaxation of the Integer Program

General discrete energy minimization can be seen as an irgegprogramming
problem [14]. The integer program ip) is formulated with binary variables
y [112]. We use the formulation introduced in [13] and later esl in [55] for
the metric labelling problem. The integer program for the Iaelling problem can
be written as:

0 1
_ X X
min @ Const+ viYvii + uv;jk YUv;ij A ; (1-4-1)
y v2Viol (Uv)2E: (jk 2L 2
P
sit: o izt Vi =1 8v2V (1.4.2)
5 oL Yuvii = Yvi 8 2L;8(u;v)2E (1.4.3)
io Yuvii = Yui 8i2L;8(u;v)2E (1.4.4)

Yoi:Yoii 2T0;1g  8v2V;8(u;v) 2E;i;j 2L

The f0; 1g variable y,; of the ip indicates whether variableX, has been assigned
labeli or not. For instance, ifX, is assigned labek theny,, = 1 and y,,; = O for
all other valuesi in L. Similarly, y..; =1 indicates that variable X is assigned
label i and variable X, is assigned labej. The reader should note that the
variablesys:j and ;i indicate the exact same thing. The IP formulated above
is np-hard to solve exactly. We can relax thd 0; 1g constraints in the problem
to ys; > 0, ystjj > O to get a simple linear program which can be solved using
any Ip solver like simplex or barrier function methods [44,89]. Trelaxation of
the integrality constraints may result in a fractional soldion of the optimization
problem. This solution is typically converted to a valid integer solution using
various rounding schemes [14,51].

graph is the size of the biggest set in this tree minus one. Tlsi conversion procedure provides
us with an algorithm to minimize non-submodular functions de ned on general graphs whose
complexity is exponential in the tree width of the graph.
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1.4. Minimizing Non-submodular Functions

The linear programs which arise in computer vision problemsontain many
variables and are thus computationally expensive to solvesimg the general meth-
ods mentioned above. A number of algorithms have been devstal [51,55,112,
115] which attempt to solve thelp relaxation by exploiting the special structure
of the problem. In particular, researchers have proposed aimber of message
passing algorithms which are able to approximately solverlge Ip problems ex-
tremely e ciently [51,112].

1.4.2 Partial Optimality

Some algorithms for the minimization of non-submodular fustions return a par-
tial solution x 2 fL[ ¢" of the energy [6,8,57,84]. The assignment =
implies that no label has been assigned to random variabk;. For instance,
the gpbo algorithm [8,76,84] for minimizing energy functions of biary variables
returns a partially labelled solutionx with the property that there exists a global
minimum X of the energy function such thatx; = x; for all labelled variables
Xi. This property of the solution is calledweak persistency There are certain
partial solutions of the energy for which atronger condition called strong persis-
tency holds true. This property states that if a variableX; is labelled, then it is
assigned the same label in all global minima of the energy, i.e.x; = x; for all
x 2 fargmin, E(x)g.

It has been shown that tree-reweighted message passing giwepart of an
optimal solution when applied to functions of binary varialtes [112]. A method
for nding partially optimal solutions of multi-label energy functions was recently
proposed by [57]. The key step of this algorithm is the constction of a submod-
ular subproblemP for each labelly 2 L . It was shown that the solution of the
subproblemPy can be used to isolate variables which are assigned lahein all
the globally optimal solutions of the energy function.

1.4.3 Summary

In this chapter we have given a brief overview of the energy nimization problem.

We have explained how vision problems can be formulated inrtes of minimizing
a function, and reviewed the commonly used methods for funch minimization.

The family of submodular functions was introduced in the chater. We explained
the importance of submodular functions in discrete optimation, and listed some
of their properties. We also explained how second order subdular functions can
be minimized by solving a st-mincut problem. In the next chater, we explain how
this procedure can be made more e cient by reusing computatn from previous
problem instances.

16



Chapter 2

Minimizing Dynamic Energy
Functions
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2.1. Dynamic Graph Cuts

In many real world applications, multiple similar instance of a problem need to be
solved sequentially e.g. performing image segmentation tire frames of a video.
The data (image) in this problem changes from one time instae to the next.
Given the solution to an instance of the problem, the questiparises as to whether
this solution can help in solving other similar instances.nlthis chapter we answer
this particular question positively for functions that canbe minimized exactly
using graph cuts. Speci cally, we show how the max ow solutin corresponding
to an energy minimization problem can be used for e ciently nmimizing another
similar function with slightly di erent energy terms.

Our algorithm records the ow obtained during the computaton of the max-
ow corresponding to a particular problem instance. This reorded ow is used as
an initialization in the process of nding the max- ow solution corresponding to
the new problem instance (as seen in gure 2.1). Our method loags to a broad
category of algorithms which are referred to adynamic. These algorithms solve a
problem by dynamically updating the solution of the previos problem instance.
Their goal is to be more e cient than a recomputation of the stution after every
change from scratch. Given a directed weighted graph.fally dynamic algorithm
should allow for unrestricted modi cation of the graph. Themodi cation may
involve addition and deletion of nodes and edges in the gragpls well as changes
in the cost (capacity) of any graph edge.

2.1.1 Dynamic Computation

Dynamic algorithms are not new to computer vision. They havbeen extensively
used in computational geometry for problems such as rangeasehing, point loca-
tion, convex hull, proximity and many others. For more on dyamic algorithms
used in computational geometry, the reader is referred to§L. A number of al-
gorithms have been proposed for the dynamic mincut problemThorup [105]
proposed a method which had a O(m) update time and took O(logn) time per
edge to list the cut edges. Hera and m denote the number of nodes and edges
in the graph respectively. However, the dynamist-mincut problem has remained
relatively ignored.

Gallo et al. [30] introduced the problem of parametric max- ow and used a
partially dynamic graph cut algorithm for the problem. Ther algorithm had a
low polynomial time complexity but was unable to handle arltrary changes in the
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2.1. Dynamic Graph Cuts

Figure 2.1: Dynamic image segmentation using graph cuts. The images imet
rst column are two consecutive frames of the grazing cow @d sequence. Their
respective segmentations are shown in the third column. Thst image in the
rst column also shows the user segmentation seeds (pixelarked by black (back-
ground) and white (foreground) colours). The user marked iage pixels are used
to learn histograms modelling foreground and backgroundpgarance (as in [9]).
These histograms are used to compute a likelihood for eaclkepibelonging to a
particular label. This likelihood is incorporated in thecrf used for formulating
the image segmentation problem. The optimal segmentatiooiugion (shown in
column 3) is obtained by minimizing the energy function casponding to the
crf . In column 2, we observe the n-edge ows obtained while minaimg the en-
ergy functions using graph cuts. It can be clearly seen thaet ows corresponding
to the two segmentations are similar. The ows from the rst sgmentation were
used as an initialization for the max- ow problem correspating to the second
frame. The time taken for this procedure was much less tharathtaken for nd-
ing the ows from scratch.
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2.2. Energy and Graph Reparameterization

graph. Recently, Cohen and Tamassia [16] proposed a dynaralgorithm for the
problem by showing how dynamic expression trees can be used rhaintaining
st-mincuts with O(log m) time for update operations. However, their algorithm
could only handle series-parallel diagraphs

Boykov and Jolly [9] were the rst to use apartially dynamic st-mincut al-
gorithm in a vision application by proposing a technique wh which they could
update capacities ofcertain graph edges, and recompute the st-mincut dynam-
ically. They used this method for performing interactive inage segmentation,
where the user could improve segmentation results by giviraglditional segmen-
tation cues (seeds) in an online fashion. Speci cally, thegescribed a method for
updating the cost of t-edges in the graph. In this chapter werpsent a new fully
dynamic algorithm for the st-mincut problem which allows fo arbitrary changes
in the graph?. Recently, Juan and Boykov [43] proposed an algorithm in wth
instead of reusing ow, they used the st-mincut solution corresponding to the
previous problem for solving a new st-mincut problem.

2.1.2 Outline of the Chapter

An outline of the chapter follows. The relationship betweerenergy and graph
reparameterization is explained in section 2.2. Section®shows how exact st-
mincut solutions of dynamically changing graphs can be e @ntly computed by
reusing ow. Speci cally, it describes how the residual gnah can be transformed
to re ect the changes in the original graph using graph repameterization, and
discusses issues related to the computational complexity the algorithm. In
section 2.4, we describe how the process of recomputing tiarsncut/max- ow
can be further optimized by usingrecycledsearch trees.

2.2. Energy and Graph Reparameterization

We will now explain the concept of graph reparameterizatiowhich will be used
later to show how we can minimize dynamic energy functions.
Recall from equation 1.3.6 that a second order energy funati can be written

1Series-Parallel digraphs are graphs which are planar, acjic and connected.
2An earlier version of this chapter appeared as [48].
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in terms of an energy parameter vector as:

X
E(Xj ) = const* (viiXv + vi1Xy)
X v2V
+ ( st;llXuXv + St;OlYUXV + st;loxuyv + st;007u7v)(2-2-1)
(u;v)2E

Two energy parameter vectors; and , are called reparameterizations of each
other if and only if 8x; E(X] 1) = E(X] 2) [8,51,88,112]. This de nition simply
means that all possible labellings have the same energy under both parameter
vectors ; and ,, and does not imply that ; = ,. There are a number of
transformations which can be applied to an energy parametgector to obtain
its reparameterization . For instance the transformations given as:

8i _V;i = wvit “const = const and (2.2.2)

8i;j stij — stij t const — const (2.2.3)

result in the reparameterization of the energy parameter eéor.
As both parameters and de ne the same energy function, the minimum
energy labelling for both will be the same i.e.

x =argmin E(x] 1) =argmin E(X] ) (2.2.4)
X X

This in turn implies that the graphs constructed for minimiang the energy func-
tions E(xj 1) and E(X] ») (using the procedure explained in the previous chapter)
will have the same st-mincut. We call these graphs reparaneizations of each
other. For any transformation of the energy function which esults in such a
reparameterization we can derive a corresponding transformation for a graph.
Under these transformations the resulting graph will be a parameterization of
the original graph and thus will have the same st-mincut. Thegraph transfor-
mations corresponding to energy transformations given bygeations (2.2.2) and
(2.2.3) are shown in gure 2.2.

The transformations given above are not the only way to obtaia reparam-
eterization. In fact pushing ow through any path in the graph can be seen as
performing a valid transformation. The residual graph redting from this ow
IS a reparameterization of the original graph where no ow wabeing passed.
This can be easily observed from the fact that the residual gph has the same
st-mincut as the original graph, albeit with a di erent cost In the next section
we show how the property of graph reparameterization can besed for updating
the residual graph when the original graph has been modi ednd the st-mincut
needs to be recomputed.
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Source (0) Source (0) Source (0)

1
Sink (1) sink (1) Sink (1)

Figure 2.2: Graph reparameterization. The gure shows a graph G, its twepa-
rameterizations G and G, along with their respective st-mincuts. The edges
included in the st-mincut are marked by dotted lines. The rammeterized graphs
G; and G, are a results of two di erent valid transformations of graphG. It can
be clearly seen that reparameterized graphs @nd G, have the same st-mincut
as graph G.

2.3. Recycling Computation

We now show how the max- ow solution obtained while minimizig an energy
function can be used to e ciently minimize other similar energy functions.

Consider two energy functionsE, and E, which dier by a few terms. As
we have seen in the previous chapter, this implies that the gph G, representing
energyEy di ers from that representing energyE, (G,) by a few edge costs. Sup-
pose we have found the optimal solution dE, by solving the max- ow problem
on the graph G, and now want to nd the solution of Ey,. Instead of following
the conventional procedure of recomputing the max- ow o1&, from scratch, we
perform the computation by reusing the ows obtained while rmimizing E.,.

Boykov and Jolly [9], in their work on interactive image segentation used this
technique for e ciently recomputing the map solution when only the unary terms
of the energy function change (due to addition of new hard ansbft constraints
by the user). However, they did not address the problem of hdhng changes in
the pairwise terms of the energy function which result in cheges in the cost of
the n-edges of the graph. Our method (explained below) can iindle arbitrary
changes in the graph.
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2.3.1 Updating Residual Graphs

The ows through a graph can be used to generate a residual gita(as explained
in chapter 1). Our algorithm works by updating the residual gaph obtained from
the max- ow computation in graph G, to make it representGy. This is done by
reducing or increasing the residual capacity of an edge aoding to the change
made to its cost going fromG, to G,

Recall from equation (1.3.2) that the ow in an edge of the grmeh has to
satisfy the edge capacity constraint:

While modifying the residual graph, certain ows may violae the new edge ca-
pacity constraints (2.3.1). This is because ow in certain d@ges might be greater
than the capacity of those edges undeB,. To make these ows consistent with
the new edge capacities, we reparameterize the updated dgnajusing reparame-
terizations described in the previous section) to make suthat the ows satisfy
the edge capacity constraints (2.3.1) of the graph. The maxw is then com-
puted on this reparameterized graph. This gives us the st-mgut solution of
graph Gy, and hence the global minimum solution of energg,.

We now show how the residual graph is transformed to make sutleat all
edge capacity constraints are satis ed. We use the two grapiansformations
given in section 2.2 to increase the capacities of edgesGg in which the ow
exceeds the true capacity. These transformations lead to aparameterization of
the graph G,. We can then nd the st-mincut on this reparameterized grapho
get the st-mincut solution of graphGy.

The various changes that might occur to the graph going fror, to G, can
be expressed in terms of changes in the capacity of t-edgesl anedges of the
graph. The methods for handling these changes will be dissesl now. We use
c.. to refer to the new edge capacity of the edges;i). re; and f are used to
represent the updated residual capacity and ow of the edgesyi) respectively.

Modifying t-edge Capacities Our method for updating terminal or t-edges
is similar to the one used in [9] and is described below.
The updated residual capacity of an edges(i) can be computed as:

fo =rsi+Cy GCsi (2.3.2)

This can be simpli ed to: r; = c; fsi. Ifthe ow fg is greater than the updated
edge capacitycgi, it violates the edge capacity constraint (2.3.1) resultig in rzi
becoming negative. To make the ow consistent a constant = f cZi is added
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2.3. Recycling Computation

to the capacity of both the t-edged (s;i),(i;t)g connected to the node. As has
been observed in section 2.2 and in [9], this transformatias an example of graph
reparameterization which does not change the minimum cutt§ cost changes but
not the cut itself). For an illustration see gure 1.3. The residual capacities thus
become:rrg = ¢ fg+ =0and, ry=¢ fy+ ,orry =ry cy+fg.

Modifying n-edge Capacities We now describe how the residual graph is
updated when n-edge capacities are changed. Observe thatlafing edge capac-
ities in the residual graph is simple if the new edge capacit;?j is greater than
or equal to the old edge capacityj . This operation involves addition of extra
capacity and thus the ow cannot become inconsistent. The wated residual
capacity rﬁ is obtained as:

=1 (G G (2.3.3)
Even if cﬁ is less thanc;, the procedure still remains trivial if the ow f; is
less than the new edge capacit;z,f} . This is due to the fact that the reduction
in the edge capacity does not a ect the ow consistency of theetwork i.e., ow
fj satis es the edge capacity constraint (2.3.1) for the new ee capacity. The
residual capacity of the edge can still be updated accordirig equation (2.3.3).
The di erence in this case is that (;,-(} Cj ) is negative and hence will result in
the reduction of the residual capacity. In both these casethe ow through the
edge remains unchanged i.ef.i? = fj.

The problem becomes complex when the new edge capaci}tyis less than the
ow fj . In this case,f; violates the edge capacity constraint (2.3.1). To make
fjj consistent, we have to retract the excess owf( - qF} ) from the edge (;j ). At
this point, the reader should note that a trivial solution fa this operation would
be to push back the ow through the augmenting path it origindly came through.
However such an operation would be extremely computatioralexpensive. We
now show how we resolve this inconsistency in constant i.e(X) time.

The inconsistency arising from excess ow through edgej() can be resolved
by a single valid transformation of the residual graph. Thigransformation is the
same as the one shown in gure 1.3 for obtaining graph,Grom G, and does not
change the st-mincut. It leads to a reparameterization of #aresidual graph which
has non-negative residual capacity for the edge ). The transformation involves
adding a constant = fj c; to the capacity of edgesg;i); (i;j ), and (j;t) and
subtracting it from the residual capacity of edge j(i). The residual capacity
ri of edge ;i) is greater than the ow f; passing through edgeifj ). As is
always less tharf; the above transformation does not make the residual capagit
of edge {;i) negative. The procedure for restoring consistency is iitrated in
gure 2.3.

24



2.3. Recycling Computation

Capacity of
(1j) reduces by
3 units

Original Updated Re-parameterized
Residual Graph Residual Graph Residual Graph

Figure 2.3: Restoring consistency using graph reparameterization. €h gure
illustrates how edge capacities can be made consistent wiftk ow by reparam-
eterizing the residual graph. It starts by showing a residugraph consisting of
two nodesi and | obtained after a max- ow computation. For the second max-
ow computation the capacity of edgeifj ) is reduced by 3 units resulting in the
updated residual graph in which the residual capacity of ed;j ) is equal to -1.
To make the residual capacities positive we reparameteriege graph by adding

= 1 to the capacity of edgesiyj ), (s;i) and (j;t) and subtracting it from the
capacity of edgej(i). This gives us the reparameterized residual graph in which
the edge ows are consistent with the edge capacities.

2.3.2 Computational Complexity of Update Op-
erations

In this section we analyze the computational complexity ofarious update op-
erations that can be performed on the graph. Modifying an eédgcost in the
residual graph takes constant time. Arbitrary changes in ta graph like addition
or deletion of nodes and edges can be expressed in terms of ifiyod) an edge
cost. The time complexity of all such changes is O(1) exceptrfdeleting a node
where the update time is Ok). Herek is the degree of the node to be deletéd

After the residual graph has been updated to re ect the chargsg in the energy
function, the augmenting path procedure is used to nd the mamum ow. This
involves repeatedly nding paths with free capacity in the esidual graph and
saturating them. When no such paths can be found i.e., the sme and sink are
disconnected in the residual graph, we reach the maximum aow

The maximum ow from the source to the sink is an upper bound orthe

1The capacity of all edges incident on the node has to be made @& which takes O(1) time
per edge.
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2.4. Improving Performance by Recycling Search Trees

number of augmenting paths found by the augmenting path pr@dure. Also, the
total change in edge capacity bounds the increase in the owf de ned as:

0

X] . 0 .
rf Ice Gl where g 2 E
i=1
of, 1 f M’Cnax Where Gmax = max(jc,  Gj). Thus we get alooseO(m Crax)
bound on the number of augmentations, wherm’ is the number of edge capacity
updates.

2.4. Improving Performance by Recycling
Search Trees

We have seen how by dynamically updating the residual graphewcan reduce the
time taken to compute the st-mincut. We can further improve he running time
by using a technique motivated by [10].

Typical augmenting path based methods start a new breadthrst search for
(source to sink) paths as soon as all paths of a given lengtheagxhausted. For
instance, Dinic [21] proposed an augmenting path algorithimhich builds search
trees to nd augmenting paths. This is a computationally exgnsive operation as
it involves visiting almost all nodes of the graph and makede algorithm slow if
it has to be performed too often. To counter this, Boykov and Kimogorov [10]
proposed an algorithm in which they reused the search treen their experiments,
this new algorithm outperformed the best-known augmentingath and push-
relabel algorithms on graphs commonly used in computer visi.

Motivated from their results we decided to reuse the searchees available from
the previous max- ow computation to nd the solution in the updated residual
graph. This technique saved us the cost of creating a new sglaitree and made
our algorithm substantially faster. The main di erences baveen our algorithm
and that of [10] are the presence of the tree restoration stagand the dynamic
selection of active nodes. We will next describe how the alggbm of [10] works
and then explain how we modify it to recycle search trees foydamic graph cuts.

2.4.1 Reusing Search Trees

The algorithm described in [10] maintains two non-overlappg search treesS and
T with roots at the sources and the sinkt respectively. In treeS all edges from
each parent node to its children are non-saturated, while itree T edges from
children to their parents are non-saturated. The nodes thadre notinS or T are
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2.4. Improving Performance by Recycling Search Trees

calledfree. The nodes in the search treeS and T can be eitheractive (can grow
by acquiring new children along non-saturated edges) passive The algorithm
starts by setting all nodes adjacent to the terminal nodes aactive. The three
basic stages of the algorithm are as follows:

Growth Stage  The search treesS and T are grown until they touch each other
(resulting in an augmenting path) or all nodes becompassive The active nodes
explore adjacent non-saturated edges and acquire new chdd from the set of
free nodes which now become active. As soon as all neighbaafra given active
node are explored, the active node becomes passive. When ativa node comes
in contact with a node from the other tree, an augmenting paths found.

