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Abstract. Many computer vision problems such as object segmentation or re-
construction can be formulated in terms of labeling a set of pixels or voxels. In
certain scenarios, we may know the number of pixels or voxels which can be as-
signed to a particular label. For instance, in the reconstruction problem, we may
know size of the object to be reconstructed. Such label count constraints are ex-
tremely powerful and have recently been shown to result in good solutions for
many vision problems.
Traditional energy minimization algorithms used in vision cannot handle label
count constraints. This paper proposes a novel algorithm for minimizing energy
functions under constraints on the number of variables which can be assigned
to a particular label. Our algorithm is deterministic in nature and outputs ε-
approximate solutions for all possible counts of labels. We also develop a variant
of the above algorithm which is much faster, produces solutions under almost all
label count constraints, and can be applied to all submodular quadratic pseudo-
boolean functions. We evaluate the algorithm on the two-label (foreground/back-
ground) image segmentation problem and compare its performance with the state-
of-the-art parametric maximum flow and max-sum diffusion based algorithms.
Experimental results show that our method is practical and is able to generate
impressive segmentation results in reasonable time.

1 Introduction

Algorithms for energy minimization have become an indispensable tool in computer vi-
sion. These algorithms enable inference of the Maximum a Posteriori (MAP) solutions
of labelling problems such as image segmentation, optical flow, and stereo. Due to its
wide applicability, the energy minimization problem has received a lot of interest from
both the theoretical computer science [1] and machine learning communities [2–5].

Most energy minimization methods used in computer vision such as Max-product
Belief Propagation (BP) [6, 7], Tree Reweighted message passing (TRW) [8], and
Graph Cuts [9] operate on energy functions defined over discrete variables. They con-
sider unconstrained minimization of the energy function over the discrete domain of
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random variables, and do not allow any direct way of enforcing constraints on the so-
lutions. In contrast, this paper studies the problem of constrained energy minimization.
Specifically, we address the problem of minimizing energy functions under the con-
straint that the number of variables assigned on any given label is equal to some known
constant. This constrained minimization problem is useful for many labelling problems
in computer vision. For instance, in the image segmentation problem, it enables us to
obtain a segmentation of any desired size.

Related Work During the past few years, researchers have considered practical opti-
mization problems under relevant constraints. One of the most effective examples is the
case of 3D reconstruction, where the silhouette constraint was introduced [10, 11]. This
constraint ensured that a ray emanating from any silhouette pixel must pass through one
voxel which belongs to the ‘object’. It was proven to be an effective replacement for the
ballooning term [12] and led to improved results.

Segment connectivity is another example of an equally powerful but much more
sophisticated constraint that was introduced for the two label (foreground/background)
segmentation problem. The energy function corresponding to the segmentation problem
is composed of unary and pairwise potential functions [13] and is well known to be sub-
modular. This property allows the energy function to be minimized in polynomial time
using efficient maximum flow based algorithms. The connectivity constraint enforces
that all variables that have been assigned in the foreground label form one connected
component. Vicente et al. [14] showed that enforcing connectivity while minimizing
the submodular segmentation energy makes the problem NP-hard.

Constraints on Label Counts Minimization under the so-called label counting con-
straints is not new to the computer science community. Unconstrained energy mini-
mization was studied in theoretical computer science in the context of Metric labelling.
This is the problem of minimizing an energy function where the pairwise potential func-
tions are defined in terms of the weighted uniform distance function that is defined on
the label set [k]. Recently, Naor and Schwartz [15] obtained an approximation algo-
rithm for a constrained version of this problem, which they called the balanced metric
labeling problem.

Balanced labeling means that the number of variables assigned to any particu-
lar label is at most `. They obtain an O

(
logn
ε

)
-approximation randomized algorithm

that runs in polynomial time over n and 1
ε . The algorithm guarantees that at most

O
(
log k 1+ε

1−ε

)
· ` many variables in the final solution are assigned to each label. The

Naor-Schwartz algorithm works for any underlying graph G, but it cannot be applied
for general fixed label counting constraints. Due to randomness of the assignment, the
counting guarantee from their method is still far from the exact counting constraint
we want to achieve. Furthermore, the approximation ratio between its answer and the
optimal solution is not small enough to be useful in practice.