Augmentation Stage In this stage of the algorithm, ow is pushed through
the augmenting path found in the growth stage. This resultsni some nodes
of the treesS and T becomingorphans since the edges linking them to their
parents become saturated. At this point, the source and singearch trees have
decomposed into forests.

Adoption Stage  During the adoption stage the search trees are restored by
nding a new valid parent (of the same set) through a non-satated edge for
each orphan. If no qualifying parent can be found, the node made free.

2.4.2 Tree Recycling for Dynamic Graph Cuts

We now explain our method for recycling search trees of the gmenting path
algorithm. Our algorithm di ers from that of [10] in the way we initialize the set
of active nodes and in the presence of the Tree restoratiorage.

2.4.2.1 Tree Restoration Stage

While dynamically updating the residual graph (as explaing in section 2.3) cer-
tain edges of the search trees may become saturated and thieed to be deleted.
This operation results in the decomposition of the trees iotforests and makes
certain nodesorphans We keep track of all such edges and before recomputing
the st-mincut on the modi ed residual graph restore the treg by nding a new
valid parent for each of them. This process is similar to thedmption stage and
is explained below.

The aim of the tree restoration stage is two fold. First to nd parents for
orphaned nodes, and secondly but more importantly, to makeie that the length
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of the path from the root node to all other nodes in the tree issasmall as possible.
This is necessary to reduce the time spent passing ow throbhgan augmenting
path. Note that longer augmenting paths would lead to a slowelgorithm. This
is because the time taken to update the residual capacitie$ ihe edges in the
augmenting path during the augmentation stage is proportimal to the length of
the path.

The rst objective of the restoration stage can be met by usig the adoption
stage alone. For the second objective we do the following: (fwse node be-
longed to the source tree before the updates. For each grapbdei which has
been a ected by the graph updates we check the residual cajitses of its t-edges
((s;1) or (i;t)). We can encounter the following two cases:

1.rs ry : The original parent of the node (in this case, the sources)) is
reassigned as the parent of the node.

2. 15 <rji : The parent of the node is changed to the other terminal node
‘sink’ (t). This means that the node has now become a member of sink tree
T. All the immediate child nodes ofi are then made orphans as they had
earlier belonged to the source tree.

The reassignment of parents of updated nodes according tcetabove mentioned
rules resulted in a moderate but signi cant improvement in he results.

2.4.2.2 Dynamic Node Activation

The algorithm of [10] starts by marking the set of all nhodes gdcent to the
terminal nodes asactive. This set is usually large and exploring all its constituent
nodes is computationally expensive. However this is necagsas an augmenting
path can pass through any such node.

In the case of the dynamic st-mincut problem, we can isolaterauch smaller
subset of nodes which need to be explored for possible augtmgnpaths. The key
observation to be made in this regard is that all new possib&igmenting paths are
constrained to pass through nodes whose edges have undeegmoapacity change.
This results in a much smaller active set and makes the max+o computation
signi cantly faster. When no changes are made to the graph,llanodes in the
graph remainpassiveand thus our augmenting path algorithm for computing the
max- ow takes no time.
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Chapter 3

Applications of Dynamic Graph
Cuts
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3.1. Dynamic Image Segmentation

The dynamic graph cut algorithm proposed in the previous clmer can be
used todynamically perform map inference in anmrf or crf . Such an inference
procedure is extremely fast and has been used for a number ofmputer vision
problems [12, 35, 49, 84].

In this chapter we describe some applications of dynamic gna cuts. To
demonstrate the e ciency of the algorithm, we will provide quantitative results
comparing its performance with the dual-search tree algdnim proposed in [10]
which has been experimentally shown to be the fastest for seal vision problems
including image segmentatioh

We will call the algorithm of [10] static since it starts afresh for each problem
instance. The dynamic algorithm which reuses the search &g will be referred
to as the optimized dynamic graph cut algorithm. It should be noted that while
comparing running times the time taken to allocate memory fograph nodes
was not considered. Further, to make the experimental redslinvariant to cache
performance we kept the graphs in memory.

3.1. Dynamic Image Segmentation

Image segmentation has always remained an iconic problemdamputer vision.
The past few years have seen rapid progress made on it drivgnthe emergence
of powerful optimization algorithms such as graph cuts. E&r methods for per-
forming image segmentation worked by coupling colour appeence information
about the object and background with the edges present in amage to obtain
good segmentations. However, this framework does not alvgaguarantee good
results. In particular, it fails in cases where the colour ggearance models of the
object and background are not discriminative.

A semi-automated solution to this problem was explored by B#ov and
Jolly [9] in their work on interactive image segmentation. Tiey showed how users
could re ne segmentation results by specifying additionatonstraints. This can
be done by labelling particular regions of the image as “objeor “background'
and then computing themap solution of the crf again. The interactive image
segmentation process is illustrated in gure 3.1.

3.1.1 CREFs for Image Segmentation

The image segmentation problem is commonly formulated ugjrthe crf model
described in chapter 1. In the context of image segmentatipthe vertex setV

LFor the static algorithm we used the author's original implementation.
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3.1. Dynamic Image Segmentation

(b) ()

Figure 3.1: Interactive image segmentation. The gure shows how goodyseen-
tation results can be obtained using a set of rough region susupplied by the
user. (a) An image with user speci ed segmentation cues (sho in blue and
red). These cues were used to obtain the segmentation showmmage (b). This
segmentation is not perfect and can be improved by specifyindditional cues
which are shown in (b). The nal segmentation result is showim image (c).

corresponds to the set of all image pixel$y is a neighbourhood de ned on this
set!, the set L consists of the labels representing the di erent image segmts
(which in our case are “foreground' and “background'), andhé¢ valuex, denotes
the labelling of the pixel v of the image. Every con guration x of such acrf
de nes a segmentation. The image segmentation problem cahus be solved by
nding the least energy con guration of the crf .
The energy function characterizing thecrf s used for image segmentation can
be written as a sum of likelihood ((Djx;)) and prior ( (Xi;X;)) terms as:
X X I
1(x) = (Djx) + (Xi;X;) +const: (3.1.1)
i2v i2N;
The term (Djx;) in the crf energy is the data log likelihood which imposes
individual penalties for assigning any labek 2 L to pixel i. If we only take the
appearance model into consideration, the likelihood is gim by

(Djx;) = logPr(i 2 SkjH k) if Xj = Kk; (3.1.2)

whereH is thergb (or for grey scale images, the intensity value) distributio for
the segmentS, denoted by labelk 2 L 2. The probability of a pixel belonging to a
particular segment i.e. Pr{ 2 SxjH ) is proportional to the likelihood Pr(l;jH ),
wherel; is the colour intensity of the pixeli. The likelihood Pr(l;jH ) is generally
computed from the colour histogram of the pixels belongingptthe segmentS.

In this work, we have used the standard 8-neighbourhood i.e.each pixel is connected to

the 8 pixels surrounding it.
2In our problem, we have only 2 segments i.e., the foregroundral the background.
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Figure 3.2: The pairwise MRF commonly used to model image labelling plieins.
The random eld contains a hidden node corresponding to eapixel in the image.
The MRF shown in the gure has a 4-neighbourhood, i.e. eachderepresenting
the random variables is connected to 4 neighbouring nodes.

The prior (X;; x;) terms takes the form of a Generalized Potts model:

Kij if X; 6 Xj s

COX) = it x = x;:

(3.1.3)
The crf used to model the image segmentation problem also contains@ntrast
term which favours pixels with similar colours having the sae label [4,9]. This
term is incorporated in the energy function by increasing th cost within the
Potts model (for two neighbouring variables being di erent in proportion to the
similarity in intensities of their corresponding pixels. h our experiments, we use
the function:
o°(ii ) 1

272 dist(i;j )’
where g2(i;j ) measures the di erence in the RGB values of pixels and j and
dist(i;] ) gives the spatial distance betweenandj. This is a likelihood term (not
prior) as it is based on the data, and hence has to be added seggaly from the

smoothness prior. The energy function of therf now becomes
|

(3.1.4)

(i;j)= exp

x - x - .
2(X) = (Djxi) + ( (Djxisx)+ (Xi5%7)) (3.1.5)
i2v J2N

The contrast term of the energy function has the form
(7) 1if X 6 x;

(Dixiix;) 0 if x=x:

(3.1.6)
By adding this term to the energy, we have diverged from the gtt de nition of
an mrf . The resulting energy function in fact now characterizes a dhditional
Random Field [61]. The pairwisemrf commonly used to model image labelling
problems is shown in gure 3.2.
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Figure 3.3: Segmentation in videos using user seeds. The rst image slsoane

frame of the input video with user segmentation seeds (thadk and white boxes).
The image pixels contained in these boxes are used to learstdgrams modelling
foreground and background likelihoods. The second imagewh the segmentation
result obtained using these likelihoods with the method 8f.[The result contains

a certain portion of the background wrongly marked as the éground due to

similarity in colour. This error in the segmentation can be emoved by the user
by specifying a hard constraint. This involves marking a sef pixel positions in

the wrongly labelled region as background (shown as the kbesd region in the

second image). This constraint is used for all the frames ofi¢ video sequence.
The third image is the nal segmentation result.

3.1.2 Image Segmentation in Videos

The object-background segmentation problem aims to cut outser speci ed ob-
jects in an image [9]. We consider the case when this procesas to be performed
over all frames in a video sequence. The problem is formuldtas follows.

The user speci es hard and soft constraints on the segmenia by providing
segmentation cues or seeds on only the rst frame of the videsequence. Theoft
constraints are used to build colour histograms for thebjectand background
These histograms are later used for calculating the likelitod term (Djx;) of the
energy function (3.1.5) of thecrf . This is done for all the frames of the video
sequence.

The hard constraints are used for specifying pixel positions which are con-
strained to take a speci c label pbjector backgroundin all the frames of the video
sequence. Note that unlike soft constraints, the pixel pdgins speci ed under
hard constraints do not contribute in the construction of tre colour histograms for
the objectand background This is di erent from the user-input strategy adopted
in [9]. In our method the hard constraints are imposed on theegmentation by
incorporating them in the likelihood term (Djx;). This is done by imposing
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Figure 3.4: Segmentation results of the human lame walk video sequence.

a very high cost for a label assignment that violates the hardonstraints in a
manner similar to [9]. This method for specifying hard constints has been cho-
sen because of its simplicity. Readers should refer to [118} a sophisticated
method for specifying hard constraints for the video segmiion problem. Fig-

ure 3.3 demonstrates the use of constraints in the image segrtation process.
The segmentation results are shown in gure 3.4.

3.1.3 Experimental Results

In this section we demonstrate the performance of our dynamgraph cut algo-
rithm on the image segmentation problem. We compare the timeken by our
algorithm with that needed by the algorithm proposed in [10]

In the interactive image segmentation experiments, we olysed that dynamic
graph cuts resulted in a massive improvement in the runningrhe. For the image
shown in gure 3.1, the time taken by the static st-mincut algrithm to compute
the re ned solution (from scratch) was 120 milliseconds. Téndynamic algorithm
computed the same solution in 45 milliseconds, while the dgmic (optimized)
algorithm only required 25 milliseconds.

We now discuss the results of image segmentation in videoshelvideo se-
guences used in our tests had between one hundred to a thousamage frames.
For all the video sequences dynamically updating the residugraph produced a
decrease in the number of augmenting paths. Further, the dgmic algorithms
(normal and optimized) were substantially faster than thestatic algorithm. The
average running times per image frame for the static, dynamiand optimized-
dynamic algorithms for the human lame walk sequentef size 368x256 were 91.4,

3Courtesy Derek Magee, University of Leeds.
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Figure 3.5: Running time and number of augmenting paths found by statiac
dynamic st-mincut algorithms. Observe that as the rst andesond frames of the
video sequence are the same, the residual graph does not teée updated, which
results in no augmenting paths found by the dynamic algomtls when segmenting
frame 2. Further, the optimized dynamic algorithm takes nanbhe for computing
the segmentation for the second image frame as ¢ s corresponding to the rst
and second image frames are the same and thus no modi catiomere needed in
the residual graph and search trees. However, the normal dymc algorithm
takes a small amount of time since it recreates the searchdsefor every problem
instance from scratch.

66.0, and 33.6 milliseconds and for the grazing cow sequentsize 720x578 were
188.8, 151.3, and 78.0 milliseconds respectively. The tirtaken by the dynamic
algorithm includes the time taken to recycle the search tree The experiments
were performed on a Pentium 4 2.8 GHz machine.

The graphs in gure 3.5 show the performance of the algorithsnon the rst
sixty frames of the human lame walk sequence. Observe thatettumber of
augmenting paths found is lowest for the dynamic algorithmfollowed by the
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dynamic (optimized) and then the static algorithm. The use bmore augmenting
paths by the dynamic (optimized) algorithm is due to the utilzation of recycled
search trees which produce long augmenting paths.

3.1.4 Reusing Flow Vs Reusing Search Trees

In this section, the relative contributions of reusing ow and search trees in im-
proving the running time of the dynamic algorithm are discused.

The procedure for constructing a search tree has linear tirmmplexity and
thus should be quite fast. Further as seen in gure 3.5 using fiesh search
tree after every graph update results in fewer augmenting tfes. From these
results it might appear that recycling search trees would rigyield a signi cant
improvement in running time. However this is not the case infactice as seen in
gure 3.6. This is because although the complexity of seardhee construction is
linear in the number of edges in the graph, the time taken for¢e construction is
still substantial. This is primarily due to the nature of grgphs used in computer
vision problems. The number of nodes/edges in these graphayrbe of the order
of millions. For instance, when segmenting an image of sizé06 480, max- ow
on a graph consisting of roughly 3 10° nodes and more than 2 million edges
needs to be computed. The total time taken for this operatiors 90 milliseconds
(msec) out of which almost 15 msec is spent on constructingetsearch tree.

The time taken by the dynamic algorithm to compute the st-mircut decreases
with the decrease in the number of changes made to the graphowkver, as the
time taken to construct the search tree is independent of theumber of changes,
it remains constant. This results in a situation where if oy a few changes to the
graph are made (as in the case of min-marginal computationg}, the dominant
part of computation time is spent on constructing the searchree itself. By
reusing search trees we can get rid of this constant cost okating a search tree
and replace it with a change dependent tree restoration cost

The exact amount of speed-up contributed by reusing ow andesrch trees
techniques varies with the problem instance. For a typicalnieractive image
segmentation example, the rst st-mincut computation take 120 msec out of
which 30 msec is spent on constructing the search tree. We dde recompute the
st-mincut after further user interaction (which results inchanges in the graphs).
For the later st-mincut computation, if we construct a new sarch tree then the
time taken by the algorithm is 45 msec (a speed up of roughly 3rtes) out of
which 30 msec is used for tree creation and 15 msec is used fmw computation.
However, if we use reuse the search trees, then the algoritiiakes only 25 msec
(a speed up of 5 times) out of which 7 msec is used for recyclitige tree and 18
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Figure 3.6: Behavior of the dynamic algorithm. The gure illustrates he the time
taken by the dynamic algorithm (with/without tree recyclig) changes with the
number of modi cations made to the graph. The graph shows tfraction of time
taken to compute the st-mincut in the updated residual gragwith/without tree
recycling) compared to that taken for computing the st-mint in the original graph
using the algorithm of [10]. For this experiment, we used aagph consisting of
1 10 nodes which were connected in a 8-neighbourhood. The dynaaigorithm
with tree recycling is referred as dynamic(op).

msec is used for ow computation.

Our results indicate that when a small number of changes areate to the
graph the recycled search tree works quite well in obtaininghort augmenting
paths. The time taken for recycling search trees is also srhabmpared to the time
taken to create a new search tree in a large graph. With increed change in the
graph the advantage in using the recycled search tree fadasedo the additional
number of ow augmentations needed as a result of longer augntation paths
obtained from the search tree.

3.2. Simultaneous Segmentation and Pose
Estimation of Humans

In this section of the dissertation | will present a novel algrithm for performing
integrated segmentation andD pose estimation of a human body from multiple
views. Unlike other state of the art methods which focus onteer segmentation
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or pose estimation individually, our approach tackles thestwo tasks together.
Our method works by optimizing a cost function based on a Coittbnal Random
Field (crf ). This has the advantage that all information in the image (dges,
background and foreground appearances), as well as the prinformation on
the shape and pose of the subject can be combined and used in aydsian
framework. Optimizing such a cost function would have beenomputationally
infeasible earlier. However, our recent research in dynasrgraph cuts allows this
to be done much more e ciently than before. We demonstrate ta e cacy of our
approach on challenging motion sequences. Although we tatghe human pose
inference problem in this work, our method is completely genic and can be used
to segment and infer the pose of any rigid, deformable or actilated object.

Human pose inference is an important problem in computer v@. It stands
at the crossroads of various important applications rangg from Human Com-
puter Interaction (hci) to surveillance. The importance and complexity of this
problem can be gauged by observing the number of papers whicave tried to
deal with it [1, 20, 23, 31, 45, 62, 68, 79, 92, 96, 98, 107]. Madgorithms which
perform pose estimation require the segmentation of humais an essential in-
troductory step [1,45,92]. This precondition limits the us of these techniques
to scenarios where good segmentations are made available dnforcing strict
studio conditions like blue-screening. Otherwise a prepressing step must be
performed in an attempt to segment the human, such as [100]h&se approaches
however cannot obtain good segmentations in challengingesarios which have:
complex foreground and background, multiple objects in thecene, and moving
camera/background. Some pose inference methods exist whdn not need seg-
mentations. These rely on features such as chamfer distarjd&], appearance [96],
or edge and intensity [98]. However, none of these methodsalsle to e ciently
utilize all the information present in an image, and fail if he feature detector
they are using fails. This is partly because the feature det®r is not coupled to
the knowledge of the pose and nature of the object to be segrtesh

The question is then, how to simultaneously obtain the segmttion and hu-
man pose using all available information contained in the iages?

Some elements of the answer to this question have been ddseli by Kumar et
al. [59]. Addressing the object segmentation problem, they rept that \samples
from the Gibbs distribution de ned by a Markov Random Field v ery
rarely give rise to realistic shapes" . As an illustration of this statement,
gure 3.7(b) shows the segmentation result corresponding to the maximu a
posteriori (map) solution of the Conditional Random Field ¢rf ) incorporating
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information about the image edges and appearances of the ettjand background.
It can be clearly seen that this result is nowhere close to ttground truth.

Shape priors and segmentation In recent years, a number of papers have
tried to couple mrf s orcrf s used for modelling the image segmentation problem,
with information about the nature and shape of the object to b segmented [28,
38,59,119]. One of the earliest methods for combinimgrf s with a shape prior
was proposed by Huangt al. [38]. They incrementally found themap solution of
an extendedmrf ! integrated with a probabilistic deformable model. They wex
able to obtain a re ned estimate of the object contour by usig belief propagation
in the area surrounding the contour of this deformable modelThis process was
iterated till convergence.

The problem however was still far from being completely s@d since objects
in the real world change their shapes constantly and hence g di cult to as-
certain what would be a good choice for a prior on the shape. iBhcomplex
and important problem was addressed by the work of Kumagt al. [59]. They
modelled the segmentation problem by combiningrf s with layered pictorial
structures (Ips ) which provided them with a realistic shape prior describeby a
set of latent shape parameters. Their cost function was a wéited sum of the
energy terms for di erent shape parameters (samples). Thearghts of this energy
function were obtained by using the Expectation-Maximizabn (em) algorithm.
During this optimization procedure, a graph cut had to be coputed in order to
obtain the segmentation score each time any parameter of tioef was changed.
This made their algorithm extremely computationally expesive.

Although their approach produced good results, it had somdsrtcomings. It
was focused on obtaining good segmentations and did not prd& the pose of the
object explicitly. Moreover, a lot of e ort had to be spent tolearn the exemplars
for di erent parts of the Ips model. Recently, Zhao and Davis [119] exploited the
idea of object-speci c segmentation to improve object regoition and detection.
Their method worked by coupling the twin problems of object etection and
segmentation in a single framework. They matched exemplars objects in the
image using chamfer matching and thus like [59] also su erddom the problem
of maintaining a huge exemplar set for complex objects. We lwdescribe how
we overcome the problem of maintaining a huge exemplar set bging a simple
articulated stickman model, which is not only e ciently renderable, but also
provides a robust human-like segmentation and accurate posstimate. To make
our algorithm computationally e cient we use the dynamic graph cut algorithm.