Counting Constraints in Computer Vision Werner [16] were one of the first to intro-
duce constraints on label counts in energy minimization. They proposed a n-ary max-
sum diffusion algoithm for solving these problems, and demonstrated its performance
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on the binary image denoising problem. However, their algorithm could only produce
solutions or some label counts. It was not able to guarantee an output for any arbitrary
label count desired by the user.

A number of other recent vision papers have also demonstrated how knowledge
about label counts can be used as a useful prior. For instance, Woodford et al. [17]
recently showed how potentials for enforcing a particular distribution in label counts
can be used to improve results in labelling problems such as image denoising and tex-
ture synthesis. They proposed a number of sophisticated algorithms which were able
to minimize energy functions containing higher order potentials encouraging particular
counts of labels. However, their algorithms were not able to enforce label counts as a
hard constraint, and also lacked any worst-case bounds on the quality of the obtained
solution.

The method most closely related to ours is that of Kolmogorov et al. [18]. They
showed that for submodular energy functions, the parametric maxflow algorithm [19]
can be used for energy minimization with label counting constraints. However, this
algorithm outputs optimal solutions for only some label counts, and is not guaranteed
to output solutions for any arbitrary count of labels.

Our Results We propose a new method for performing energy minimization under
constraints on the label counts. Our algorithm is deterministic in nature and outputs
ε-approximate solutions in a grid graph with N vertices. For all possible labels, the
algorithm runs in O

(
Nk

1
ε

(
1
ε

)2k+2
+Nk

(
1
ε

)2)
time, where k is the number of labels

and N is the number of pixels. This algorithm can also minimize energy functions
containing potentials depending on label counts such as the ones use in [17] as it outputs
the minimum energy solution under all possible label counting constraints.

We also develop a variant of the above algorithm which is much faster and produces
solutions under almost all label count constraints, but can only be applied to submodu-
lar quadratic pseudoboolean functions. We call this algorithm decomposed parametric.
It is inspired from the parametric maxflow based method for obtaining solutions under
label counts. As mentioned earlier, the vanilla parametric maxflow method finds opti-
mal solutions for a small number of label counts. We propose a new algorithm which
dramatically increases the number of label counts for which a solution can be found. We
first decompose the original image into a number of subimages. The vanilla parametric
maxflow algorithm is run on each subimage. In this way, we obtain a set of assign-
ments for each sub-image with minimum energy under some label counts. These sets
are merged to obtain the set of assignments for the whole image with minimum energy
under all label count constraints. Experiments on the binary image segmentation prob-
lem show that our method dramatically outperforms the standard parametric maxflow
and max-sum diffusion based methods for obtaining solutions under label count con-
straints.

1.1 Organization

Remainder of the paper is organized as follows. We define the problem setup and pro-
vide some preliminaries in section 2. In section 3, we state our main theorem about the
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multiplicative error bound guaranteed by our approach. Our parametric maxflow based
algorithm is explained in section 4. In section 5, we provide the results of our experi-
ments on the image segmentation problem, and compare them with those obtained using
state-of-the-art methods. We conclude by discussing ideas for future work in section 6.

2 Preliminaries and Setup

Energy Minimization Many labeling problems in computer vision can be formulated us-
ing energy minimization. Energy functions are defined on a pixel-grid graphG = (V,E),
and have the form

H(x) =
∑
v∈V

φv(xv) +
∑

(v,w)∈E

φvw(xv, xw), (1)

where φvw : [k]2 → R+ 4= {x ∈ R : x ≥ 0} and φv : [k]→ R+ are assumed to be ar-
bitrary non-negative real-valued functions defined over variables taking values from the
label set [k] = {1, · · · , k}.

We use the positivity of φv’s and φvw’s in the proof of our multiplicative approxi-
mation guarantee. However, our algorithm can also be applied to energy functions with
negative φvw values in the same manner.

In this paper, we are interested in finding an assignment x minimizing H under a
label count defined as follows.

Definition 1 (label count). For an assignment x ∈ [k]N and j ∈ [k], define count(x, j)
to be the number of variables xv : v ∈ V such that xv = j. Let C(N) be the collection
ofC = (C1, C2, . . . , Ck) ∈ Z+

k such thatC1+C2+. . .+Ck = N . We callC ∈ C(N)
a label count. For C ∈ C(N), let

R(C) = {x ∈ [k]N |∀j ∈ [k], count(x, j) = Cj}.

Our problem is to find such an assignment x∗(C) that minimizes the energy function
H(x) among x ∈ R(C). The problem of finding an assignment that minimizes energy
for fixed label count even for a submodular H(x) is known to be NP-hard [20]. Hence
we consider the following approximation problem.

Definition 2 (ε-approximation). Let 0 < ε < 1. An assignment x̂ is called ε-approximation
of the energy with the label count C, if x̂ ∈ R(C) and

(1− ε)H(x̂) ≤ H(x∗(C)) ≤ H(x̂).

Definition 3 (submodular function). A pseudoboolean function g(x1, x2) : {0, 1}2 →
R is submodular if the following holds.

g(0, 0) + g(1, 1) ≤ g(0, 1) + g(1, 0).

An energy function is called submodular if all its pairwise terms are submodular. IfH is
a submodular, an assignment with the minimum energy can be computed efficiently by
the graph-cut algorithm [21]. Submodular energy functions are widely used for labeling
problems in computer vision.
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Parametric maxflow Parametric maxflow algorithm [18] is known that it gives some
x’s minimizing H under some label counts and can be applied when xv’s are in {0, 1}
and H is submodular [22]. It deals with parameterized energy function rather than the
original one.

Parametric maxflow

Let G = (V,E) be an undirected graph. Parametric maxflow is to minimize energy
function Hλ(x) for parameter λ ∈ I in the interval I ∈ R where

Hλ(x) = H(x) + λ
∑
v∈V

xv. (2)

Lemma 1. If an assignment x minimizes the energy function Hλ for some λ, H(x) is
minimum under the same label count as x.

Proof. Assume that x does not minimize H under the label count. Let x′ minimize H
under the same label count as x. Because x and x′ have same number of 1’s, they also
have the same second term in (2), therefore Hλ(x) > Hλ(x′). It contradicts that x
minimizes Hλ.

For a fixed λ, note that Hλ is also submodular, hence (2) can be solved in polyno-
mial time using the graph-cut algorithm. BecauseF (λ) = minx(H

λ(x)) is a piecewise-
linear concave function of λ, it is enough to compute x’s at all breakpoints of F rather
than for every λ, where a breakpoint is the intersection point of two line segments of
F (λ). The following algorithm finds x’s at each breakpoint and they are minimum of
H under the label counts as that of x.

Parametric maxflow algorithm
– Input : Energy function H .
1. Let I = [λmin, λmax].
2. Compute xmin and xmax solutions for λmin and λmax, respectively.
3. if xmin = xmax then Initialize L as (xmin, [λmin, λmax]).
4. else Initialize L as (xmin, {λmin}), (xmax, {λmax}).
5. while there are adjacent items (xi, Ii), (xj , Ij) such that sup Ii < inf Ij
6. λi = sup Ii, λj = inf Ij .
7. Compute λ∗, a solution of Hλ(xi) = Hλ(xj).
8. if λi = λ∗ then Ij = Ij ∪ [λi, λj ].
9. else if λj = λ∗ then Ii = Ii ∪ [λi, λj ].

10. else λ∗ must be in (λi, λj).
11. Compute x∗ minimizing Hλ∗(x).
12. if x∗ = xi or x∗ = xj
13. then Ii = Ii ∪ [λi, λ

∗], Ij = Ij ∪ [λ∗, λj ].
14. else (x, {λ∗}) is inserted to L between (xi, Ii) and (xj , Ij)

– Output : list L of pairs (xi, Ii) where Hλ(xi) is minimum for λ ∈ Ii.

This algorithm uses graph-cut algorithm at most (2B + 2) many times where B
is the number of breakpoints. In the worst case, there are at most |V | + 1 breakpoints
since there is at most one break point for each label count. In the rest of this paper, we
will call this parametric maxflow algorithm as the pure parametric algorithm (PP), to
compare it with our new algorithms.
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3 Approximation Algorithm for Energy Minimization

In this section, we provide an algorithm that is guaranteed to compute an ε-approximate
solutions for all label counts in O(|V |) time. Our algorithm can be generalized to more
general class of graphs including 8-connected grid graph and planar graphs, by design-
ing a collection of graph decompositions satisfying the properties of Lemma 2. For
example, when the graph is a planar graph, the collection of decompositions in [23]
satisfies the properties. In this paper, we will prove our result for grid graph for easy
of explanation. Let G be the grid graph of size n × n. Our algorithm is based on a
decomposition of G into small components; computing an array of solutions in each of
these components, then producing a global solution. The algorithm works by exploiting
the sparseness of the graph G. It reduces the original problem with large tree-width to
a number of smaller problems with low tree width. In this process, it inserts a error in
the estimation. We have shown that this error is small because the graph has limited
connectivity.