L1t is named an extendedmrf due to the presence of an extra layer in themrf to cope with
the shape prior.
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() (b) ()

Figure 3.7: Improving segmentation results by incorporating more infmation in
the CRF. (a) Original image. (b) The segmentation obtainedocresponding to
the MAP solution of aCRF consisting of colour likelihood and contrast terms as
described in [9]. We give the exact formulation of this CRF isection 3.1.1. (c)
The result obtained when the likelihood term of the CRF alsakes into account
the Gaussian Mixture Models (GMM) of individual pixel intesities as described
in section 3.2.1.1. (d) Segmentation obtained after incogpating a "pose-speci c'
shape prior in the CRF as explained in Section 3.2.1.2. Theipr is represented as
the distance transform of a stickman which guarantees a humbke segmentation.
(e) The stickman model after optimization of its 3D pose (seBection 3.2.2).
Observe how incorporating the individual pixel colour moden the CRF (c) gives
a considerably better result than the one obtained using theandard appearance
and contrast based representation (b). However the segnagian still misses the
face of the subject. The incorporation of a stickman shapei@rensures a human-
like segmentation (d) and provides simultaneously (aftemptmization) the 3D
pose of the subject (e).
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Shape Priors in Level Sets Prior knowledge about the shape to be segmented
has also been used in level set methods for obtaining an oljsegmentation. Like
[59] these methods learn the prior using a number of traininghapes. Leventon
et al. [65] performed principal component analysis on these shap® get an
embedding function which was integrated in the evolution egtion of the level
set. More recently, Cremerset al. [18] have used kernel density estimation and
intrinsic alignment to embed more complex shape distributins. Compared to [59]
and [119] these methods have a more compact representatidribee shape prior.
However, they su er from the disadvantage that equations folevel set evolution
may lead to a local minima.

Human Pose Estimation In the last few years, several techniques have been
proposed for tackling the pose inference problem. In partiar, the works of
Agarwal and Triggs [1] using relevance vector machines arubtt of Shakhnarovich

et al. [92] based on parameter sensitive hashing induced a lot oferest and have
been shown to give good results. Some methods for human posenetion in
monocular images use a tree-structured model to capture tlhk@ematic relations
between parts such as the torso and limbs [23, 68, 79]. Theyeth use e cient
inference algorithms to perform exact inference in such meld. In their recent
work, Lan and Huttenlocher [62] show how the tree-structucerestriction can be
overcome while not greatly increasing the computational sb of estimation.

Overview of the Method Our method does not require a feature extraction
step but uses all the data in the image. We formulate the probim in a Bayesian
framework building on the object-speci ccrf  [59] and provide an e cient method
for its solution calledPoseCut . We include a humanpose-speci cshape prior in
the crf used for image segmentation, to obtain high quality segmeatton results.
We refer to this integrated model as g@ose-speci ccrf . Unlike Kumar et al. [59],
our approach does not require the laborious process of leignexemplars. Instead
we use a simple articulated stickman model, which togetherithr an crf is used
as our shape prior. The experimental results show that this odel su ces to
ensure human-like segmentations.

Given an image, the solution of the pose-specicrf is used to measure the
quality of a 3D body pose. This cost function is then optimized over all pose
parameters using dynamic graph cuts to provide both an objetike segmenta-
tion and the pose. The astute reader will notice that althouly we focus on the
human pose inference problem, our method is in-fact genesald can be used to
segment and/or infer the pose of any object. We believe thauo methodology is
completely novel and we are not aware of any published meth®@hich perform
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simultaneous segmentation and pose estimation. To summzei the novelties of
our approach include:

An e cient method for combined object segmentation and posestimation
(PoseCut ).

Integration of a simple “stickman prior' based on the skelet of the object
in a crf to obtain a pose-speci ccrf which helps us in obtaining high
quality object pose estimate and segmentation results.

3.2.1 Pose Specic CRF for Image Segmenta-
tion

The crf framework for image segmentation described in section 3 luses like-
lihood terms which are only based on the pixel colour. This tm is quite weak
and thus does not always guarantee good results. In partieu| it fails in cases
where the colour appearance models of the object and backgnd are not dis-
criminative as seen in gure 3.7€). The problem becomes even more pronounced
in the case of humans where we have to deal with the variousadiyncracies of
human clothing.

From the work of Boykov and Jolly [9] on interactive image segentation we
made the following interesting observations:

Simple user supplied shape cues used as rough priors for the
object segmentation problem produced excellent results.

The exact shape of the object can be induced from the edge in-
formation embedded in the image.

Taking these into consideration, we hypothesized that thecaurate exemplars
used in [59] to generate shape priors were in-fact an ovellahd could be replaced
by much simpler models. Motivated by these observations wescdided against
using a sophisticated shape prior. We have used two simple dabs in our work
which are described below.

Stickman model  We used a simple articulated stickman model for the full
body human pose estimation problem. The model is shown in ge 3.7€). It
is used to generate a rough pose-speci c shape prior on thegmentation. As
can been seen from the segmentation results in gure 3dj( the stickman model
helped us to obtain excellent segmentation results. The meldhas 26 degrees of
freedom consisting of parameters de ning absolute positiaand orientation of the
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(c) (d)

Figure 3.8: The human upper body model. (a) The human upper body model
parameterized by 6 parameters encoding tlxeand y location of the two shoulders,
the length of the neck, and the angle of the neck with respecthe vertical. (b)
The shape prior generated using the model. Pixels more likéd belong to the
foreground/background are green/red. (c) and (d) The modeiendered in two
poses.

torso, and the various joint angle values. There were no cdrants or joint-limits
incorporated in our model.

The Upper body Model The second model was primarily designed for the
problem of segmenting the human speaker in video conferersmenarios. The
model can be seen in gure 3.8. It is parameterized by 6 paratees which
encode thex andy location of the two shoulders and the length and angle of the
neck.

We now describe how the image segmentation problem can be ratedl us-
ing a pose-speci ccrf . Our pose speciccrf is obtained by augmenting the
conventionally usedcrf model for image segmentation (see section 3.1.1) with
potentials based on the shape of the object to be segmenteddaappearances of
individual pixels.

3.2.1.1 Modeling Pixel Intensities by Gaussian Mixture
Models

The crf dened in section 3.1.1 performs poorly when segmenting imes in
which the appearance models of the foreground and backgrauare not highly
discriminative. When working on video sequences, we can uaebackground
model developed using the Grimson-Stau er [100] algorithrto improve our re-
sults. This algorithm works by representing the colour distbution of each pixel
position in the video as a Gaussian Mixture Modelgmm). The likelihoods of
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a pixel for being background or foreground obtained by thisechnique are inte-
grated in our crf . Figure 3.7() shows the segmentation result obtained after
incorporating this information in our crf formulation.

3.2.1.2 Incorporating the Pose-speci ¢ Shape Prior

Though the results obtained from the above formulation looklecent, they are
not perfect. Note that there is no prior on the segmentationd look human
like. Intuitively, incorporating such a constraint in the crf would improve the
segmentation. In our case, this prior should bpose-speci cas it depends on what
pose the object (the human) is in. Kumaset. al. [59], in their work on interleaved
object recognition and segmentation, used the result of threcognition to develop
a shape prior over the segmentation. This prior was de ned bg set of latent
variables which favoured segmentations of a specic pose thie object. They
called this model the Object Category Speciccrf , which had the following
energy function:

X X
3(x; )= ((DOjx)+ (xij )+ ( Djxi;x)+ (xXi;%)) (3.2.1)
i j

with posterior p(x; jD) = i exp( s(x; )). Here 2 R, is used to denote
the vector of the object pose parameters. The shape-priorrie of the energy
function for a particular pose of the human is shown in gure 3(e). This is a
distance transform generated from the stick-man model siliette using the fast
implementation of Felzenszwalb and Huttenlocher [22].

The function (x;j ) was chosen such that given an estimate of the location
and shape of the object, pixels falling near to that shape wemore likely to be
labelled as foreground' and vice versa. It has the form:(x;j )= logp(xij ).
We follow the formulation of [59] and de nep(xij ) as

1

p(xi = gurej )=1 p(x; =groundj )= Txexp( (G ) dr)); (3.2.2)

where d(i; ) is the distance of a pixeli from the shape de ned by (being
negative if inside the shape). The parameteat, decides how “fat' the shape should
be, while parameter determines the ratio of the magnitude of the penalty that
points outside the shape have to face, compared to the poirtsside the shape.

3.2.1.3 Inference in the CRF using graph cuts

Recall from chapter 1 that energy functions like the one deed in (3.2.1) can be
solved using graph cuts if they aresub-modular[54]. A functionf :f0;1g"! R
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Figure 3.9: Dierent terms of our pose specic CRF. (a) Original image.
(b) The ratios of the likelihoods of pixels being labelledréground/background
( (Djxj="fg) (Djx; = "bg)). These values are derived from the colour inten-
sity histograms. (c) The segmentation results obtained bging the GMM models
of pixel intensities. (d) The stickman in the optimal pose & Sections 3.2.1.2
and 3.2.2). (e) The shape prior (distance transform) corrggonding to the opti-
mal pose of the stickman. (f) The ratio of the likelihoods ofelng labelled fore-
ground/background using all the energy terms (colour higiams de ning appear-
ance models, GMMs for individual pixel intensities, and thpose-speci ¢ shape
prior (see sections 3.1.1,3.2.1.1 and 3.2.1.2)) 3(x; = ‘fg"; ) 3(X; = "bg; ).
(g) The segmentation result obtained from our algorithm wth is the MAP solu-
tion of the energy 3 of the pose-speci c CRF.
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3,) b) (‘)

Figure 3.10:Inferring the optimal pose. a) The values ofin, 3(x; ) obtained
by varying the global translation and rotation of the shapeigr in the x-axis. b)
Original image. c) The pose obtained corresponding to theoghl minimum of the
energy.

is submodular if and only if all its projections on 2 variable (f? : f0;1g? ! R)
satisfy:
fP0;0)+ fP(1;1) fP(0;1)+ fP(1;0): (3.2.3)

For the pairwise potentials, this condition can be seen as plying that the energy
for two labels taking similar values should be less than thaergy for them taking
di erent values. In our case, this is indeed the case and thuge can nd the
optimal con guration x = miny 3(X; ) using a single graph cut. The labels
of the latent variable in this con guration give the segmenation solution.

3.2.2 Formulating the Pose Inference Problem

Since the segmentation of an object depends on its estimatpdse, we would like
to make sure that our shape prior re ects the actual pose of thobject. This
takes us to our original problem of nding the pose of the humain an image. In
order to solve this, we start with an initial guess of the obj& pose and optimize
it to nd the correct pose. When dealing with videos, a good sirting point for

this process would be the pose of the object in the previousafmne. However,
more sophisticated methods could be used based on objectetgion [101] at the
expense of increasing the computation time.
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One of the key contributions of this work is to show how givenraimage of the
object, the pose inference problem can be formulated in tesnof an optimization
problem over thecrf energy given in (3.2.1). Speci cally, we solve the problem:

opt :argmi_Q 3(X; )): (3.2.4)

The minimization problem de ned above contains both discte (x 2 f 0; 1g") and
continuous ( 2 Rp) valued variables and thus is a mixed integer programming
problem. The large number of variables involved in the eneydunction 3(x; ))
make it especially challenging to minimize. To solve the mimization problem
(3.2.4), we decompose it as: o, =argmin F( ), where

F(C)=min 50 )): (3.2.5)

For any value of , the function 3(x; )) is submodular inx and thus can be
minimized in polynomial time by solving a single st-mincut ppblem to give the
value of F ().

We will now explain how we minimizeF ( ) to get the optimal value of
the pose parameters. Figure 3.10 shows how the functiegh( ) depends on
parameters encoding the rotation and translation of our stkman model in the x-
axes. It can be seen that the function surface is unimodal inarge neighbourhood
of the optimal solution. Hence, given a good initializatiorof the pose , it can
be reliably optimized using any standard optimization algathm like gradient
descent. In our experiments, we used the Powell minimizatid74] algorithm for
optimization.

Figure 3.11(a) shows how the functioifr ( ) changes with changes to the neck
angle and length parameters of the upper body model shown igure 3.8. Like
in the case of the 3D stickman model, the energy surface is ineéhaved near the
optimal pose parameters. Our experiments showed that the ®ell minimization
algorithm is able to converge to almost the same point for derent initializations
(see gure 3.11(b)).

Failure Modes It can be seen that the functionF () is not unimodal over the
whole domain and contains local minima. This multi-modalif of F ( ) can cause
a gradient descent algorithm to get trapped and converge to lacal minimum.

In our experiments we observed that these spurious minimaelguite far from the
globally optimal solution. We also observed that the pose dhe human subject
generally does not change substantially from one frame todhnext. This lead
us to use the pose estimate from the previous frame as an ialtzation for the

current frame. This good initialization for the pose estimg made sure that
spurious minima do not e ect our method.
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(@) (b)

Figure 3.11: Optimizing the pose parameters. (a) The values ofin, 3(x; )
obtained by varying the rotation and length parameters ofemeck. (b) The image
shows ve runs of the Powell minimization algorithm [74] whh are started from
di erent initial solutions.

The failure rate of our method can be further improved by usijp object de-
tection systems which provide a better initialization of tle pose of the object.
Scenarios where the method still converges to a local minintan be detected
and dealt with using the strategy discussed in section 3.2uWhich was used in our
recent work on object detection and segmentation [81].

Resolving Ambiguity using multiple views The human pose inference
problem in the context of monocular images su ers from ambigty. This is

because of the one-many nature of the mapping that relates airhan shape as
seen in an image and the corresponding human pose. In otherdg many possi-
ble poses can explain the same human shape. This ambiguityndae resolved by
using multiple views of the object ("human'). Our frameworkhas the advantage
that information from multiple views can be integrated intoa single optimization

framework. Speci cally, when dealing with multiple views & solve the problem:

X
opt = argmin( min( 3(x; )): (3.2.6)
Views

The framework is illustrated in gure 3.12.

Dynamic energy minimization using graph cuts As explained earlier
global minima of energies like the one de ned in (3.2.1) canebfound by graph
cuts [54]. The time taken for computing a graph cut for a reas@ably sizedcrf is
of the order of seconds. This would make our optimization abgithm extremely
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Epg(X, @)

Figure 3.12: Resolving ambiguity in pose using multiple views. The gushows
how information from di erent views of the human can be integted in a single
energy function, which can be used to nd the true pose of tharhan subject.

slow since we need to compute the global optimum of;(x; ) with respect to x
multiple number times for di erent values of . The graph cut computation can
be made signi cantly faster by using the dynamic graph cut gorithm proposed
in chapter 2. This algorithm works by using the solution of tle previous graph
cut computation for solving the new instance of the problem.We obtained a
speed-up in the range of 15-20 times by using the dynamic ghaput algorithm.

3.2.3 Experiments

We now discuss the results obtained by our method. We providlee segmentation
and pose estimation results individually.

3.2.3.1 Segmentation Results

As expected, the experimental results show that the segmation results im-
prove considerably as we increase the amount of informatiam our crf frame-
work. Figure 3.13 shows how integrating more information ithe crf improves
the segmentation results. Quantitative results for the segentation problem are
shown in table 3.1.

In order to demonstrate the performance of our method, we cgare our
segmentation results with those obtained using the methodrg@posed in [100].
It can be seen from the results in gure 3.15 that the segmertians obtained
using the method of [100] are not accurate: They contain \spkles" and often
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-
Image Only Colour + Colour + Smoothness
Colour Smoothness + Shape Prior

Figure 3.13: Results showing the e ect of incorporating a shape prior omé seg-

mentation results. The rstimage is the original image to beegmented. The sec-
ond, third and fourth images show the segmentation resultstained using colour,

colour + smoothness prior and colour + smoothness + shape prirespectively.

Information Used Correct object pixels All correct pixels
Colour 45.73% 95.2%
Colour + GMM 82.48% 96.9%
Colour + GMM +Shape 97.43% 99.4%

Table 3.1: Quantitative segmentation results. The table shows the eteof adding
more information in the Bayesian framework on the quantitate segmentation
accuracy. The accuracy was computed over all the pixels iretimage. The
ground truth for the data used in this experiment was geneedtby hand labelling
the foreground and background regions in the images.
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Figure 3.14: Segmentation results using the 2D upper body model. The nstw
shows some frames from the video sequence. The second rowsltoe initial val-
ues of the pose parameters of the model and the resulting sexgations. The last
row shows the nal pose estimate and segmentation obtainesing our method.

segment the shadows of the feet as foreground. This is expgttas they use
only a pixelwise term to di erentiate the background from the foreground and
do not incorporate any spatial term which could o er a better\smoothing". In
contrast, PoseCut which uses a pairwise potential term (as any standard graph
cut approach) and a shape prior (which guarantees a humarkéi segmentation),
is able to provide accurate results.

Our experiments on segmenting humans using the 2D upper bodyodel ( g-
ure 3.8) also produced good results. For these experimenigjeo sequences from
the Microsoft Research bilayer video segmentation datasgi2] were used. The
results of our method are shown in gure 3.14.

3.2.3.2 Segmentation and pose estimation

Figures 3.16 and 3.17 present the segmentations and the pesémates obtained
using PoseCut . The rst data set comprises of three views of human walking
circularly. The time needed for computation of the 3D pose &ate, on an
Intel Pentium 2GHz machine, when dealing with 644484 images, is about 50
seconds per view As shown in these gures, the pose estimates match the
original images accurately. In Figures 3.16 and 3.17, it shiol be noted that
the appearance models of the foreground and background angitg similar: for

2However, this could be speeded up by computing the parametsrof the crf in an fpga
(Field programmable gate array).
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Ovriginal:

Grimson:
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PoseCuT:

!

(a) (b) (c) () (e) (f) (2)

Figure 3.15: Segmentation results obtained by Grimson-Stau er [100] dmpose-
cut .
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Canera 2 } Camera 3 ) ) .
27 42 52 63 95

Frames: 18 27 42 63
Figure 3.16: Segmentation (middle) and pose estimation (bottom) resslffrom
PoseCut .

instance, in Figure 3.17, the clothes of the subject are blam colour and the oor
in the background is rather dark. The accuracy of the segmation obtained
in such challenging conditions demonstrates the robustre®f PoseCut . An
interesting fact to observe in Figure 3.16 about frame 95 isa&t the torso rotation
of the stickman does not exactly conform with the original pge of the object.
However, the segmentation of these frames is still accurate

3.2.4 Shape Priors for Reconstruction

Obtaining a 3D reconstruction of an object from multiple images is a funda-
mental problem in computer vision. Re ecting the importane of the problem a
number of methods have been proposed for its solution. Thessge from meth-
ods such as shape from silhouettes [103] and space carvir@] {6 image based
methods [87]. However, the problem of obtaining accurateaenstructions from
sparse multiple views still remains far from being solved. i primary problem
a icting reconstruction methods is the inherent ambiguity in the problem (as
shown in gure 3.18) which arises from the many-one nature t¢fie mapping that
relates3D objects and their images.

Intuitively the ambiguity in the object reconstruction can be overcome by us-
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Figure 3.17: Segmentation (middle row) and pose estimation (bottom rowgsults
obtained usingPoseCut . Observe that although the foreground and background
appearances are similar, our algorithm is able to obtain gbsegmentations.

ing prior knowledge. Researchers have long understood tifést and weak priors
such as surface smoothness have been used in a number of nmash63,99,111].
Such priors help in recovering from the errors caused by npiglata. Although
they improve results, they are weak and do not carry enough formation to
guarantee a unique solution. Taking inspiration from the stcess of using strong
prior knowledge for image segmentation, we use 3D shape psito overcome the
ambiguity inherent in the problem of 3D reconstruction frommultiple views.

Our framework uses a volumetric scene representation andegrates conven-
tional reconstruction measures such as photoconsistensyrface smoothness and
visual hull membership with a strong object speci c prior. 8nple parametric
models of objects are used as strong priors in our frameworur method not
only gives an accurate object reconstruction, but also prales us the pose or
state of the object being reconstructed. This work previolys appeared in [102].
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[ Object [ ] Visual Hull
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Figure 3.18: Ambiguity in object reconstruction due to few views. The ge shows
how two completely di erent objects can have the same visunlll. Further, if
both objects have the same colour, the photo hull and theiojpctions on multiple
viewpoints would also be the same.

Experimental Results The data set for our experiments consists of video
sequences of four views of a human subject walking in a citcl&his data set
was earlier used in [3]. It comes with silhouettes of the humaubject obtained
using pixel wise background intensity modelling. The posdns and orientations
of the 4 cameras with respect to the object are shown in gure.B(i).