Theorem 1. There is a deterministic algorithm that outputs ε-approximate solutions
for all C ∈ C(N), which runs in time O

(
Nk

1
ε

(
1
ε

)2k+2
+Nk

(
1
ε

)2)
.

We will call our algorithm DD (decomposed dynamic), since its main procedure is
based on graph decompositions and dynamic programming on each graph components.
A brief sketch of DD is as follows. First, we will obtain a family D of graph decompo-
sitions of G. It satisfies that each decomposition D ∈ D is obtained by removing some
edges of G, and |D| = 1

ε2 . The following is a pseudo-code of our graph decomposition.

Graph Decomposition

– Inputs : G = (V,E), ε > 0, and k1, k2 ∈
{0, 1, 2, . . . , 1ε}.

1. Remove all the edges of G that connects vertices of the form (a, b) and (a + 1, b)
where a ≡ k1 ( mod 1

ε ).
2. Remove all the edges of G that connects vertices of the form (a, b) and (a, b + 1)

where b ≡ k2 ( mod 1
ε ).

3. The remaining graph is decomposed into connected components.
– Output : G.

LetD be the collection of the decompositions computed for all k1, k2 ∈ {0, 1, 2, . . . , 1ε}.

Lemma 2. D satisfies the following properties.
(1) For all D ∈ D, the size of each connected component of D is at most 1

ε2 .
(2) For all edge e of G, the number of decompositions in D that remove e is at most

ε|D|.

Now, fix D ∈ D. Let R1, R2, . . . , R` be the connected components of D. For each
Ri = (Vi, Ei), DD computes the following gi values for allC(i) = (Ci1, Ci2, . . . , Cik) ∈
C(|Vi|) by dynamic programming on Ri.

gi(C(i)) = min
x∈ R(C(i))

[ ∑
v∈Vi

φv(xv) +
∑

(v,w)∈Ei

φvw(xv, xw)

]
.
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Note that the tree width of the subgraph Ri is at most 1
ε . The description of compu-

tation of gi for all C(i) ∈ C(|Vi|) by dynamic programming is in Appendix II in the
supplementary material.

Computation of each gi for all C(i) ∈ C(|Vi|) takes O
(
k

1
ε

(
1
ε

)2k)
time. Since

there are at most O(N) many Ri’s, its total computation time for a fixed D ∈ D is
O
(
Nk

1
ε

(
1
ε

)2k)
.

Now, Let ED ⊂ E be the union of all the edges of Ri’s. Then for each C ∈ C(N),
we compute

gD(C) = min
x∈ R(C)

∑
v∈V

φv(xv) +
∑

(v,w)∈ED

φvw(xv, xw)

 ,
using gi(·)′s. This can be done in timeO(Nk) by the merging process described below.

Merging

– We begin with the regions R1, R2 . . . R`, and their corresponding functions gi’s.
– Repeat the following process until there remains just one region.
• If there are more than one regions, choose any two of them, say Ra and Rb.

Let ga and gb be their corresponding functions.
• Let Rc = Ra ∪ Rb in the sense of graph union. I.e, for Ra = (Va, Ea) and
Rb = (Vb, Eb), let Rc = (Vc, Ec) with Vc = Va ∪ Vb and Ec = Ea ∪ Eb.

• For each C(c) ∈ C(|Vc|), let

gc(C(c)) = min
[
ga(C(a)) + gb(C(b))

]
, (3)

where the minimization is over all C(a) ∈ C(|Va|), C(b) ∈ C(|Vb|) such that
Cai + Cbi = Cci for all 1 ≤ i ≤ k.

• Replace the two regions Ra and Rb by Rc. Also replace ga and gb by gc.
– Output the resulting function for the entire graph.

In the above process, under the assumption that for all C(a) ∈ C(|Va|),

ga(C(a)) = min
x∈ R(C(a))

∑
v∈Va

φv(xv) +
∑

(v,w)∈Ea

φvw(xv, xw)

 ,
and that for all (C(b)) ∈ C(|Vb|),

gb(C(b)) = min
x∈ R(C(b))

∑
v∈Vb

φv(xv) +
∑

(v,w)∈Eb

φvw(xv, xw)

 ,
it is straightforward to see that for all C(c),

gc(C(c)) = min
x∈ R(C(c))

∑
v∈Vc

φv(xv) +
∑

(v,w)∈Ec

φvw(xv, xw)

 .
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Hence by induction, we obtain that the above procedure outputs gD(·), and its total
running time is O(Nk).

Let x̂D(C) be the assignment corresponding to gD(C). Then let

x̂(C) = argminD∈D H(x̂D(C))

be the output of DD for C ∈ C(N). Approximation proof of DD is in Appendix I.

4 Decomposed Parametric

Although DD is guaranteed to output ε-approximation for all label counts, it runs slowly
when the decomposed subimage size becomes large. In this section we provide a more
practical algorithm that works for any submodular pseudoboolean energy function.

Our new algorithm, DP (decomposed parametric) runs on a decomposed image like
in DD. The basic idea is to apply the parametric maxflow to each decomposed subimage
rather than the dynamic programming. While DD outputs optimal assignments under
all label counts in each subimage, DP outputs some of those assignments. However,
by merging the partially optimal results of parametric maxflow, we obtain assignments
under almost all label counts. Although our algorithm can be applied to an image of
arbitrary size, to make explanation easy, we assume a square size image in this section.
Note that since DP uses the parametric maxflow on each subimage, it is only applicable
to binary labeling with submodular while DD can be applied to general labeling with
any energy function.

DP decomposes a given n × n image to d nme
2 many subimages of size m × m.

Let Iij be the subimage [(i − 1) × m + 1, i × m] × [(j − 1) × m + 1, j × m] and
Hij be the energy function H restricted to Iij where 1 ≤ i, j ≤ d nme. Figure 1 depicts
this decomposition. We apply parametric maxflow algorithm to every subimage Iij to
compute assignments minimizing Hij under some label counts. Here we assume that
the output of the pure parametric is a form of an arrayA such thatA[k] is an assignment
having label count k. Then arrays of size m2+1 are created as results of the parametric
maxflow algorithm on each subimage, and we obtain an array about the whole image
by merging those arrays.

Decomposed Parametric

– Inputs : an image I of size n× n, an integer m.
1. A = ∅.
2. Decompose I to subimages of size m×m.
3. for i 1 to dn/me
4. for j 1 to dn/me
5. Aij = Parametric maxflow(Hij).
6. A = Merge(A, Aij).
– Output : A.

Merge

– Inputs : two arrays A1 and A2
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1. Let n1 and n2 be the size of A1 and A2, respectively.
2. Let A be a new array of size n1 + n2 − 1.
3. Every element of A is set to empty assignment.
4. for every (i, j) ∈ {0, · · · , n1 − 1} × {0, · · · , n2 − 1}
5. if both A1[i] and A2[j] are not empty assignment
5. x = A1[i] concatenated by A2[j].
6. if H(x) < H(A[i+ j])
7. A[i+ j] = x
– Output : A.

Fig. 1. Decomposition of a n× n image to subimages of size m×m.

When two arrays are merged, we get `1 × `2 new assignments where `1 is the
number of assignments in the first array and `2 is that in the second array. Although
there are some overlap of label counts, the new array has bigger proportion of nonempty
assignments than the two merged arrays. We observe that whenm is about n3 , for almost
all label counts DP outputs assignments.

5 Experimental Results

We did experiments to compare our two algorithms with PP. To that end, we measured
three values: the number of label counts for which the methods returned a solution, the
energy values for the computed assignments, and the running time.

For our image segmentation experiments, we considered the energy function H de-
fined in (1). The potential functions φi of H are obtained using the method described in
[24] which exploits user given hints about the appearance of foreground and background
segments. The pairwise potentials defined over edges connected in a 4-neighbourhood
systems are defined as

φij = |xi − xj |(λ1 + λ2 × g(i, j)),

where λ1 and λ2 are parameters of the model, and g(i, j) is proportional to the distance
of i and j’s RGB colors. We have conducted experiments for various values of λ1 and
λ2. In our experiments, we use DPk and DDk to denote DP and DD , respectively, with
the decomposition of an image into k × k number of subimages. The parameter values
used in the experiments are specified by µ = λ2

λ1
.
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Experiment 1 Our first experiment compares the average number of assignments min-
imizing the energy function H under some label counts, and the average energy values
of DP with optimal solutions obtained by PP. We used 8 images from [25] for comput-
ing the average each of which was a 300 × 300 size, and simulated DPk, 1 ≤ k ≤ 5,
and PP for all images. For each algorithm, we did tests for λ1 = 2i, 0 ≤ i ≤ 7, and
µ = 10, 20 and 30.