The rst step in our method is the computation of the visual hdl. The
procedure starts with the quantization of the volume of inteest as a grid of
cubical voxels of equal size. Once this is done, each voxeitee is projected into
the input images. If any of the projections falls outside thailhouette, then the
voxel is discarded. All remaining voxels constitute the vigal hull. Some visual
hull results are shown in gure 3.19(ii). It can be observedhat because of the
skewed distribution of the cameras, the visual hull is quitei erent from the
true object reconstruction. Further, as object segmentatns are not accurate,
it has large errors. The prominent defects in the visual hultesults include:
(i) the presence of holes because of segmentation errors in ¢iigect silhouettes
(bottom row (b)), (i) the presence of auxiliary parts caused by shadowsj § the
third-arm e ect resulting from self-occlusion and ambiguity in the reconaiction
due to the small number of views (bottom row (a)). It can be seethat our
reconstruction results do not su er from these errors (botim row (c) and (d)).
The nal results of our method for a few frames of the human wking sequence
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Figure 3.19:i) Camera Positions and Reconstruction. The gure shows thpo-
sition and orientations of the four cameras which were used bbtain the images
which constituted the data-set for our rst experiment. Welao see the reconstruc-
tion result generated by our method. ii) 3D Object Reconsittion using Strong
Object-Speci ¢ priors. The rst and second rows show the ingges and silhouettes
used as the data. Two views of the visual hull generated udimg data are shown
in the rst two columns of the bottom row ((a) and (b)). The visial hull is noisy
and contains artifacts like the spurious third arm caused lihe ambiguity in the
problem. We are able to overcome such problems by using gjrprior knowledge.
The reconstructions obtained by our method are shown in cola 3 and 4 ((c)
and (d)).

are shown in gure 3.20.

3.2.5 Discussion

Localizing the object in the image and inferring its pose is aomputationally
expensive task. Once a rough estimate of the object pose idabed, the seg-
mentation can be computed extremely e ciently using graph ats [12]. In our
work on real time face detection and segmentation [81], weastred how an o the
shelf face-detector such as the one described in [110] cancbapled with acrf
to get accurate segmentation and improved face detectionstdts in real time.
The object (face) localization estimate (obtained from angeneric face detec-
tor) was incorporated in a discriminativecrf framework to obtain robust and
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Pose Estimate

Frame 1 28 52 60 74

Figure 3.20: Pose inference and 3D object reconstruction results. The tdaused
in this experiment is taken from [3]. It consists of 4 views ad human subject
walking in a circular path. Middle row: Reconstruction resit Bottom row:
Pose estimate. Observe that we are able to get excellentmstmction and pose
estimation results even when the visual hull contains largeors (as seen in frame
60 and 74).

accurate face segmentation results as shown in gure 3.21hd energyE (x ) of
any segmentation solutionx is the negative log of the probability, and can be
viewed as a measure of how uncertain that solution is. The Higr the energy of
a segmentation, the lower the probability that it is a good sgmentation. Intu-
itively, if the face detection is correct, the resulting segentation obtained from
our method should have high probability and hence have low ergy compared
to that of false detections. This characteristic of the engy of the segmentation
solution can be used to prune out false face detections thusproving the face
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Figure 3.21:Real time face segmentation using face detection. The rsmiage in
the rst row shows the original image. The second image shothe face detection
results. The third image shows the segmentation obtainedings shape priors
generated from the detection and localization results.

Figure 3.22: Pruning false object detections. The gure shows an imageofn
the INRIA pedestrian data set. After running our algorithm,we obtain four
face segmentations, one of which (the one bounded by a blapkae) is a false
detection. The energy-per-pixel values obtained for theu& detections were 74,
82 and 83 while that for the false detection was 87. As you caeghe energy of
false detection is higher than that of the true detectionshd can be used to detect
and remove it.
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detection accuracy. The procedure is illustrated in gure 22. A similar strategy
was recently used in [78].

3.2.6 Summary and Future Work

This work sets out a novel method for performing simultane@ segmentation
and 3D pose estimation PoseCut ). The problem is formulated in a Bayesian
framework which has the ability to utilize all information available (prior as well as
observed data) to obtain good results. We showed how a rougbge-speci ¢ shape
prior could be used to improve segmentation results signiamtly. We also gave a
new formulation of the pose inference problem as an energyninization problem
and showed how it could be e ciently solved using dynamic gnqah cuts. The
experiments demonstrate that our method is able to obtain eellent segmentation
and pose estimation results. This method was recently alssed for the problem
of reconstructing objects from multiple views [102].

Searching over Pose Manifolds It is well known that the set of all human
poses constitutes a low-dimensional manifold in the compéepose space [96,107].
Most work in exploiting this fact for human pose inference abeen limited to
nding linear manifolds in pose spaces. The last few years V& seen the emer-
gence of non-linear dimensionality reduction techniquesrf solving the pose in-
ference problem [97]. Recently, Urtasuat al. [107] showed how Scaled Gaussian
Process Latent Variable Models $GPLVM ) can be used to learn prior models
of human pose for 3D people tracking. They showed impressigese inference
results using monocular data. Optimizing over a parametraion of this low di-
mensional space instead of th26D pose vector would intuitively improve both
the accuracy and computation e ciency of our algorithm. Thus the use of di-
mensionality reduction algorithms is an important area to k investigated. The
directions for future work also include using an appearaneceodel per limb, which
being more discriminative could help provide more accurateegmentations and
pose estimates.

3.3. Measuring Uncertainty in Graph Cut
Solutions
Over the years researchers have asked the question whethenight be possible

to compute a measure of uncertainty associated with the grhpcut solutions.
In this section we answer this particular question positivg by showing how the
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min-marginals associated with the label assignments of andom eld can be

e ciently computed using a new algorithm based on dynamic @ph cuts. The

min-marginal energies obtained by our proposed algorithnr@exact, as opposed
to the ones obtained from other inference algorithms like épy belief propagation

and generalized belief propagation. We also show how thesésmarginals can

be used to compute a con dence measure for label assignmeirtsthe image

segmentation problem.

3.3.1 Introduction

Graph cuts based minimization algorithms do not provide an ncertainty mea-
sure associated with the solution they produce. This is a $seus drawback since
researchers using these algorithms do not obtain any infoation regarding the
probability of a particular latent variable assignment in agraph cut solution. In-
ference algorithms likdbp [73],gbp [118], andtrw [51,112] provide the user with
marginal or min-marginal energies associated with each &tt variable. However,
these algorithms are not guaranteed to nd the optimal solubn for graphs of ar-
bitrary topology. Note that for tree-structured graphs, the simple max-product
belief propagation algorithm gives the exact max-marginaprobabilities/min-
marginal energies for di erent label assignments in Ol?) time where n is the
number of latent variables, andl is the number of labels a latent variable can
take.

We address the problem of e ciently computing the min-margnals associated
with the label assignments of any latent variable in anrf 2. Our method works
on all mrf s that can be solved exactly using graph cuts. First, we givehé
de nition of ow potentials (de ned in section 3.3.3.1) of a graph node. We
show that the min-marginals associated with the labellingsf a binary random
variable are related to the ow-potentials of the node reprgenting that variable
in the graph constructed in the energy minimization procede. In fact the exact
min-marginal energies can be found by computing thesew-potentials. We then
show how ow potential computation is equivalent to minimiang projections of
the original energy functior.

1We will explain the relation between max-marginal probabilities and min-marginal energies
later in section 3.3.2. To make our notation consistent with recent work in graph cuts, we
formulate the problem in terms of min-marginal energies (sbbsequently referred to as simply
min-marginals).

2This rst version of this section appeared as [49].

3A projection of the function f (x1;X2;:::;X,) can be obtained by xing the values of some
of the variables in the function f (:). For instance f 1(X2;:::;; Xn) = f(0; X2; 133, X ) IS a projection
of the function f (:).
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Minimizing a projection of an energy function is a computationally expensive
operation and requires a graph cut to be computed. In order tobtain the min-
marginals corresponding to all label assignments of all rdam variables, we need
to compute a graph cutO(nl) number of times. In this work, we present an
algorithm based on dynamic graph cuts [48] which solves tle®(nl) graph cuts
extremely quickly. Our experiments show that the running tine of this algorithm
i.e., the time taken for it to compute the min-marginals coresponding to all latent
variable label assignments is of the same order of magnituds the time taken to
solve a single st-mincut problem.

3.3.2 Preliminaries

As explained in chapter 1, goairwise mrf can be solved by minimizing a second
order energy function. The energy of thenap con guration of the mrf can be
computed by solving the problem:

()=min E(xj ): (3.3.1)

The map solution of the mrf will be referred to as theoptimal solution

3.3.2.1 Min-marginal energies

A min-marginal is a function that provides information abou the minimum values
of the energyE under di erent constraints. Following the notation of [51] we
de ne the min-marginal energies ;; u.j as:

vi() = erpipzj E(xj ); and (3.3.2)
uv;ij( ) = min ) E(Xj ):

X2L;Xy=iXyv=]

In words, given an energy functionE whose value depends on the variables
(X1;::75%n), v () represents the minimum energy value obtained if we X the
value of variablex, to j and minimize over all remaining variables. Similarly,

w:ij () represents the value of the minimum energy in the case whehet values
of variablesx, and x, are xed to i and| respectively.

3.3.3 Uncertainty in Label Assignments

Now we show how min-marginals can be used to compute a con @enmeasure
for a particular latent variable label assignment. Given tk function Pr(xjD),
which speci es the probability of a con guration of the mrf , the max-marginal
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vij gives us the value of the maximum probability over all possié con gurations
of the mrf in which x, = j. Formally, it is de ned as:
vi = max Pr(xjD) (3.3.3)
X2L;Xy=]
Inference algorithms like max-product belief propagatioproduce the max-marginals

along with the map solution. These max-marginals can be used to obtain a con-
dence measure for any latent variable labelling as:

maxeL;xv=j Pr(XjD) - p Vij (3 3 4)

p =

vij —

where ; is the con dence for the latent variablex, taking label j. This is the
ratio of the max-marginal corresponding to the label assigment x, = j to the
sum of the max-marginals for all possible label assignments

We now proceed to show how these max-marginals can be obtairffeom the
min-marginal energies computed by our algorithm. Recalldm equation (1.2.3)
that the energy and probability of a labelling are related as

E(x)= logPr(xjD) const (3.3.5)

Substituting the value of Pr(xjD) from equation (3.3.5) in equation (3.3.3), we
get

vi = _max (exp ( E(xj) const)) (3.3.6)
X2L;Xy=]j
1 . .
= Zexp (. min_E(x])); (3.3.7)

whereZ is the partition function. Combining this with equation (3.3.2a), we get

= gexn () (339

As an example consider a binary label object-background iga segmentation
problem, where there are two possible labels i.e., objecblf) and background
('bd). The con dence measure .., associated with the pixelv being labelled as
object can be computed as:

viob = v;ob — zlexp ( v;ob( )) . (3'3.9)

v;ob+ v;bg %eXp ( v;ob( )) + %exp ( v;bg( ))'

eXp ( v;ob( ))
EXp ( v;ob( )) +exp ( v;bg( ))
Note that the Z's cancel and thus we can compute the con denameasure from
the min-marginal energies alone without knowledge of the géion function.

or V;Ob = (3.3.10)
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3.3.3.1 Flow Potentials in Graphs

Given a directed weighted graptG(V; E; C) with non-negative edge weights and
ows f owing through the edgesE, we de ne the source/sink ow potential of
a graph nodev 2 V as the maximum amount of net ow that can be pumped
into/from it without invalidating any edge capacity (1.3.2) or mass balance con-
straint (1.3.3) with the exception of the mass balance constint of the node v
itself. Formally, we can de ne the source ow potential of ndev as:

X
fy = max fio fu
i2N (V)
Subject to:
X 0 fj; ¢ 8(;j)2E; and (3.3.11)
(fji fij )= fsj fjt 8j 2 Vnfs;t;vg (3.3.12)
i2 N(j)nfs;tg
where max represents the maximization over the set of all edge ows
f=1f;,; 8(i;j) 2 Eg: (3.3.13)

Similarly, the sink ow potential f! of a graph nodev is de ned as:
X

f\E = m?x fvi fiv (3314)
i2N(v)
subject to constraints (3.3.11) and (3.3.12).

The computation of a ow potential of a node is not a trivial process and in
essence requires a graph cut to be computed as explained inrg 3.24. The ow
potentials of a particular graph node are shown in gure 3.23Note that in a
residual graphG(f nax) where f 12« is the maximum ow, all nodes on the sink
side of the st-mincut are disconnected from the source andu# have the source
ow potential equal to zero. Similarly, all nodes belongingo the source have
the sink ow potential equal to zero. We will later show that the ow-potentials
we have just de ned are intimately linked to the min-margina energies of latent
variable label assignments.

3.3.4 Computing Min-marginals using Graph Cuts

We now explain the procedure for the computation of min-margal energies
using graph cuts. The total ow figtq Owing from the sources to the sink t in

a graph can be found by computing the di erence between the t@ amount of

ow coming in to a terminal node and that going out as:

X
fiotal = (fsi fis)= (fie fo): (3.3.15)
i2N (s) i2N (1)
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Figure 3.23: Flow potentials of graph nodes. The gure shows a directedagh
having seven nodes, two of which are the terminal nodes, tloairse s and the
sink t. The number associated with each directed edge in tigiph is a capacity
which tells us the maximum amount of ow that can be passeddhgh it in the
direction of the arrow. The ow potentials for node 4 in this gaph when no ow
is passing through any of the edges afi§¢ = 2 and f} = 11.

The cost of the st-mincut in an energy representing graph igjeal to the energy
of the optimal con guration. From the Ford-Fulkerson theorem, this is also equal
to the maximum amount of ow f . that can be transferred from the source
to the sink. Hence, from the minimum energy (3.3.1) and totalow equation
(3.3.15) for a graph in which max ow has been achieved i.€.iptq) = fmax, We
obtain: X
()=min E(X] )= fmax = (fsi fis): (3.3.16)
i2N(s)
Note thgt ow cannot be pushed into the source i.e.fis = 0;8i 2 V, thus
()= i2ngfsi- The map conguration x of amrf is the one having the
least energy and is de ned agx = argminy,, E(Xj ).
Let a be the label for random variablex, under the map solution and b be
any label other thana. Then in the case ofx, = a, the min-marginal energy
vix, ( ) is equal to the minimum energy i.e.

EXxj)= () (3.3.17)

Thus it can be seen that the maximum ow equals the min-margials for the case
when the latent variables take their respectivenap labels.

The min-marginal energy ,.,( ) corresponding to the non-optimal labeb can
be computed by nding the minimum value of the energy functia projection E’
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Compute

&
JSinax=8 \III

constraining node 5
to belong to sink

(a) (b) (c)

original graph residual graph

Figure 3.24: Computing min-marginals using graph cuts. In (a) we see theagh
representing the original energy function. This is used tcompute the minimum
value of the energy ( ) which is equal to the max- owf ,,.x = 8. The residual
graph obtained after the computation of max- ow is shown irb§. In (c) we show
how the ow-potential f2 can be computed in the residual graph by adding an
in nite capacity edge between it and the sink and computingpg¢ max- ow again.
The addition of this new edge constrains node 5 to belong toksside of the st-cut.
A max- ow computation in the graph (c) yieldsf £ = 4. This from theorem 1, we
obtain the min-marginal s.=8+4 =12, where T(c) = source(s). The dotted
arrows in (b) and (c) correspond to edges in the residual ghfapvhose residual
capacities are due to ow passing through the edges in theppmsite direction.

obtained by constraining the value ok, to b as:

vol )= min _ E(x] ) (3.3.18)
or, vo( )= min  E(Xg Xy 150 X1 2Xn] ): (3.3.19)

(x xy)2Ln 1
In the next sub-section, we will show that this constraint ca be enforced in
the original graph construction used for minimizinge (xj ) by modifying certain
edge weights ensuring that the latent variablex, takes the labelb. The exact
modi cations needed in the graph for the binary label case argiven rst, while
those required in the graph for the multi-label case are digssed later.
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3.3.4.1 Min-marginals and Flow potentials

We now show how in the case of binary variables, ow-potentisiin the residual
graph G(f nax) are related to the min-marginal energy values. Agairg and b are
used to represent thanap and nonimap label respectively.

Theorem 1 The min-marginal energies of a binary latent variable, are equal
to the sum of the max- ow and the source/sink ow potentials fothe node rep-
resenting it in the residual graphG(f max) corresponding to the max- ow solution
ie.

()= min E(Xj)= ()+ £]0 = fg+ 70 (3.3.20)

whereT(j) is the terminal corresponding to the labgl, and f o« is the value of
the maximum ow in the graphG representing the energy functiork (xj ).

Proof The proof is trivial for the case where the latent variable tkes the optimal
label. We already know that the value of the min-marginal .,( ) is equal to
the lowest energy ( ). Further, the ow potential of the node for the terminal
corresponding to the label assignment is zero since the nadalisconnected from
the terminal T(a) by the minimum cut?.

We already know from (3.3.19) that the min-marginal ,.,( ) corresponding
to the non-optimal label b can be computed by nding the minimum value of
the function E under the constraintx, = b. This constraint can be enforced in
our original graph (used for minimizingE (xj )) by adding an edge with in nite
weight between the graph node and the terminal correspondjnto the label a,
and then computing the st-mincut on this updated graph. In section 3.3.4.3
we shall explain how to solve the new st-mincut problem e cietly using the
dynamic graph cut algorithm proposed in the previous chapte

It can be easily seen that the additional amount of ow that wald now ow
from the source to the sink is equal to the ow potentiavaT(b) of the node. Thus
the value of the max- ow now becomes equal to( ) + fv® where T(b) is the
terminal corresponding to the labeb. The whole process is shown graphically in
gure 3.24. ||

We have shown how minimizing an energy function with constnats on the
value of a latent variable, is equivalent to computing the v potentials of a node

4The amount of ow that can be transferred from the node to the terminal T(a) in the
residual graph is zero since otherwise it would contradict ar assumption that the max- ow
solution has been achieved.

SAdding an in nite weight edge between the node and the termiral T (a) is equivalent to
putting a hard constraint on the variable x, to have the labelb. Observe that the addition of
an in nite weight edge can be realized by using an edge whoseeight is more than the sum
of all other edges incident on the node. This condition wouldmake sure that the edge is not
saturated during the max- ow computation.
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.
G o O G o

Figure 3.25: Graph construction for projections of energy functions imiving
multiple labels. The rst graph G shows the graph construction proposed by
Ishikawa [39] for minimizing energy functions representgppmrf s involving la-
tent variables which can take more than 2 labels. All the lalsetsL, v 2 V
consist of 4 labels namely,, 15, I3 and I4. The map con guration of the mrf
induced by the st-mincut is found by observing which data edgare cut (data
edges are depicted as black arrows). Four of them are in the bere (as seen in
graph G), representing the assignments; = |, X, = I3, X3 = I3, and x4 = |4.
The graphGP representing the projectionE® = E (X1; X»; X3; |,) can be obtained by
inserting in nite capacity edges from the source and the sknto the tail and head
node respectively of the edge representing the labelor latent variable x4.

in the residual graph G(f nax). Note that a similar procedure can be used to
compute the min-marginal . ( ) by taking the projection and enforcing hard
constraints on pairs of latent variables.

3.3.4.2 Extension to Multiple labels

Graph cuts can also be used to exactly optimize convex enerfygynctions which
involve variables taking multiple labels [39, 88]. Graphsepresenting the projec-
tions of such energy functions can be obtained by incorporag hard constraints
in a fashion analogous to the one used for binary variables the graph construc-
tion for multiple labels proposed by Ishikawa [39], the labeof a discrete latent
variable is found by observing which data edge is cut. The wa of a variable can
be constrained or ~ xed' in this graph construction by makig sure that the data
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1. Construct graphG for minimizing the mrf energyE.

2. Compute the maximum s-t ow in the graph. This induces
the residual graphG; consisting of unsaturated edges.

3. For computing each min-marginal, perform the following
operations:

3.1 Obtain the energy projectionE° corresponding to the
latent variable assignment.
3.2 Construct the graphG°to minimize E°.

3.3 Use dynamic graph cut updates as given in [48] [to
make G, consistent with G° thus obtaining the new
graph G, .

3.4 Compute the min-marginal by minimizing E° using
the dynamic (optimized) st-mincut algorithm on Gf.

Table 3.2: Algorithm for computing min-marginal energies using dynaim graph
cuts.

edge corresponding to the particular label is cut. This canebrealized by adding
edges of in nite capacity from the source and the sink to theatil and head node
of the edge respectively as shown in gure 3.25. The cost ofetlst-mincut in this
modi ed graph will give the exact value of min-marginal enagy associated with
that particular labelling. It should be noted here that the method of Ishikawa [39]
applies to a restricted class of energy functions. These dotnnclude energies
with non-convex priors (such at the Potts model) which are sl in many com-
puter vision applications. Measuring uncertainty in solubns of such energies is
thus still an open problem.