Experimental results are shown in Table 1 and Figure 2. Table 1 shows the average
ratio of the number of computed label counts overN , the number of pixels of the image.
DP3 outputs assignments under almost all label counts while PP about 20% of the label
counts. DP5 outputs assignments under label counts more than 99% regardless of λ1
and λ2.

µ = 20
λ1 PP DP3 DP5

1 0.2786 0.9828 0.9998
2 0.2552 0.9819 0.9997
4 0.2231 0.9795 0.9995
8 0.1862 0.9767 0.9994

16 0.1498 0.9736 0.9986
32 0.1164 0.9698 0.9970
64 0.0875 0.9650 0.9951

128 0.0642 0.9544 0.9925

Table 1. Comparison of the number of label counts for the experiment 1. Each value is the average
over 8 images. The ratio of the number of label counts for which each algorithm computes a
solution over the number of possible label counts. For µ = 10 and µ = 30, the results are almost
the same as those with µ = 20. DP3 outputs solutions for almost all label counts regardless of µ.

Figure 2 shows the average energy value ratio of each simulation compared to that
of the optimal solutions obtained by PP . In Figure 2, the energy value of DP over
the optimal energy tends to have bigger error as λ1 or λ2 increases, or the image is
decomposed to more subimages. But in almost all cases, the error is quite small, espe-
cially when λ1 = 8, which is typically used in the image segmentation, the error is less
than 0.5% regardless of λ2. In short, we obtain the results that DP3 is enough to obtain
assignments under almost all label counts with only small error.

Table 2 shows the running time of PP and DPs. Note that DP is quite fast and its
running time is competative to that of PP .

Examples of segmented images of the algorithms, PP and DP, are shown in Figure
3. Note that the output image of DP3 is almost the same to that of PP. By comparing
with the ground truth, we observe that DP3 is nearly optimal.

We note that adding a constant to the energy function affects the approximation
ratio of the results. In our simulation, we adjusted the constant term for each vertex v
so that one of φv(0) and φv(1) becomes 0.
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Fig. 2. Comparison of the average energy value for the experiment 1. We computed the average
of EA

ET
over the computed label counts where EA is the average energy value for 8 images of DP

, and ET is the average energy value of PP for 8 images. µ did not affect the values, so in this
graph the values with µ = 20 are shown.

Time(seconds)
PP DP2 DP3 DP4 DP5

IM1 8 10 18 24 27
IM2 11 23 31 42 53
IM3 51 22 28 35 42
IM4 4 11 15 18 19
IM5 23 42 48 63 75
IM6 12 38 42 52 62
IM7 26 44 55 76 94
IM8 17 42 46 58 70

Table 2. Table for running time of the algorithms for 8 images.

(a) original (b) ground truth (c) PP (d) DP3

Fig. 3. (b) is the ground truth for segmentation, (c) is the output of PP for a label count close to
that of the ground truth, and (d) is the output of DPs with similar label count.
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Experiment 2 The second setup is for comparing the average energy values of DD, DP
and PP. This experiment used 8 images each of which was a 200× 200 size image, and
simulated DP20 and DD20. λ1 and µ were the same as in the setup 1.

Table 3 shows the average ratio of the energy values of DP20 and DD20 over the
optimal solutions obtained by PP. It is similar with Figure 2 to increase the energy value
as λ1 or µ increases. Note that DP20 outputs almost the same energy ratio values with
DD which is optimal in each decomposed subimages. Sometimes DP is even slightly
better. This is because although DD is actually optimal in each subimage, after merging,
it is not guaranteed to have lower energy than the output of the DP on the whole image.