3.3.4.3 Minimizing Energy Function Projections using Dy-
namic Graph Cuts

Having shown how min-marginals can be computed using graplits, we now
explain how this can be done e ciently. As explained in the poof of Theorem 1,
we can compute min-marginals by minimizing projections ohe energy function.
However, it might be thought that such a process is extremelgomputationally
expensive as a graph cut has to be computed for every min-margl computation.
However, when modifying the graph in order to minimize the mjection E° of the
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energy function, only a few edge weights have to be chan§eas seen in gure
3.24, where only one in nite capacity edge had to inserted ithe graph. We have
shown earlier how the st-mincut can be recomputed rapidly fasuch minimal
changes in the problem by using dynamic graph cuts. Our proped algorithm
for min-marginal computation is given in Table 3.2.

3.3.5 Computational Complexity and Experimen-
tal Evaluation

We now discuss the computational complexity of our algoritin, and report the
time taken by it to compute min-marginals in mrf s of di erent sizes. In step
(3:4) of the algorithm given in Table 3.2, the amount of ow compted is equal
to the dierence in the min-marginal .j( ) of the particular label assignment
and the minimum energy ( ). Let Q be the set of all label assignments whose
corresponding min-marginals have to be computed. Then theumber of aug-
menting paths to be found during the whole algorithm is boured from above
by: X

U= O+ (q) (): (3.3.21)

02Q

For the case of binary random variables, assuming that we wato compute all
latent variable min-marginals i.e.

Q=f(u;i):u2V;i2Lg;and (3.3.22)

Onax = rQ%X( o) O (3.3.23)

the complexity of the above algorithm becomes O((( ) + NQmax ) T (N; M)), where
T(n; m) is the complexity of nding an augmenting path in the graph wth n nodes
and m edges and pushing ow through it. Although the worst case copfexity

T(n; m) of the augmentation operation is Ofn), we observe experimentally that
using the dual search tree algorithm of [10], we can get a mubletter amortized
time performance. The average time taken by our algorithm focomputing the

min-marginals in randommrf s of di erent sizes is given in table 3.3.

3.3.6 Applications of Min-marginals

Min-marginal energies have been used for a number of di etepurposes. How-
ever, prior to our work, the use of min-marginals in computevision was severely

5The exact number of edge weights that have to be changed is ohe order of the number
of variables whose value is being xed for obtaining the progction.
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MRF size 100 2 10 4 10 8 10
4-neighbourhood| 0.18, 0.70( 0.46, 1.34| 0.92, 3.156 2.17, 8.21
8-neighbourhood| 0.40, 1.53| 1.39, 3.59| 2.42,8.50| 5.12, 15.61

Table 3.3: Time taken for min-marginal computation. For a sequence oandomly
generatedmrf s of a particular size and neighbourhood system, a pair of &
(in seconds) is given in each cell of the table. On the left ibet average time
taken to compute themap solution using a single graph cut while on the right is
the average time taken to compute the min-marginals corresyling to all latent
variable label assignments. The dynamic algorithm with &eecycling was used
for this experiment. All experiments were performed on an fel Pentium 2GHz
machine.

restricted. This was primarily due to the fact that they werecomputationally
expensive to compute fomrf s having a large number of latent variables. Our
new algorithm is able to handle largenrf s which opens up possibilities for many
new applications. For instance, in the experiments shown imgure 3.26, the
time taken for computing all min-marginals for amrf consisting of 2 10° bi-
nary latent variables was 1.2 seconds. This is roughly foumntes the time taken
for computing the map solution of the samemrf by solving a single st-mincut
problem.

Min-marginals as a con dence measure We had shown in section 3.3.2
how min-marginals can be used to compute a con dence meastog any latent
variable assignment in anrf . Figure 3.26 shows the con dence values obtained
for the mrf used for modeling the two label (foreground and backgroundhage-
segmentation problem as de ned in [9]. Ideally we would likihe con dence map
to be black and white showing extremely “low' or “high' con dnce for a particular
label assignment. However, as can be seen from the resulte tbon dence map
contains regions of di erent shades of grey. Such con denceaps can be used for
many vision applications. For instance, they could be used interactive image
segmentation to direct user interaction at regions which h& high uncertainty.
They can also be applied in coarse-to- ne techniques for eient computation of
low level vision problems. Here con dence maps could be ugedsolate variables
which have low con dence in the optimal label assignment. Tése variables can
be solved at higher resolution to get a better solution.

Computing the M most probable con gurations One of the most impor-
tant uses of min-marginals has been to nd thel most probable con gurations
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Figure 3.26:Image segmentation with max-marginal probabilities. The'st image
is a frame of the movie Run Lola Run. The second shows the bindoreground-
background segmentation where the aim was to segment out linenan. The
third and fourth images shows the con dence values obtainky our algorithm
for assigning pixels to be foreground and background respedy. In the image,
the max-marginal probability is represented in terms of d@asing intensity of the
pixel. Our algorithm took 1.2 seconds for computing the mamarginal probabili-
ties for each latent variable label assignment. The time &kto compute thanap
solution was 0.3 seconds.

(or labellings) for latent variables in a Bayesian network[17]. Dawid [19] showed
how min-marginals on junction trees can be computed. This rtteod was later

used by [70] to nd the M most probable con gurations of a prohbilistic graph-

ical network. The method of [19] is guaranteed to run in polysmial time for

tree-structured networks. However, for arbitrary graphsits worst case complex-
ity is exponential in the number of the nodes in the graphicainodel. By using

our method, the M most probable solutions of some graphicaladels with loops
can be computed in reasonable time.

We end this section by giving a brief summary of this work. Wedve addressed
the long-standing problem of computing the exact min-margals for graphs with
arbitrary topology in polynomial time. We propose a novel gorithm based on
dynamic graph cuts [48] that computes the min-marginals es¢mely e ciently.
Our algorithm makes it feasible to compute exact min-margads for mrf s with
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large number of latent variables. This opens up many new apghtions for min-
marginals which were not feasible earlier.
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Chapter 4

Minimizing Higher Order
Functions
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4.1. Move Making Algorithms

The energy functions typically used for modelling computevision problems
are written as a sum of unary and pairwise clique potentialsThis representa-
tion severely restricts the expressive power of these mosl@haking them unable
to capture the rich statistics of natural scenes [63]. Higheorder clique poten-
tials are able to model complex interactions of random vardes, and thus could
overcome this problem. Researchers have long recognizeds tfact and have
used higher order functions to improve the expressive powef the mrf and crf
frameworks [63,72,82]. The initial work in this regard hasden quite promising
and higher order clique potentials have been shown to imprevesults. However,
their use has still been very limited. This is primarily due ¢ the lack of e cient
algorithms for minimizing energy functions composed of du@otentials.

Traditional inference algorithms such advp are quite computationally expen-
sive for potentials de ned on higher order cliques. Laet al. [63] recently made
some progress towards solving this problem. They proposegpaoximation meth-
ods forbp to make e cient inference possible in higher ordemrf s. However their
results indicate thatbp gave results comparable to standard gradient descent. In
contrast, we use powerful move making algorithms such asexpansion and -
swap to minimize such functions. In this chapter, we provida characterization
of energy functions de ned on cliques of size 3 or more whichrcbe solved using
these algorithms. More speci cally, we prove that the optiral -expansion and

-swap moves for this class of functions can be computed in pabmial time
by minimizing a submodular function. It should be noted thatour results are
a generalization of the class of energy functions speci eq Ipf11]. We also give
examples of higher order potential functions for which it imp-hard to compute
the optimal move.

4.1. Move Making Algorithms

Many energy functions encountered in computer vision argp-hard to minimize.
They are instead solved using algorithms for approximate ergy minimization.
These algorithms can be divided into two broad categories: essage passing
algorithms such as belief propagation and its variants [5412,118], and move
making algorithms such as Iterated Conditional Modesi¢dm), -expansion, and

-swap.

Move making algorithms start from an initial solution and pioceed by making
a series of changes which lead to solutions having lower eqerAt each step, the
algorithms search a move space and choose the move which $etdthe solution
having the lowest energy. This move is referred to as theptimal move. The
algorithm is said to converge when no lower energy solutioart be found.
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The size of the move space is the de ning characteristic of ymove making
algorithm. A large move space means that bigger changes tcetburrent solution
can be made. This makes the algorithm less prone to gettingusk in local minima
and also results in a faster rate of convergence. Our work dewvith two particular
largemove making algorithms, namely -expansionand  -swap[11], whose move
space size increases exponentially with the number of vaslas involved in the
energy function.

Both -expansionand -swap are extremely e cient and have been shown to
produce good results for a number of computer vision problenfil04]. The moves
of these algorithms can be encoded by a vector of binary vabiast =ft;;8i 2 Vg.
At each step of these algorithms, the@ptimal move, i.e. the move decreasing the
energy of the labelling by the most amount is computed in pohomial time.
However, this can only be done for a certain class of energyétions.

Boykov et al. [11] provided a characterization of potential functions fiowhich
the optimal moves can be computed by solving an st-mincut pbtem. However,
their results were limited to potential functions de ned ower cliques of size at
most two. We call this class of energy function®2. In this chapter we extend
the results of [11] by providing a characterization of highreorder energy functions
(which are de ned over cliques of sizes 3 and beyond) for whithe optimal moves
can be computed in polynomial time. We refer to the class of fiations de ned
on cliques of sizen asP". It should be noted that this class is di erent from the
classkF" of energy functions which involve only binary random variales [27,54].

4.1.1 Previous Work

We will now describe the move making algorithms of [11] for g@poximate en-
ergy minimization, and explain the conditions under which liey can be applied.
Boykov et al. [11] addressed the problem of minimizing energy functionsrtsist-
ing of unary and pairwise potentials. These functions can beritten as
X X
E(x) = i(Xi) + i (Xi5%p): (4.1.1)
i2v 2V 2N
They proposed two move making algorithms called -expansion and -swap
for this problem. These algorithms work by starting from an nitial labelling
x and making a series of changes (moves) which lower the enertgratively.
Convergence is achieved when the energy cannot be decredseither. At each
step, the move decreasing the energy of the labelling by theost amount is made.
We will refer to such a move a®ptimal.
Boykov et al. [11] showed that the optimal moves for certain energy funcims
of the form (4.1.1) can be computed by solving an st-mincut pblem. Speci cally,
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4.1. Move Making Algorithms

they showed that if the pairwise potential functions ;; de ne a metric then the
energy function in equation (4.1.1) can be approximately mimized using -
expansion. Similarly, if j is a semi-metric, it can be minimized using -swap.

41.1.1 Metric and Semi-metric Potential functions

We now provide the constraints under which pairwise poterdis are said to de ne
a metric or a semi-metric.

Semimetric: A potential function j (a;b de ned on a clique of two random
variablesf x;; x; g is said to be asemi-metric if it satis es the conditions

i (a0
i (&b

0O ( a=b; (4.1.2)
j(b;a O (4.1.3)

for all labelsa and bin L.
Metric: A potential function is metric if in addition to the above mentioned
constraints it also satis es the condition

i(ad @b+ j(b;d (4.1.4)

for all a, band d in L. For example, the function j (a;b) = ja K? is a semi-
metric but not a metric as it does not always satisfy conditio (4.1.4).

4.1.2 Binary Moves and Move Energies

The moves of both -expansion and -swap algorithms can be encoded by a
vector of binary variablest =ft;; 8i 2 Vg. A transformation function T(x;t) takes
the current labelling x and a movet and returns the new labelling® which has
been induced by the move. The energy of a movgdenoted byE,(t)) is de ned
as the energy of the labellin@ it induces, i.e. E,(t) = E(T(x;t)). The optimal
move is de ned ast = argmin; E(T(x;t)).

The optimal movet can be computed in polynomial time if the function
Emn(t)is submodular. Recall that a functionf : L" ! R is submodular if and only
if all its projections on 2 variables are submodular [8,54] his de nition implies
that for the optimal move to be computable in polynomial timeall projections of
En(t) on two variables should be submodular, i.e.

EP(0;0)+ ER(1;1) EPR(0;1)+ ER(;0); 8p2V V : (4.1.5)
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4.1. Move Making Algorithms

4.1.2.1 The -expansion algorithm

An -expansion move allows any random variable to either retaiits current
label or take label " '. One iteration of the algorithm involves making moves
for all in L in some order successively. Recently an alternative integiation
of -expansions was given in [55]. They showed thatexpansion can be seen
as a special case of a primal-dual schema based method fowrisgl the energy
minimization problem.

The transformation function T () for an -expansion move transforms the
label of a random variableX; as

(

T (Xi;t) = Xi It 4=0

4.1.6
if ti = 1: ( )

The optimal -expansion move can be computed in polynomial time if the ey
function E (t) = E(T (x;t)) satis es constraint (4.1.5). Substituting the value
of E in (4.1.5) we get the constraint

EP(xi;xj)+ EP(; ) EP(xi; )+ EP(;xj); 8p2V V : (4.1.7)

The condition given in [11], i.e. if the pairwise potential dnctions j de ne a
metric then the energy function can be approximately mininzed using the -
expansion algorithm, easily follows by observing that all etric potentials satisfy
equation (4.1.7).

4.1.2.2 The -swap algorithm

An  -swap move allows a random variable whose current label ior to either
take label or . One iteration of the algorithm involves performing swap mas
forall and in L in some order successively. The transformation function
T () foran -swap transforms the label of a random variablg; as

(
if x;,= or andt; =0;
T iti)= . 4.1.8
(xi3ti) if x;= or andtj=1: ( )

The optimal  -swap move can be computed in polynomial time if the energy
function
E (t)= E(T (x;t)) (4.1.9)

satises (4.1.5). As before, substituting the value oE in (4.1.5) we get the
constraint

EP(; )+ EP(; ) EP(; )+EP(: ). 8p2V V : (4.1.10)
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4.2. Characterizing Solvablé®" Functions

The condition given in [11], i.e. if the pairwise potential dnctions ; de ne
a semimetric then the energy function can be approximately immized using
the  -swap algorithm, can be easily veri ed by observing that alsemi-metric
potentials satisfy equation (4.1.10).

4.2. Characterizing Solvable P" Functions

In this section we show how the above mentioned move algornitis can be used
to minimize higher order energy functions. Speci cally, weharacterize a class
of higher order clique potentials for which the expansion answap moves can be
computed in polynomial time. Recall thatP" functions are de ned on cliques of
size at mostn. From the additivity theorem [54] it follows that the optimal moves
for all energy functions composed of these clique potensatan be computed in
polynomial time. We constrain the clique potentials to takehe form:

o(Xe) = fe(Qel 5Xc)): (4.2.1)

where Q( ;Xc) is a functional de ned as:
Qc i1Xe) = ij2c (XirXj): (4.2.2)

Here f. is an arbitrary function of Q., . is a pairwise function de ned on all
pairs of random variables in the cliquec, and is an operator applied on these
functions (Xi;X;).

4.2.1 Conditions for -swaps

We will now specify the constraints under which all -swap moves for higher
order clique potentialspcan be computed in polynomial timef-or the moment we
consider the case = | i.e.

X

Qc(Xc) = (Xisxp): (4.2.3)

i;j 2¢
Theorem 2 The optimal -swap move for any and 2 L can be computed
in polynomial time for a potential functi c(X¢) of the form (4.2.1) if f() is

a concavé non-decreasing function, = and (; ) satis es the constraints
(a;b= ¢(b;a 8a;b2L (4.2.4)
«(a;b (d;d) 8a;b;d2 L (4.2.5)

LA function f (x) is concave if for any two points (a;b) and where 0 1. f (a+(1

¥ f(a+@ )b,
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4.2. Characterizing Solvablé®" Functions

Proof

To prove that the optimal swap move can be computed in polynoial time we
need to show that all projections on two variables of any -swap move energy
are submodular. From equation (4.1.10) this implies tha8i;j 2 c the condition:

c(f ; g[ chfi;j g) + c(f ; g[ chfi;j g)
fs gl Xenfij g) + of 5 ol Xenfij g) (4.2.6)

should be satis ed. Herexcqsij 4 denotes the labelling of all variables<,;u 2 ¢

excepti andj. We use €la; Ibg[ Xcntij g) to denote a labelling of variables in clique
c in which variable x; and x; have been assigned labelg and |, respectively. The
cost of any con guration (fxi;Xjg[ Xcnrij g) Of the clique can be written as

(FXi; X g Xentijg) = Fe(Qe(FXisX;9[ Xentijg))
fCS( c(xi ; Xj) + anfi;j gy(cnfi;j g) +
o(Xis Xu) + (XjiXy)) (4.2.7)

u2cenfij g u2cenfiij g

P
Let D Igepresenthnfi;j o(Xenfij o), D represent ;g o(; Xu), @and D rep-
resent ;i (5 Xu). Using equation (4.2.7), the condition (4.2.6) becomes

fe( (; )+ D +D +D)+fc( (; )+ D +D +D) (42.8)
fe( o(; )+2D + D)+ fe( (; )*+2D +D):

As (; )= ¢(; )from constraint (4.2.4) this condition transforms to:

2 (; )*+D +D +D) (4.2.9)
fe( c(; )*+2D + D)+ fe( o(; )+2D + D):

To prove (4.2.9) we need lemma 1.
Lemma 1 For a non decreasing concave functioh(x):
2c a+b=) 2f(c) f(a)+ f(b: (4.2.10)
Proof in section 4.2.5.
Using the above lemma together with the fact that
2¢; ) v )+ ;) 8, 2L (4.2.11)

(see constraint (4.2.5)), we see that the theorem holds true |}

The class of clique potentials described by Theorem 2 is aistrgeneralization
of the class speci ed by the constraints of [11]. This can beex ed by consid-
ering only pairwise cliques, choosind.() as a linear increasing function, and
constraining ((a;a) =0;8a2 L. Recall that all linear functions are concave.
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4.2. Characterizing Solvablé®" Functions

4.2.2 Conditions for -expansions

In this section we characterize the higher order clique patgals for which the
optimal -expansion move can be computed in polynomial tim& 2L ;x 2 L.

Theorem 3 The optimal -expansion move for any 2 L can be computed in
polynomial time for a potential I:tunction c(X¢) of the form (4.2.1) if f() is an
increasing linear function, = and (; ) is a metric.

Proof

To prove that the optimal expansion move can be computed in hoomial time
we need to show that all projections of any -expansion move energy on two
variables of the clique are submodular. From equation (4:). this implies that
8i;j 2 cthe condition

c(f ; g [ chfi;j g) + c(f a, bg [ chfi;j g)
«(fa; gl Xenfiyj g) + (f;bgl Xenfiyj g) (4.2.12)

is satised. Here a and b are the current labels of the variables<; and X
respectively. P

Let D representQcntij g(Xentij g), @and D represent ;i o c(l; Xu) for any
label I. Then, using equation (4.2.7) the constraint (4.2.12) beawes

fe( c(;b)+ D + Dp+ D) (4.2.13)
+ fo( (a; )+ Dat+t D + D)

fo( o(; )+2D + D)
+ fo( (a;bp+ D+ Dp+ D):

LetR;= (;b)+D +Dp+D,R,= ((a, )+ Da+D +D,Rz= (; )+
2D + D,and Ry = f¢( (a;b+ Da+ D+ D). Since (; ) is a metric, we
observe that

(;b)+ c(@ ) o5 )+ (&b (4.2.14)
) Ri+ R, Rz + Ry: (4215)

Thus, we require a functionf such that
Ri+Rz; R3+Rs =) f(R)+f(R) f(Rs)+ f(Ra): (4.2.16)
The following lemma provides us the form of this function.

Lemma 2 For a functionf :R! R,

yitye Yyatys =) fly)+f(y2) f(ys)+ f(ya) (4.2.17)

for all y1;¥2;¥3;¥4 2 R if and only if f is linear. Proof in section 4.2.5.
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4.2. Characterizing Solvablé®" Functions

Sincef (') is linear, this proves the theorem. |}

It should be noted that the class of higher order potentialspeci ed by the
above theorem is a small subset of the family of functions vdhi can be used
under  -swap (characterized in Theorem 2). In fact it is the same da of
energy functions which was specied in [11], i.eP2. This can be veried by
observing that the potentials speci ed by Theorem 3 can be peesented as a sum
of metric pairwise functions. This raises the question whieer we can de ne a
class of higher order clique potentials which cannot be denposed into a set of
P2 potentials and can still be solved using -expansion. To answer this we need
to de ne the P" Potts model.

4221 P" Potts Model

We now introduce theP" Potts model family of higher order clique potentials.
This family is a strict generalization of the Generalized Rts model [11] and can
be used for modelling many problems in Computer Vision.

We de ne the P" Potts model potential for cliques of sizen as

(

if Xi = ;80 2 c;
C(XC) = k | k

4.2.18
max Otherwise ( )

where max > «; 8l 2 L. For a two variable clique, this reduces to thé®? Potts
model potential de ned as:

(
(@b = K if a= b=l
] ’ -

4.2.19
max Otherwise ( )

Further, if we use ¢ = 0, for all I, this function becomes an example of metric.

4.2.2.2 Going Beyond P?

We now show how the class of potential fur|§tions speci ed inheorem 3 can be
extended by using: ="max’instead of = which has been used up till now.
To this end we de ne Q(X.) as

Qc(Xe) = max (Xisxj): (4.2.20)

Theorem 4 The optimal -expansion move for any 2 L can be computed in
polynomial time for a potential function .(x.) of the form (4.2.1) if f() is
a increasing linear function, = 'max and (;) denes a P2 Potts Model
(4.2.19).
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Proof
The cost of any con gurationfX;;X;g[ Xcnij g Of the cligue under ="max’ can
be written as

(FXi; X9 Xentijg) = Fe(Qe(fXis X9 [ Xentiy o)) (4.2.21)
fe(max( co(xi;Xj); Qenfij g(xcnfi;j g);

max c(Xi;Xy); max  o(Xj;xy)) (4.2.22)
u2cenfiij g u2cenfij g

Substituting this value of . in COIE)Straint (4.2.12) and again usind to represent
Qontiyj g(Xentij g) @nd Dy represent , i o o(l; Xu) for any labell, we get:

fe(max( o(;b);D ;Dp; D))
+ fe(max( <(a; );Da;D ;D))
fc(max( ¢(; );D ;D ;D))
+ fe(max( ¢(a;b;D4; Dy, D)): (4.2.23)

As f. is a linear function, from lemma 2 we see that the above contih is true
if:

max( ¢(;b);D ;DpD)+max( c(a; );DaD ;D)
max( <(; );D ;D ;D)+max( ¢(a;h;Da;Dp;D):

We only consider the case 6 and b6 . For all other cases it can be easily
seen that the above inequality is satis ed by a equality. As . is a P? Potts
model potential, the lhs of the above inequality is always equal t0 2,ax. AS
the maximum value of therhs is 2 o« the above inequality is always true. This
proves the Theorem. |}

The class of higher order potentials specied by the above Borem is the
same as the family of clique potentials de ned by thé®" Potts model (4.2.18)
for a clique c of sizen. This proves that the optimal -expansion move for the
P" Potts model can be computed in polynomial time. In the next s#ion we
will show how the optimal -expansion and -swap moves for this subset of
potential functions can be found by solving an st-mincut priolem.

4.2.3 Graph Cuts for the P" Potts Model

We now consider the minimization of energy functions whosdique potentials
take the form of aP" Potts model (see equation (4.2.18)). Speci cally, we show
that the optimal  -swap and -expansion moves for such potential functions can
be computed by solving an st-mincut problem. The graph in whh the st-mincut
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Figure 4.1: Graph construction for computing the optimal moves for the" Potts
model.

needs to be computed is shown for only a single clique potexiti However, the
additivity theorem [54] allows us to construct the graph foan arbitrary number
of potentials by simply merging those corresponding to indidual cliques.

4.2.3.1 -swap

Given a cliquec, our aim is to nd the optimal  -swap move (denoted byt ).
Since the clique potential .(x.;) forms a P" Potts model, we do not need to
consider the move from a con guration in which any variablen the clique is
assigned a label other than or . In this scenario the clique potential only
adds a constant to the -swap move energy and thus can be ignored without
changing the optimal move. For all other con gurations, thepotential function
after an  -swap movet. = ft;;i 2 cg (wheret; 2 f 0; 1g) is given by
g if tij=0:;8i 2 c;
(T (Xeite)) = S if ti=1;8i 2 c; (4.2.24)
max Otherwise.

Further, we can add a constant to all possible values of the clique potential

without changing the optimal movet .. We choose = : Note that
SiNCe max and ax , the following hold true:
+ 0; + 0; (4.2.25)
+ + + = pax Tt o (4226)
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graph construction corresponding to the above values of thdique potential.
Here, the nodev; corresponds to move variabld;. In other words, after the
computation of the st-mincut if v; is connected to the source (i.e. it belongs to
the source set) thert; = 0 and if v; is connected to the sink (i.e. it belongs to the
sink set) thent; = 1. In addition, there are two extra nodes denoted by and M;
respectively. The weights of the graph are given by = + andwe= +
Note that all the weights are positive (see equations (4.5). In order to show
that this graph corresponds to the clique potential in equadn (4.2.24) (plus the
constant ) we consider three cases:

ti =0;8i 2 c: In this case, the st-mincut corresponds to the edge connect
ing M with the sink which has a costwe = + . Recall that the cost of
an st-mincut is the sum of weights of the edges included in ths-mincut
which go from the source set to the sink set.

ti =1;8i 2 c: In this case, the st-mincut corresponds to the edge connect
ing the source withMs which has a costwg =  +

All other cases: The st-mincut is given by the edges connewi M, with the
sink and the source withMs. The cost of the cut iswg+twe. = + + + =
max T (from equation (4.2.26)).

Thus, we can nd the optimal -swap move for minimizing energy functions
whose clique potentials form arP" Potts model using an st-mincut operation.

4.2.3.2 -expansion

Given a cliquex,, our aim is to nd the optimal -expansion movet.. Again,
since the clique potential ;(x.) forms a P" Potts model, its value after an -
expansion move . is given by

8
2 if ti=0;8i 2 c;
(T (Xeite) = S if ti=1;8i 2 c; (4.2.27)
" max Otherwise,
where = if xi= foralli2cand = . Otherwise. The above clique
potential is similar to the one de ned for the -swap move in equation (4.2.24).
Therefore, it can be represented using a graph by adding a @ant =

This proves that the optimal -expansion move can be computed by
solving an st-mincut operation.
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4.2.4 Planarity Preserving Clique Potentials

In this chapter we characterized a class of higher order paotéls for which the
optimal expansion and swap moves can be computed in polyn@htime. How-
ever, there exist a number of useful higher order potentialifictions for which it
is np-hard to compute the optimal expansion and swap moves. In thisection,
we discuss one such potential which encourages planaritydisparity estimation.

Most approaches for disparity estimation assume a Potts metprior on the
disparities of neighbouring pixels. This prior favours ragns of constant disparity
and penalizes discontinuities in the disparity map. This hethe severe side-e ect
of assigning a high cost to planar regions in the scene whicteanot orthogonal
to the camera-axis.

The above problem can be recti ed by using a higher order clig potential
which is planarity preserving We de ne this potential as follows. Consider a
higher order clique consisting of three variableX ,X ,, and X 3 which can take a
disparity label from the setL =f1;2;:::;kg. As before, we will use; to denote a
labelling of variableX;. We say that the clique potential function () is planarity
preserving if it is de ned as:

(

iy _ 1 X2 X1=X3 X2= ;8
C(Xls X2’ X3) -

4.2.28
2 otherwise ( )

where ; < ,. This potential function favours labellings of random vambles
which are planar. For example, for the 3 variablesX;; X,; X3) the cost of the
planar con gurations (1;2;3) or (1;1;1) is ; which is less than the cost of the
non-planar con guration (1;2; 1) which is .

We will now show the optimal -expansion moves for this family of clique
potentials cannot be always computed in polynomial time.

Theorem 5 The optimal expansion move for the clique potential, of the form
(4.2.28) cannot be always computed in polynomial time forlal and con gura-
tions x.

Proof
We prove the theorem by contradiction. We need to show that # move energy
of a particular -expansion move is hon-submodular.

Consider the con guration fxy; X,; X3g = f1;2;1g on which we want to per-
form a -expansion move with = 3. The move energyE, is a function of the
three move variabled4,t,, and t; and is de ned as:
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Em(0;0,0) | En(0;0;1)
Em(0;1,0) | En(0;1;1)
Em(1,0,0) | En(1;0;1)
En(1;1;1) | En(1;1;1)

Em(ty;tats) = EXE =

which can be written in terms of . as:

(T (f0;0,09;x) | (T (f0;0;1g;x)
o(T (f0;1,09;x) | (T (f0;1;1g;%)
o(T (F1,0,09;x) | (T (f1,0;1g;x)
o(T (F1,1,09;x) | (T (f1;1;1g;%)

123 —
E;r° =

For =3 and x =f1,2; 1g this becomes:

(1,21) | «(1;,23) 2| 1
(L3 | ;33 | 2| 2
B2 3:23)] | 1] 2
(331 | (333 2| 1

From the de nition of submodularity all projections of the move energyE 123
need to be submodular. Consider the submodularity constras of the projection
Em(0;t2; ta):

Em(0;0;0)+ Em(0;1;1) Em(0;0;1)+ En(0;1;0) (4.2.29)

or »+ » 1+ . This constraint is not satised as ; < , in the de nition
of the planarity preserving potential. |}

A similar result can also be proved for -swap moves considering the con g-
uration x =f1;2;1g and the 1, 3-swap move.

4.2.5 Proofs of Lemmas

Lemma 1 For a non decreasing concave functioh( )

2c a+b=) 2((Q f(a)+f(b: (4.2.30)

Proof

Given: ¢ &L
=) f(c) f(%b) (f is non decreasing) (4.2.31)
5) f(9 M (fis concave) (4.2.32)
=) 2f(Q)  f(a)+ (b (4.2.33)
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Lemma 2 Forafunctionf :R! R,

yitye Yyatys =) f(y)+f(y2) F(ys)+ f(ya) (4.2.34)

for all y1;Vy2;¥3;¥4 2 R if and only if f is linear.
Proof

We only prove the “only if' part. The proof for the forward imgication (if') is
trivial.

X + x )+2 (4.2.35)
f)+f() f(x )+1(@2) (4.2.36)
f(x) f(x ) f@2) f() (4.2.37)

Similarly, starting from x +  (x  )+2 , we get
fx) f(x ) f@) f() (4.2.38)
From equations (4.2.37) and (4.2.38) we get:
f(x) f(x )=f@) f() (4.2.39)

Taking limits with ! 0 we get the condition that the derivative (slope) of the
function is constant. Hencef () is linear. |
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Chapter 5

Graph Cuts for Minimizing
Higher Order Functions
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5.1. Robust Higher Order Potentials

In the previous chapter we reviewed the expansion and swap veomaking
algorithms for approximate energy minimization. We then caracterized a class
of higher order clique potentials for which the optimal expasion and swap moves
can be computed by minimizing a submodular function. Howekeminimizing
a general submodular function is quite computationally exgnsive and thus it is
infeasible to apply this procedure for minimizing large fuctions encountered in
computer vision.

In this chapter we introduce a novel family of higher order pientials which we
call the RobustP" model. This family contains theP" Potts model (which was
introduced in the previous chapter) as well as itsobustvariants, and can be used
for modelling many computer vision problems. We will show tt the optimal
swapand expansionmoves for energy functions composed of such potentials can
be computed using graph cuts. The complexity of our algorith for computing
the optimal move increases linearly with the size of the cligg. This enables us
to handle potential functions de ned over very large clique.

5.1. Robust Higher Order Potentials

The Robust P" model potentials take the form:
(xo) =min fmin((ig  N(xa) k+ )i maxd (5.1.1)

where j¢ is the number of variables in cliquec, nk(X.) denotes the number of
variables in cliguec which take the labelk in labelling x., and «; «; max are
potential function parameters which satisfy the constraits:

« = %k and «  ma;8K2L: (5.1.2)

Q is called the truncation parameter of the potential and sa$i es the constraint

2Q < jq¢. Recall that the P" Potts model is de ned as:
(

if Xi = ;80 2 c;
c(Xe) = “ I “

5.1.3
max Otherwise ( )

where max k; 8l 2 L. It can be seen that the RobustP" model (5.1.1)
becomes & " Potts model (5.1.3) when the truncation parameter is set to iLe.

Q=1.

Xi;i 2 1,2;:::;5g takes a value for the label sdt = fa;b;@. The P" Potts
model assigns the cost,ax to all labellings of the random variables except those

89



5.2. Computing Moves for Higher Order Potentials

where all variables; take the same label. Thus, the con guratior = fa;a;b;a; g

will be assigned costax even though there are onlg variables (speci cally, X 3

and Xs) which are assigned labeldb(and c) di erent from the dominant label a.
In contrast, the RobustP" model with truncation 3, i.e. Q = 3, assigns the cost:
o+ Lmx 2 210 the same con guration.

5.2. Computing Moves for Higher Order
Potentials

We will now explain how the optimal swap and expansion movestfenergy func-
tions containing potential functions belonging to the Robst P" model family
(5.1.1) can be computed using graph cuts. In what follows wén@wv that any
swap or expansion move energy for higher order potentials thfe form (5.1.1)
can be converted to a sub-modular pairwise function. Thesaipwise functions
corresponding to all potentials constituting the energy aabe combined together
to get a composite move energy. This move energy function isecond order sub-
modular function and can be minimized exactly by solving ant-snincut problem
(as shown in chapter 1) to get the optimal swap and expansionave.

5.2.1 Swap Moves

Recall from equation (4.1.8) that the transformation funcion for a swap move is
de ned as (
T (x:t)= if x;,= or andt; =0;

5.2.1
if xi= or andt =1: ( )

As expressed in the transformation function, only variabke which are currently
assigned labels or can take partina -swap move. We call these variables
active and denote the vector of their indices by,. t., will be used to denote the
corresponding vector of move variables. Similarly, variddés in the clique which
do not take part in the swap move are calleghassive and the set of their indices
is denoted byc,. The functions n’(tc,);k 2 f 0; 1g count the number of move

variables assigned the labét in the movet. , or formally:
X
N (te) = jcaj ng'(te) = i (5.2.2)
i2ca
The move energy of a -swap move from the current labellingk?® is equal to
the energy of the new labelling] induced by the move and is given as

¢ (te) = o(X3): (5.2.3)
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The new labellingxg is obtained by combining the old labelling of the passive
variable X o, with the new labelling of the active variablesX, as:

Xg = xgp [ T (X2 te.): (5.2.4)

On substituting the value of x7 from (5.2.4) in (5.2.3), and using the de nition
of the RobustP" model (5.1.1) we get:

Plte) = G LT (Eite)): (5.2.5)
minfmin(d MG T T (ite)) K+ 1); mad(5.2.6)

It can be easily observed that if the number of active variabk (those assigned
label or )inthe clique are less thancy Q,i.e.jcj j ¢ Q the expression

(g mxg [T (Xgite)) «+ « (5.2.7)

is greater than ., for both k = and k = . Thus, in this case the move
energy {'(tc,) is independent oft., and is equal to the constant:

=minf min ((jg (X)) k*+ K); mexg (5.2.8)
k2Lnf ; g

which can be ignored while computing the swap moves. Howey#ris is not true
whenjc,j > jg Q. In this case the move energy can be written as:

MEite) =minficd nP(te) + (i NP(ta) * 5 mag (5.2.9)

where = +Q , = +0Q , max = max @ndQ =g | G = jCy.
The minimization in (5.2.9) can be removed by de ning the mow energy as:
8
2 +(jcj ng(te,)) if ng(te) > jcaj  Q
(!,‘n(tca) = > + nE)n(tCa) If nE)n(tCa) Q (5210)
' max otherwise

where® = Q Q . Next we will show that this higher order move energy can be
written as a second order submodular function with the addibn of the auxiliary
binary variablesmg and m;.

Theorem 6 The higher order move energy (5.2.9) can be transformed int
pairwise energy function by introducing binary meta-varl@desm, and m; as:

X
c(te) = H"ﬂq Wo(l mg)+ mo (1 t)+wm+ (1 my) t : (5.2.11)
0,1

i2ca i2ca

wherew, = + ,wp = + ,and =
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5.2. Computing Moves for Higher Order Potentials

(a) Swap Move (b) Expansion Move

Figure 5.1: (a) Graph construction for minimizing the swap energy funain
(5.2.11). (b) Graph construction for minimizing the expan®n move energy func-
tion (5.2.15). For every binary move variablg; in the energy function there is
a corresponding graph nod®;. The minimum cost source sink cut (st-mincut)
divides the graph into two sets: the source set (S) and thelsiet (T). v; 2 (S)
impliest; =1 whilev; 2 (T) impliest; =0.

Proof
The proof for the theorem can be found in section 5.3.

The property max k; 8k 2 L of the clique potential (5.1.1) implies that
all coe cients of the energy function (5.2.11) are non-negave. The function is
thus submodularand can be minimized by solving a st-mincut problem [54]. The
graph construction corresponding to the energy (5.2.11) &hown in gure (5.1a).
The constant in (5.2.11) does not a ect the minimization problem i.e. it es
not change the move having the least energy and thus is igndre

5.2.2 Expansion Moves

We now describe how optimal expansion moves can be computed the higher
order potentials (5.1.1).

Let ¢« denote the set of variables in clique that have been assigned labdd in
the current solution x?. We nd the dominantlabeld 2 L such thatjcgj > jg Q
whered 6 . The constraint 2Q < j¢j of the RobustP" model makes sure that
there is at most one such label. If we nd such a label in the crtent labelling,
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then the expansion move energy can be written as:

ot = T (Xg;tc))x X (5.2.12)
= minf + ti; at d (1 ti); max©: (5.2.13)
i2c i2¢cq
where = |, 4= 4+ Q4dd max = max @Nd Qg = jg | cgj. Without the
minimization operator the function de nition (5.2.13) bemmes:
8
2 +(id ng(te)) if ng(tc) >jd  Q
(r:n(tc;tcd) = > dat ng](tcd) d if n?(tcd) Q Qd (5-2-14)
' max otherwise

Next we will show that this higher order move energy can be viten as a second
order submodular function with the addition of the auxiliaty binary variablesmq
and mj.

Theorem 7 The expansion move energy (5.2.13) can be transformed intoet
pairwise function:

X
c(te) = H"ﬂq Wo(l mg)+ gmo (1 t)+wimi+ (1 my) t : (5.2.15)
o i2¢q i2c

wherewg= + ,w;= 4+ ,and = a d-

Proof
The proof for the theorem can be found in section 5.3.

The energy function (5.2.15) is submodular and can be miniged by nding
the st-mincut in the graph shown in gure (5.1b). If a dominan label cannot be
found then the move energy can be written as:

X
J(te)=minf  + ti; maxd (5.2.16)
i2c
where = ,and qa = pax- This can be transformed to the binary pairwise
energy: wim; + (1 mg) . .ti+ ,wherew; = pax . The proof for

this transformation is similar to the one shown for Theorem .7

5.3. Proofs of Theorems

Theorem 6 The higher order move energy (5.2.9) can be transformed int

pairwise energy function by introducing binary meta-varialesmg and m; as:

X X
c(te) = an"rnL Wo(l mo)+ mo (1 t)+wmm+ (1 my) t : (5.3.1)
0,1

i2Ca i2Ca
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wherew, = + ,wg = + ,and = ax
Proof
We decompose the function (5.3.1) as:

S(te) = fOote,) + fi(te,)  where (5.3.2)
fOte,) = min wo(1  mo) + ne(te,) mo (5.3.3)
= min(C + )1 mo)+ mMong' (te,) (5.3.4)
= Min ( max )X mo) + %mong‘(tc&) (5.3.5)
On substituting the value of ,.x and  we get
fo(tCa) = mniwn( max Q )(1 m0)+ %mong](tc:ﬂ) (5-3-6)
= mnin( max )(1 m0)+ %mo(ng](t&a)-l' Q ) Q
( 0
max if ni'(te,) >Q Q
= @ 5.3.7
nD(t.)  if nP(te) Q Q (5:3.7)
Similarly,
( .
ey = e fnf(ta)>Q  Q 538
(t) (e M) i) Q0 (5.3.8)
_ max ff(te) G Q@ Q) gag

(jcaj  ng'(te)) i ng(te) > G (Q Q)

Adding equations (5.3.7) and (5.3.9) and from the constrair2Q < j¢ we get
f O(tCa) + f l(tCa) =

8
2 mx t(G NP(te) it nP(te) > el Q
S M(te) Foma it nf(te) Q (5.3.10)

+  max otherwise

max

where® = Q Q . Substituting this in (5.3.2) and simplifying we get:
8
2 +(jcl nT(te))  ifnd(te)>jci Q
Ste) = + n(tc,) if ng'(te,) Q (5.3.11)
' max otherwise

which is same as (5.2.10). |}
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Theorem 7 The expansion move energy (5.2.13) can be transformed intoet

pairwise function:

X X
d(te) = min wo(1 mo)+ gmo (1 t)+wimg+ (1 my) t
Mo:M1 i2cq i2c
wherewg = + ,w;= 4+ ,and = a d-
Proof

We decompose the move energy (5.3.12) as:

Mte) = fOte,) + fi(t)  where

fOte,) = mn|1r(')1 Wo(1 mg)+ ng'(te,) aMo
= min( + )1 mo)+ ¢monf(te,)
= min( max o Quaa)@ mo)+ = ImonT(t,)
Mo Q

max

= min( max a1 mo)+ Imo(nf(te,) + Qu)
( 0

— max d if an(tcd)>Q Qd
ng(te,) o if ng'(te,) Q  Qu;

and f 1(t,) min wym; + nM(te) (1 my)

= min( g+ )m+ (1 myn7(te)

= mn!?( max )m1+ %(1 ml)nT(tc)
( .
_ max if ni'(t) Q
- ny (te) if nT'(te) <Q:
— max if ng'(te) jg Q
nT'(tc) if ng'(te) >jg Q

Adding (5.3.17) and (5.3.22) and using the relations

ng(te) Q Qs =) ng(ted jd Q
ng(te) >jg Q =) ng(te)>Q Qg

(5.3.12)

(5.3.13)

(5.3.14)
(5.3.15)

(5.3.16)

Qqd d

(5.3.17)

(5.3.18)
(5.3.19)

(5.3.20)

(5.3.21)

(5.3.22)

(5.3.23)
(5.3.24)

which are derived from the constraints @ < j¢ and jcgj > jg Q, we get:

8
2 ma a*t(jg ng(td))  ifng(te) > ig
Fote) + fHte) =, NQ(te) at  max if ng'(te,)  Q

max +  max d otherwise

Q
Qu

(5.3.25)

95



5.3. Proofs of Theorems

Substituting in (5.3.13) and simplifying we get:

8
2 +(jg ng(teg)) ifng(td>jd Q
¢ (teite) = at ng(te) d if ng'(te,) Q Qu

max otherwise

which is the same as (5.2.14). |}

(5.3.26)
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Chapter 6

Applications of Higher Order
Potentials
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6.1. Enforcing Label Consistency in Superpixels

In this chapter we show how higher order potential functionsan be used for
modelling computer vision problems. We use potentials whidake the form of
the RobustP" model (5.1.1). This enables us to use the st-mincut based rhetd
explained in chapter 5 for minimizing the resulting energyuinctions.

In the rst part of the chapter we propose a novel framework folabelling
problems which is capable of merging regions from multiplenage segmentations
in a principled manner. Many recently proposed methods fomage labelling
problems such as object segmentation [34] and single viewcaestruction [36]
work by merging image segments (so called superpixels) geted using unsu-
pervised image segmentation algorithms. They are inspirétbm the observation
that pixels constituting these superpixels often have theasne label; for instance,
they may belong to the same object or may have the same surfamgentation.
The methods used for integrating or merging segments are histics which lack
any optimality guarantees.

Our approach uses higher order conditional random eld(f s) to de ne po-
tentials on sets of pixels. These novel higher order poteals enforce label consis-
tency in image regions and can be seen as a strict generaliaatof the commonly
used pairwise contrast sensitive smoothness potential. West our method on
the problem of multi-class object segmentation by augmemty the conventional
crf used for object segmentation with higher order potentialsedned on image
regions. Experiments on challenging data sets show that egration of higher or-
der potentials quantitatively and qualitatively improves results leading to much
better de nition of object boundaries. We believe our methd can be used to
yield similar improvements for many other labelling problms.

Higher order potentials provide a probabilistic formulaton for a wide variety
of exemplar based applications in computer vision, such ab 3econstruction [69]
and object recognition [58]. In the second half of this chagt, we show how higher
order potentials de ned over texture patch exemplars can besed for the problem
of texture segmentation. Our experiments show that the usef such potentials
leads to signi cant improvements in the segmentation restd.

6.1. Enforcing Label Consistency in Superpixels

In recent years an increasingly popular way to solve labeity problems like object
segmentation, stereo and single view reconstruction is torfnulate them using
image segments (or superpixels) generated using unsupsed segmentation al-
gorithms such as mean shift or normalized cut [34, 36, 75]. &bke methods are
inspired from the observation that pixels constituting sora of these segments
often have the same label; for instance, they may belong toghsame object or
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6.1. Enforcing Label Consistency in Superpixels

may have the same surface orientation. This approach has thene t that higher
order features based on all the pixels constituting the segmt can be computed
and used for classi cation. Further, as inference now onlyeeds to be performed
over small number of superpixels rather than all the pixelsnithe image, this
approach substantially decreases the running time of thegdrithm. The nal
advantage of this method is that the problem of scene undeestding is decou-
pled from the image resolution given by the hardware; it is cmucted using more
natural primitives that are independent of resolution.

Methods based on grouping segments make the assumption theggments
are consistent with object boundaries in the image [34], i.esegments do not
contain multiple objects. As observed by [37] and [86] thisinot always the
case and segments obtained using unsupervised segmentatitethods are often
wrong. To overcome these problems [37] and [86] use multigegmentations of
the image (instead of only one) in the hope that although mostegmentations
are bad, some are correct and thus would prove useful for théask. They merge
the multiple superpixels using heuristic algorithms whichack any optimality
guarantees and thus may produce bad result¥Vhat is needed then are algorithms
that can compute the solution of the labelling problem (ugirfeatures based on
superpixels) in a principled manner In this chapter we address this problem and
show that it can be solved using potential functions de ned m sets of pixels.
Such potentials can be coupled with conventional unary andapwise cues using
higher ordercrf s. We test the performance of this method on the problem of
object segmentation and recognition. Our experiments shotliat the results of
our approach are signi cantly better than the ones obtainedising pairwisecrf
models (see gure 6.1).

6.1.1 Object Segmentation and Recognition

Combined object segmentation and recognition is one of theast challenging
and fundamental problems in computer vision. The last few ges have seen
the emergence of object segmentation algorithms which iggete object speci ¢
top-down information with image basedow-level features [5,33,38,59,66]. These
methods have produced excellent results on challenging dagets. However, they
typically only deal with one object at a time in the image indpendently and do
not provide a framework for understanding the whole image. utther, their mod-
els become prohibitively large as the number of classes ieases. This prevents
their application to scenarios where segmentation and reguition of many object
classes is desired.

Shotton et al. [95] recently proposed a methodTextonboos) to overcome this
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Figure 6.1: Using higher order potentials for object segmentation. (&n image
from the MSRC-23 dataset. (b),(c) and (d) Unsupervised imagsegmentation
results generated by using di erent parameters values indhmean-shift segmen-
tation algorithm [17]. (e) The object segmentation obtaimeusing the unary like-
lihood potentials from Textonboost [95]. (f) The result of ggforming inference
in the pairwise CRF de ned in section 6.1.2. (g) Our segmenten result ob-
tained by augmenting the pairwise CRF with higher order paotgals de ned on
the segments shown in (b),(c) and (d). (h) The rough hand ldles segmentations
provided in the MSRC data set. It can be clearly seen that theeuof higher order
potentials results in a signi cant improvement in the segnmation result. For
instance, the branches of the tree are much better segmented

problem. In contrast to using explicit models to encode obgé shape they used a
boosted combination ottexton features which jointly modeled shape and texture.
They combine the result of textons with colour and location ased likelihood
terms in a condition random eld (crf ). Although their method produced good
segmentation and recognition results, the rough shape anexture model caused
it to fail at object boundaries. The problem of extracting acurate boundaries
of objects is considerably more challenging. In what follewe show that incor-
poration of higher order potentials de ned on superpixelsrdmatically improves
the object segmentation result. In particular, it leads to esults with much better
de nition of object boundaries as shown in gure 6.1.

The higher order energy functions characterizing the higherder crf s arising
from our work take the form of a RobustP" model (5.1.1) and thus can be
minimized e ciently using the algorithm given in the previous chapter.

This section proposes a general framework for solving lalirg problems which
has the ability of utilizing higher order potentials de ned on segments. We test
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this framework on the problem of object segmentation and regnition by inte-
grating label consistency and shape based terms de ned omgseents with conven-
tional unary and pairwise potentials. We show how inference this framework
can be e ciently performed by extending our recent work on mimizing energy
function with higher order cliques [46]. To summarize, the avelties of our ap-
proach include:

1. A novel higher order region consistency potential whichsia strict gen-
eralization of the commonly used pairwise contrast sensié smoothness
potential.

2. The application of higher ordercrf s for object segmentation and recog-
nition which integrate the above mentioned higher order pentials with
conventional unary and pairwise potentials based on colquiocation, tex-
ture, and smoothness.

We now give a brief outline of the sections to follow. In secn 6.1.2 we show
how pairwisecrf s can be used to model labelling problems like object segment
tion. In section 6.1.3 we augment the pairwiserf model by incorporating novel
higher order potentials based on superpixel segmentationsThe experimental
results of our method are given in section 6.1.4. These indri qualitative and
quantitative results on well known and challenging data setfor object segmen-
tation and recognition. The conclusions and directions fduture work are listed
in section 6.1.5.

6.1.2 Pairwise CRFs for Object Segmentation

The crf models commonly used for object segmentation are charadted by
energy functions de ned on unary and pairwise cliques as:

X X

E(x) = i(Xi) + i (Xi3%): (6.1.1)

i2v 12V ;j 2N
HereV corresponds to the set of all image pixel$y is a neighbourhood de ned
on this set which is commonly chosen to be either a 4 or 8 neighbbhood. The
labels constituting the label setL represent the di erent objects. The random
variable x; denotes the labelling of pixel of the image. Every possible assignment
of the random variablesx (or con guration of the crf ) de nes a segmentation.

The unary potential ; of the crf is de ned as the negative log of the likeli-

hood of an object label assigned to pixel It can be computed from the colour
of the pixel and the appearance model for each object. Howeveolour alone
is not a very distinguishing feature and fails to produce aocate segmentations.
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This problem can be overcome by using sophisticated poteatifunctions based
on colour, texture, location, and shape priors as shown by, &, 59, 83,95]. The
unary potential used by us can be written as:

iXi)= 1 1(Xi)+ o calXi)F+ 1 (X)) (6.1.2)

where 1, .o, and | are parameters weighting the potentials obtained from
TextonBoost( 1) [95], colour( ) and location( |) respectively. The pairwise
terms  of the crf take the form of a contrast sensitive Potts model:

0 if Xi = X;;

(XiX) = iy otherwise

(6.1.3)
where the functiong(i;j ) is an edge feature based on the di erence in colors of
neighbouring pixels [9]. It is typically de ned as:

g(i;j)= p+ vexp( jili Lii%); (6.1.4)
wherel; and |; are the colour vectors of pixel and| respectively. ,, , and

are model parameters whose values are learned using tragitata. We refer the
reader to [9, 83, 95] for more detalils.

6.1.2.1 Inferring the Most Probable Segmentation

The object segmentation problem can be solved by nding the&st energy con g-
uration of the crf de ned above. As the pairwise potentials of the energy funicin

(6.1.1) are of the form of a Potts model it can be minimized appximately using

the well known -expansion algorithm [11]. The resulting segmentation caoe
seen in gure 6.1. We also tried other energy minimization gbrithms such as
sequential tree-reweighted message passirigvés ) [51,112]. The -expansion
algorithm was preferred because it was faster and gave a swo with lower

energy compared tamw-s .

6.1.2.2 The Need for Higher Order CRFs

The use of smoothness potentials in therf model makes it favour smooth ob-
ject boundaries. Although this improves results in most ca&s it also introduces
an undesirable side e ect. Smoothness potentials make theonel incapable of
extracting the ne contours of certain object classes suchsarees and bushes.
As seen in the results, segmentations obtained using paissicrf s tend to be
oversmooth and quite often do not match the actual object coour. In the next
section we show how these results can be signi cantly impred by using higher
order terms derived from multiple segmentations obtaineddm an unsupervised
image segmentation method.
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Figure 6.2: Quality sensitive region consistency prior. (a) An image &m the
MSRC data set. (b) and (c) Two di erent segmentations of themage obtained
using di erent parameter values for the mean-shift algofitm. (d) A hand labelled
object segmentation of the image. (e) and (f) The value of thariance based
quality function G(c) (see equation 6.1.8) computed over the segments of the two
segmentations. Segments with high quality values are darké can be clearly
seen that segments which contain multiple object classevéndeen assigned low
quality. For instance, the top segment of the left tree in segntation (c) includes
a part of the building and thus is brighter in the image (f) indating low quality.
Potentials de ned on such segments will have a lower labajliinconsistency cost
and will have less in uence in the CRF.

6.1.3 Incorporating Higher Order Potentials

We augment the pairwisecrf model explained above by incorporating higher
order potentials de ned on sets or regions of pixels. The Qi energy of this

higher ordercrf can now be written as:

X X X
E(x) = i(Xi) + i (Xi3Xj)+ c(Xe); (6.1.5)
i2v i2V;j 2N c2S

where S refers to the set of all regions or segments, and. are higher order
potentials de ned on them. We will now describe how these pentials are de ned.

6.1.3.1 Region based consistency potential

Methods based on grouping regions for segmentation make gmesumption that all
pixels constituting a particular segment (or region) belog to the same object [34].
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Instead of using this assumption as a hard constraint, we viiso embed it as

a soft constraint in the crf model. This potential which we refer to as the
region consistency potentiais similar to the smoothness prior present in pairwise
crf s [9]. It favours all pixels belonging to a segment taking theame label, and
as will be shown later is particularly useful in obtaining ofect segmentations

with ne boundaries. It takes the form of aP" Potts model [46]:

(

0 if Xi = l¢;8i 2 c;
P(X) = T

hic  otherwise (6.16)
where j¢ is the cardinality of the pixel setc which in our case is the number
of pixels constituting superpixelc. The expression chj gives the label incon-
sistency cost, i.e. the cost added to the energy of a labetlinn which di erent
labels have been assigned to the pixels constituting the segnt. The parameters
Q and are learned from the training data by cross validation as desbed in
section 6.1.4. The reader should note that this potential canot be expressed in
a pairwisecrf model.

6.1.3.2 Quality sensitive consistency potential

Not all segments obtained using unsupervised segmentatiare equally good, for
instance, some segments may contain multiple object classeA region consis-
tency potential de ned over such a segment will encourage amcorrect labelling
of the image. This is because the potential (6.1.6) does naike the quality or
goodnes®f the segment. It assigns the same penalty for breaking "gbsegment
as it assigns to "bad' ones. This problem of the consistencgtpntial can be over-
come by de ning a quality sensitive higher order potential fee gure 6.2). This
new potential works by modulating the label inconsistencyast with a function of
the quality of the segment (which is denoted bys(c)). Any method for estimat-
ing the segment quality can be used in our framework. A good @&xple would
be the method of [80] which uses inter and intra region similigdy to measure the
quality or goodness of a segment. Formally, the potential fiction is written as:

(

0 if X, = 1;8i 2 c;
(\:/(Xc): I )

6.1.7
id (h+ "G(9)  otherwise (6.1.7)

For our experiments, we use the variance of the response of maty feature
evaluated on all constituent pixels of a segment to measurdéd quality of a
segment, i.e. P
Wk (F) )%k

id

G(c) = exp ; (6.1.8)
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Figure 6.3: Behaviour of the rigidP" Potts potential and the RobusP" model
potential. The gure shows how the cost enforced by the twgher order potentials
changes with the number of variables in the clique not takitige dominant label
i.e. Ni(Xc) = mink(jg  nk(Xc)).

P .
where = % andf () is a function evaluated on all constituent pixels of the
superpixelc. If we restrict our attention to only pairwise cliques i.e.j¢g = 2, the
variance sensitive potential becomes
( 0 if

if Xj = X;;
c(Xi;xj) = -

G (3+ Dep( ME() fG)K) otherwise )

This is the same as the pairwise potential (6.1.3) commonlysad in pairwise
crf s for di erent image labelling problems [9,83]. Thus, the wv@ance sensitive
potential can be seen as a higher order generalization of thentrast preserving
potential. The variance function response over two segmetions of an image is
shown in gure 6.2.

6.1.3.3 Making the potentials robust

The P" Potts model enforces label consistency very rigidly and tBumight not be

able to deal with inaccurate superpixels or resolve con istbetween overlapping
regions of pixels. This phenomenon is illustrated in gure.@ wherein a part of the
bird is merged with the “sky' superpixel and results in an incurate segmentation.
Intuitively, this problem can be resolved using theRobusthigher order potentials
de ned as: (

Ni(XC)% max if Ni(Xc) Q;

:;/(Xc == )
max otherwise

(6.1.10)

where Ni(x.) denotes the number of variables in the clique not taking the
dominant label, i.e. Ni(xc) = miny(jg  ne(Xc)), max = jG (p+ VG(0), and
Q is the truncation parameter which controls the rigidity of the higher order clique
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potential. This potential is of the form of the RobustP" model (5.1.1) introduced
in the previous chapter, where we showed how energy funct®oomposed of such
potentials can be minimized using move making algorithms sl as -expansion
and -swap.

Unlike the rigid P" Potts model, this potential function gives rise to a cost
that is a linear truncated function of the number of inconsi®nt variables (see
gure 6.3). This enables the robust potential to allow some ariables in the
cligue to take di erent labels. In the image shown in gure 64, the RobustP"
model potential allows some pixels of the "sky' segment toka the label bird'
thus producing a much better segmentation. Experimental seilts are shown for
multiple values of the truncation parameterQ. More qualitative results can be
seen in gure 6.7.

6.1.3.4 Generating multiple segmentations

We now explain how the setS of segments used for de ning the higher order
energy function (6.1.5) was generated. Our framework is dei exible and can
handle multiple overlapping or non-overlapping segmentsThe computer vision
literature contains algorithms for sampling the likely segentations of an im-
age [106] or for generating multi-scale segmentations [93However, following
in the footsteps of [86] we choose to generate multiple segitaions by vary-
ing the parameters of the mean shift segmentation algorithifi7]. This method
belongs to the class of unsupervised segmentation algonth which work by clus-
tering pixels on the basis of low level image features [17,24]. They have been
shown to give decent results which have proved to be useful imany applica-
tions [36,37,113].

The kernel used in the mean shift algorithm is de ned as the piduct of spatial
and range kernels. The spatial domain contains thec|y) coordinates, while the
range domain contains pixel colour information iduv space. An assumption of
Euclidian metric in both of them allows the use of a single balwidth parameter
for each domain,hg for spatial and h, for range.

Shown in gure 6.5 are segmentation results obtained usingd2 erent spatial
f7;,183 and 3 di erent range parameter valued 6:5; 9:5; 159. It can be seen that
the results do not change dramatically on small images by mibging hs. The
only di erence occurs on very noisy parts of the image like ¢es and bushes. By
increasing the range parameten, we can get a range of segmentations which vary
from over-segmented to under-segmented. We decided to useee segmentations
with parameters (s; h,) = f(7; 6:5); (7; 9:5); (7; 15)g.

106



6.1. Enforcing Label Consistency in Superpixels

Figure 6.4: Object segmentation and recognition using the RobuRt higher order
potentials (5.1.1). (a) Original Image. (b) Labelling fromunary likelihood poten-
tials from Textonboost [95]. (c) and (d) Segmentations oliteed by varying the
parameters of the Mean shift algorithm for unsupervised irga segmentation [17].
(e) Result obtained using pairwise potential functions asedcribed in [95]. (f)
Result obtained using®" Potts model potentials de ned on the segments (or su-
perpixels) shown in (c) and (d). These higher order potentmencourage all pixels
in a superpixel to take the same label. THe" Potts model enforces label con-
sistency in regions very rigidly thus causing certain pixelbelonging to the "bird'
to erroneously take the label “sky' as they were included het'sky' superpixel.
This problem can be overcome by using the Robi#st model potentials de ned
in (5.1.1) which are robust and allow some variables in theiguie to take di er-
ent labels. (g) and (h) show results obtained by using the usb potentials with
truncation parameter Q equal to0:1jcj and 0:2jcj respectively. Hergg is equal to
the size of the superpixel over which the Robust model potential is de ned. (i)
Hand labelled segmentation from thesrc dataset.
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Figure 6.5: Generating multiple segmentations. The gure shows the segn-
tations obtained by using di erent parameters in the meanh#t algorithm. The
parameters used for generating the segmentation are wriitbelow it in the format
(hs; hy), wherehg and h, are the bandwidth parameters for the spatial and range
(colour) domains.

Figure 6.6: Qualitative object segmentation and recognition resultsThe rst
column shows the original image from the Sowerby-7 datas&olumn 2 shows
the result of performing inference in the pairwiserf model described in section
6.1.2. The result obtained using th®" Potts potential (6.1.7) is shown in column
3. The results of using the RobugP" potential (6.1.10) is shown in column 4.
The hand labelled segmentation used as ground truth is shawmolumn 5.

Inference in Higher Order CRFs The map solution of the higher order
crf is inferred by minimizing the energy function composed of ¢ potentials
described above. This can be done using the algorithm progakin the previous
chapter.
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6.1.4 Experiments

In this section we provide the details of our experiments. Fecomparative evalu-
ation of our method we implemented the state of the art TextoBoost [95] algo-
rithm which uses a pairwisecrf . We then augmented thecrf model by adding
higher order potentials de ned on segments obtained from raa-shift [17].

6.1.4.1 Datasets

We tested both the pairwisecrf and higher ordercrf models on the MSRC-
23 [95] and Sowerby-7 [34] datasets. The MSRC dataset cont®P3 object classes
and comprises of 591 colour images of 32P13 resolution. The Sowerby dataset
contains 7 object classes and comprises of 104 colour imagfe86 64 resolution.
In our experiments, 50% of the images in the dataset were uskmxt training and
the remaining were used for testing.

6.1.4.2 Setting CRF parameters

The optimal values for di erent parameters of the higher ordr crf were found
in a manner similar to the one used for the pairwiserf in [95]. The model
parameters were learned by minimizing the overall pixelwesclassi cation error
rate on a set of validation images - a subset of training imagevhich were not
used for training unary potentials.

A simple method for selecting parameter values is to perforoross-validation
for every combination of unary, pairwise and higher order pameters within a
certain discretized range. Unfortunately, the space of psible parameter values
is high dimensional and doing an exhaustive search is infdds even with very
few discretization levels for each parameter. We used a hatic to overcome this
problem. First we learned the weighting between unary potdéials from colour,
location and Textonboost. Then we kept these weights constaand learned the
optimal parameters for pairwise potentials. Pairwise andigher order potentials
have similar functionality in the framework, thus learningof higher order param-
eters from the model with optimal unary and pairwise parametrs would lead to
very low weights of higher order potentials. Instead we leaed optimal higher
order parameters in CRF with only unary and higher order potetials and in the
last step the ratio between pairwise and higher order poteiats.

The nal trained coe cients for the msrc dataset were 1 = 0:52, .o = 0:21,

 =0:27, ,=1:0, ,=4:5, =160, =0:8 "=0:2, "=0:5 "=12:0.

The results of our experiments show that integration of higér orderP" Potts
model potentials quantitatively and qualitatively improves segmentation results.
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Figure 6.7: Some qualitative results. Please see in colour. First Row: rigi-
nal Image. Second Row: Unary likelihood labelling from Textboost [95]. Third
Row: Result obtained using a pairwise contrast preservingisothness potential
as described in [95]. Fourth Row: Result obtained using ti®' Potts model po-
tential [46]. Fifth Row: Results using the Robud®" model potential (5.1.1) with
truncation parameter Q = 0:1j¢j, wherejgj is equal to the size of the superpixel
over which the RobusP" higher order potential is de ned. Sixth Row: Hand la-
belled segmentations. Observe that the results obtaineshgghe RobustP" model
are signi cantly better than those obtained using other mebds. For instance, the
leg of the sheep and bird have been accurately labelled wivak missing in other
results. Same can be said about the tail and leg of the dog, #mel wings of the
aeroplane.
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Figure 6.8: Accurate hand labelled segmentations which were used asigdbtruth.
The gure shows some images from thesrc data set (column 1), the hand la-
belled segmentations that came with the data set (column 2ayd the new seg-
mentations hand labelled by us which were used as groundhtr(dolumn 3).

The use of the robust potentials lead to further improvemest (see gure 6.4,6.6,
6.7 and 6.9). Inference on both the pairwise and higher orderf model was
performed using the graph cut based expansion move algontj11,46]. The opti-
mal expansion moves for the energy functions containing th&obust P" potential
(6.1.10) were computed using the method given in section 5.2

6.1.4.3 Quantitative Segmentation Results

The hand labelled "ground truth' images that come with themsrc -23 data set
are quite rough. In fact qualitatively they always looked wrse than the results
obtained from our method. The hand labelled images su er fra another draw-
back. A signi cant numbers of pixels in these images have nbieen assigned any
label. These unlabelled pixels generally occur at object bodaries and are crit-
ical in evaluating the accuracy of a segmentation algorithmit should be noted
that obtaining an accurate and ne segmentation of the objads important for
many tasks in computer vision.

Ground Truth In order to get a good estimate of our algorithm's accuracy,
we generated accurate segmentations which preserved thee nbject boundaries
present in the image. Generating these segmentations is gutime consuming.
It takes between 15-60 minutes to hand label one image. We Hhitabelled 27
images from themsrc data set. Figure 6.8 shows the original hand labelled
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Figure 6.9: Qualitative results of our method. (a) Original Images. (bsegmen-
tation result obtained using the pairwise CRF (explained isection 6.1.2). (c)
Results obtained by incorporating the Robuft" higher order potential (6.1.10)
de ned on segments. (d) Hand labelled result used as groumgdth.

Figure 6.10: The relationship between qualitative and quantitative reks. (a)
Original Image. (b) Segmentation result obtained using thaairwise CRF (ex-
plained in section 6.1.2). Overall pixelwise accuracy fohé result is 95.8%. (c)
Results obtained by incorporating the Robuft" higher order potential (6.1.10)
de ned on segments. Overall pixelwise accuracy for this ésis 98.7%. (d) Hand
labelled result used as ground truth. It can be seen that ewersmall di erence
in the pixelwise accuracy can produce a massive di erence the quality of the
segmentation.
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Figure 6.11: Boundary accuracy evaluation using trimap segmentationsThe
rst column shows some images from the MSRC dataset [95]. Theound truth
segmentation of these images are shown in the column 2. Catué shows the
trimap used for measuring the pixel labelling accuracy. Thevaluation region
is coloured gray and was generated by taking an 8 pixel bandraunding the
boundaries of the objects. The corresponding trimaps for agvaluation band
width of 16 pixels are shown in column 4.

images of themsrc data set and the new segmentations manually labelled by us
which were used as ground truth.

Evaluating Accuracy Typically the performance of a segmentation algorithm
iIs measured by counting the total number of mislabelled piein the image. We
believe this measure is not appropriate for measuring thegraentation accuracy
if the user is interested in obtaining segmentations with e object boundaries.
As only a small fraction of image pixels lie on the boundary cdn object, a
large qualitative improvement in the quality of the segmerdtion will result in
only a small increase in the percentage pixel-wise accuradshis phenomenon is
illustrated in gure 6.10.

With this fact in mind, we evaluate the quality of a segmentaibn by counting
the number of pixels misclassi ed in the region surroundinghe actual object
boundary and not over the entire image. The error was compudefor di erent
widths of the evaluation region. The evaluation regions fsome images from the
msrc dataset are shown in gure 6.11. The accuracy of di erent segentation
methods is plotted in the graph shown in gure 6.12.
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Figure 6.12: Pixelwise classi cation error in our results. The graph shas how
the overall pixelwise classi cation error varies as we inease the width of the
evaluation region.

6.1.5 Summary

In this part of the chapter we proposed a novel framework foebelling problems
which is capable of utilizing features based on sets of pigeh a principled man-
ner. We tested this approach on the problem of multi-class @drt segmentation
and recognition. Our experiments showed that incorporatio of P" Potts and

Robust P" model type potential functions (de ned on segments) in the andi-

tional random eld model for object segmentation improved esults. We believe
this method is generic and can be used to solve many other ldbe problems. In

the future we would like to investigate the use of more sopliisated higher order
potentials based on the shape and appearance of image segmemVe believe
that such potentials would be more discriminative and will esult in even better
performance.

6.2. Texture Based Segmentation

We now consider the problem of texture based segmentation.hi problem can
be stated as follows. Given a set of distinct textures (e.g. dictionary of rgb
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patches or histograms of textons [91]) together with theirlgect class labels, the
task is to segment an image. In other words, the pixels of thenage should be
labelled as belonging to one of the object classes (e.g. s&g B.14).

The above problem can be formulated within a probabilisticremework using
acrf [61]. Acrf represents the conditional distribution of a set of random

variablesX = fX1; X5;:::; Xhg given the dataD. Each of the variables can take
one labelx; 2 L = f1;2;:::;ns0. In our case,ng is the number of distinct object
classes, a variableX; represents a pixelD; and x = fxy;X,;:::;X,g describes

a segmentation. The most (or a highly) probable (i.e. maximm a posteriori)
segmentation can be obtained by (approximately) minimizig the corresponding
Gibbs energy.

6.2.1 Pairwise CRF for Texture Segmentation

For the problem of segmentation, it is common practice to asge a pairwisecrf
where the cliques are of size at most two [4,9,83]. In this eaghe Gibbs energy

of the crf is of the form:
X X
E(X) = i(xi)+ i (Xi;Xj); (621)
i2v 12V ;j 2N
whereN; is the neighbourhood of pixeD; (de ned in this work as the 8-neighbourhood).
The unary potential ;(x;) is speci ed by thergb distributions H;a=1;:::;ng
of the segments as

i(xi)= logp(DijH3,); whenx; = a: (6.2.2)

The pairwise potentials j (X;; x;) are de ned such that they encourage contigu-
ous segments whose boundaries lie on image edges, i.e.

(

g2 (i ) ; .
1+ 2exp =%+ if Xj 6 Xj;
i (Xi;%j) = 2 ° e

(6.2.3)
0 if Xi=xj;
where ;, ,and are some parameters. The terrg(i;j ) represents the di erence
between thergb values of pixelsD; and D;. We refer the reader to [9] for
details. Note that the pairwise potentials j (X;;x;) form a metric. Hence, the
energy function in equation (6.2.1) can be minimized usingoth  -swap and
-expansion algorithms.

6.2.2 Higher Order Patch Potentials

The P" functions presented in chapter 4 allow us to go beyond the paise crf
framework by incorporating texture information as higher ader cliques. Unlike
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Figure 6.13: Segmented keyframe of the garden sequence. The left imagevshhe
keyframe while the right image shows the corresponding segtation provided by
the user. The four di erent colours indicate pixels belongg to the four segments
namely sky, house, garden and tree.

the distributions H, which describe the potential for one variableX;, texture
captures rich statistics of natural images [64,108]. In thiwork, we represent the
texture of each objectclass 2 1;2;  ;nsgusing a dictionaryPs ofn, n,rgb
patches. Note, however, that our framework is independent the representation
of texture. As we will describe later, the likelihood of a path of the imageD
belonging to the segment can be computed using the dictionarnpP.

The resulting texture based segmentation problem can be foulated using a
crf composed of higher order cliques. We de ne the Gibbs energf/this crf

as X X X

E(x) = i(Xi)+ ij (Xis X))+ c(Xe); (6.2.4)

i2v i2V;j 2N c2C

wherec is a cliqgue which represents the patclb, = fD;;i 2 cg of the imageD
and Cis the set of all cliques. Note that we use overlapping patch® . such that
JjCj= n. The unary potentials ;(x;) and the pairwise potentials j (x;;%;) are
given by equations (6.2.2) and (6.2.3) respectively. Theigle potentials (Xc)
are de ned such that they form aP" Potts model (n = ng), le.

(Xe) = 3G(c;9) if Xj = ;81 2 c; (6.2.5)
4 otherwise.

Here G(c; s) is the minimum di erence between thergb values of patchD
and all patches belonging to the dictionaryPs. Note that the above energy
function encourages a patcld . which is similar to a patch inP ¢ to take the label
s. Since the clique potentials form a" Potts model, they can be minimized
using the -swap and -expansion algorithms as described in section 5.2.

6.2.3 Results

We tested our approach for segmenting frames of a video seaee Akeyframeof
the video was manually segmented and used to learn the digtitions H, and the
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Figure 6.14: Qualitative texture segmentation results of the garden semce. The
rst row shows four frames of the garden sequence. The secanev shows the
segmentation obtained by minimizing the energy of the paise crf (in equa-
tion (6.2.1)) using the -swap algorithm. The four di erent colours indicate
the four segments. The segmentations obtained usingexpansion to minimize
the same energy are shown in the third row. The fourth row shewhe results ob-
tained by minimizing the energy containing higher order gue terms which form
a P" Potts model (given in equation (6.2.4)) using the -swap algorithm. The
fth row shows the results obtained using the-expansion algorithm to minimize
the energy in equation (6.2.4). The use of higher order cligs results in more
accurate segmentation.
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Figure 6.15: The keyframe of the "Dayton’ video sequence segmented irtice¢
segments.

dictionary of patchesPs. The -swap and -expansion algorithms were used
to perform segmentation on the other frames. In all our expinents, we used
patches of size 4 4, together with the following parameter setting: ; = 0:6,

=6, 3=06, 4=6:5and =5. All experiments were performed on an
Intel Pentium 2GHz machine.

Fig. 6.13 shows the segmented keyframe of the well-known dan sequence.
Fig. 6.14 (row 2) shows the segmentation obtained for fourdmes by minimizing
the energy function of the pairwisecrf (de ned in equation (6.2.1)) using the

-swap algorithm. Note that these frames are di erent from tle keyframe (see
Fig. 6.14 (row 1)). The results obtained by the -expansion algorithm are shown
in Fig. 6.14 (row 3). The -expansion algorithm takes an average of 3.7 seconds
per frame compared to the 4.7 seconds required by the -swap algorithm. Note
that the segmentations obtained by both the algorithms areniaccurate due to
small clique sizes.

Fig. 6.14 (row 4) shows the segmentations obtained when theezgy function
of the higher ordercrf (de ned in equation (6.2.4)) is minimized using -swap.
Fig. 6.14 (row 5) shows the results obtained using the-expansion algorithm. On
average, -expansion takes 4.42 seconds while -swap takes 5 seconds which is
comparable to the case when the pairwiserf is used. For both -swap and

-expansion, the use of higher order cliques provides morea@te segmentation
than the pairwisecrf formulation.

Fig. 6.15 shows another example of a segmented keyframe franvideo se-
guence. The segmentations obtained for four frames of thigdeo are shown in
Fig. 6.16. Note that even though we do not use motion informatn, the segmen-
tations provided by higher order cliques are comparable tdvé methods based on
layered motion segmentation.
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Figure 6.16: Segmentation results of the "Dayton’ sequence. Rows 2 andh8vg the
results obtained for the frames shown in row 1 by minimizinge energy function

in equation (6.2.1) using -swap and -expansion respectively. Row 4 and 5
show the segmentations obtained by minimizing the energye&quation (6.2.4)
using -swap and -expansion respectively. The use of higher order cliques
results in more accurate segmentation.
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Conclusion
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7.1. Summary

This dissertation addresses the problem of minimizing futions of discrete vari-
ables using graph cuts. The last few decades have seen fumttminimization
being used extensively in computer vision where it is callaetiscrete energy min-
imization. This rise in popularity has primarily been on theback of its very
successful application in solving low level vision problesmsuch as image seg-
mentation, object reconstruction and disparity estimatio. The scale and form
of computer vision problems introduce many challenges inlsmg this problem,
some of which have been dealt in this thesis.

The rst part of this dissertation targets the problem of minimizing multiple
similar functions. We showed how algorithms for solving theninimization prob-
lem can be made e cient by reusing (or ‘recycling’) computabn performed for
solving previous problem instances. This strategy resulia dramatic improve-
ments in the running time, which makes us able to solve probtest which were
considered intractable due to computational cost earlier.

Higher order potential functions can be used to model the ficstatistics of
natural scenes which are considered extremely importantrfeolving vision prob-
lems [82,114]. These functions however cannot be minimizediently using the
graph cut based move making algorithms generally used in cpater vision for
energy minimization. We have studied this problem in detaiin this dissertation
and provided a characterization of higher order functions lwch can be minimized
using move-making algorithms. We proposed new methods fociently solving
such functions and showed the results of these methods on gr@blems of object
segmentation and recognition.

7.2. Our Contributions

The major contributions discussed in this dissertation arésted below.

Dynamic Graph Cuts We proposed a fast new fully dynamic algorithm for
the st-mincut/max- ow problem which can be used to e ciently minimize dy-

namically changing submodular energy functions encountst in computer vision.

This algorithm enables the e cient minimization of severalsimilar energy func-
tions.

Lsuch as uncertainty estimation, refer to chapter 3.
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Simultaneous Segmentation/Reconstruction and Pose Estim ation We
proposed a novel algorithm for performing integrated segmiation/reconstruction
and pose estimation of an object. Unlike other state of the amethods which fo-
cus on either segmentation or pose estimation individuallpur approach tackles
these two tasks together. Our method works by e ciently optmizing a cost func-
tion based on a Conditional Random Field ¢rf ) using the dynamic graph cut
algorithm. This framework has the advantage that all information in the image
(edges, background and foreground appearances), as wellresprior information
on the shape and pose of the subject can be combined and used iBayesian
framework.

Measuring Uncertainty in Graph Cut Solutions We proposed an e cient
algorithm for computing min-marginals in graphical modelswith loops. This
algorithm is based on the dynamic graph cut algorithm and rusin polynomial
time. The min-marginal energies obtained by our proposedgrithm are exact,
as opposed to the ones obtained from other inference algbnts like loopy belief
propagation and generalized belief propagation. This algthm can be used on
all functions which can be minimized exactly using the st-micut algorithm.

Characterization of Solvable Higher Order Potentials We provided a
characterization of energy functions de ned on cliques ofze 3 or more which
can be solved using move making algorithms. We proved that ehoptimal -
expansion and -swap moves for this class of functions can be computed in
polynomial time by minimizing a submodular function. The chss of functions
characterized by us is a generalization of the class of engfginctions speci ed
by [11].

Solving Robust P" Model Potentials using Graph Cuts We introduced
a novel family of higher order potentials which we call the Raust P" model.
We showed that the optimal expansion and swap moves for engréunctions
composed of such potentials can be found by solving a st-mithigoroblem. Our
method for computing the optimal expansion and swap moves extremely ef-
cient and can handle potentials de ned over cliques condisg of thousands of
random variables.

Higher Order Potentials for Merging Superpixels We proposed a general
framework for solving labelling problems which has the ality of incorporating
information derived from sets of pixels (superpixels or sewgnts). We showed how
this framework can be used to merge regions from multiple irga segmentations
in a principled manner.
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7.3. Directions for Future Work

| conclude this dissertation by providing some directionsof future work. It was
shown in the thesis how dynamic computation can be used to nm&akninimiza-
tion of submodular functions faster. There is a clear needrfextending these
results for minimizing non-submodular functions which arguite common in vi-
sion. Some progress on this front has already been made by therk of [56] who
showed how solutions of previous problems can be reused whitinimizing cer-
tain non-submodular functions of multi-valued variables.However, the problem
of extending these results for the general class of non-suibular still remains
an open problem. Another interesting and promising direadn of research is the
development of e cient dynamic algorithms for functions whch change in a pre-
de ned manner. For instance, algorithms for parametric maxw can e ciently
minimize dynamic energy functions if they change in a partidar way [30]. Devel-
opment and application of such algorithms to computer visio problems should
intuitively improve performance.

Researchers have discovered that many vision problems reguthe minimiza-
tion of energy functions which are non-submodular. As we hawiscussed earlier
in chapter 1, no algorithms with polynomial run time compleky are known
for minimizing such functions. The algorithms commonly uskfor solving this
problem are only able to return a local minima or a partially ptimal solution.
Further, these algorithms provide no approximation guarasees while solving gen-
eral energy functions. Even for functions for which such gtentees exist, they
are too weak to be useful in practice. For instance, the alpkaxpansion algorithm
provides a very loose bound of 2 for Potts model potentials. hE development
of e cient approximate algorithms with tighter bounds on the solutions is an
important direction for future work.

The use of higher order relations in modeling vision problesnhas become
increasingly popular in the last couple of years. Howeverych functions gener-
ally cannot be handled using graph cut based methods for eggrminimization.
Recent work on graph cut based methods has contributed in tiryg to overcome
this limitation [27,46]. However, these methods have restted their attention
to particular subclasses of submodular higher order potaats. Developing e -
cient algorithms for exact and approximate minimization ofgeneral higher order
functions is still an interesting and challenging problemd solve.

| conclude this dissertation by the following observationsGraph cut based
minimization algorithms have made a deep impact on the eldfacomputer vision.
Not only have they provided extremely e cient and robust soltions for some of

123



7.3. Directions for Future Work

the most challenging vision problems, but have also contuited in encouraging
researchers to adopt the optimization paradigm to formula their problems. The
recent interest in the development of new graph cut based algthms shows that
these methods will remain popular in computer vision for a t@ time.
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