µ = 10 µ = 20 µ = 30
λ1 DP20 DD20 DP20 DD20 DP20 DD20

1 1.0061 1.0079 1.0080 1.0104 1.0100 1.0127
2 1.0086 1.0109 1.0111 1.0140 1.0136 1.0172
4 1.0129 1.0157 1.0163 1.0199 1.0194 1.0235
8 1.0197 1.0232 1.0249 1.0295 1.0302 1.0359

16 1.0308 1.0360 1.0388 1.0456 1.0472 1.0558
32 1.0481 1.0492 1.0592 1.0611 1.0711 1.0739
64 1.0706 1.0713 1.0862 1.0877 1.1020 1.1044

128 1.1008 1.1021 1.1228 1.1253 1.1447 1.1484

Table 3. Comparison of the average energy value for the experiment 2. We computed the values
in the same way with Figure 2

Table 4 shows the running time of DD20 and DD25 for each image. Although DD is
guaranteed to output approximate solutions, its running time is comparably longer than
that of DP.

Time
DD20 DD25

IM1 24m 41s 17m
IM2 32m 33s 29m 21s
IM3 24m 16s 16m 21s
IM4 25m 17s 17m 43s
IM5 27m 39s 21m 14s
IM6 26m 26s 19m 14s
IM7 33m 26s 25m 15s
IM8 27m 12s 22m 6s

Table 4. Table for running time of DD20 and DD25 for 8 images.

From experiment 1 and 2, we can conclude that for binary labeling with submodular
energy function, DP3 performs best among PP , DPi, DD when considering the number
of label counts, accuracy, and the running time altogether.
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Experiment 3 In this experiment, we compare our algorithm with the Werner’s max-
sum diffusion algorithm [16] on the binary image denoising problem. A binary image
corrupted with Gaussian noise of size 150 × 150 is used. DP3 with D3, λ1 = 8 and
λ2 = 160 and Werner’s were simulated. Figure 4 shows the original image and two
resulting images with the same label count. It can be seen that the DP method produced
assignments for many more label count constraints (21568) while still remaining close
to the ground truth result. In contrast, Werner’s max-sum diffusion algorithm was only
able to find solutions for 12 label counts.

Fig. 4. (a) Original image of size 150 × 150 corrupted with Gaussian noise. (b) Result of DP
with D3 under label count 7058 among 21568 many outputs. (c) Result of Werner’s max-sum
diffusion algorithm under the same label count among 12 many outputs.

6 Discussion and Future Work

We have proposed novel algorithms for minimizing energy functions under label count-
ing constraints. We first provided an efficient algorithm that outputs ε-approximate so-
lutions for all possible counts of labels for any energy function. We also developed a
variant of this algorithm which can be applied to submodular energy functions, that is
much faster but misses solutions corresponding to some label counts.

In this paper, we have only considered the counting constraint defined on vertices.
Another important counting constraint problem is that of edge counting, ie. the number
of times we see a discontinuity in the labelling which is exactly equal to the boundary
length in the case of image segmentation.

Consider the energy minimization with constraint on the number of boundary edges
(edges having different labels on its two end vertices). This problem corresponds to
segmentation with fixed boundary length. Note that this problem can be partially solved
by considering the following parametric maxflow:

Hλ(x) = H(x) + λ
∑

(v,w)∈E

xvxw,

where λ ≤ 0 using the same reasoning as vertex counting. However, the algorithm is
partial, since it cannot work for λ ≥ 0 where the energy become non-submodular. As a
future work, we will work on analysis of this algorithm.
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Appendix I
Let C ∈ C(N) be fixed, and let

x∗ = argminx∈R(C)H(x),

be the optimal solution, and let x̂ = x̂(C) be the output of DD for C. For each D ∈ D,
denote x̂D = x̂D(C). From the positivity of φvw, for all D ∈ D,∑

v∈V
φv(x

∗
v) +

∑
(v,w)∈ED

φvw(x
∗
v, x
∗
w) ≤ H(x∗). (4)

From the minimality of x̂D in each connected components of D, for all D ∈ D,∑
v∈V

φv((x̂D)v) +
∑

(v,w)∈ED

φvw((x̂D)v, (x̂D)w)

≤
∑
v∈V

φv(x
∗
v) +

∑
(v,w)∈ED

φvw(x
∗
v, x
∗
w). (5)

From (4), (5) and the definition of x̂,

∑
D∈D

∑
v∈V

φv(x̂v) +
∑

(v,w)∈ED

φvw(x̂v, x̂w)


≤
∑
D∈D

∑
v∈V

φv((x̂D)v) +
∑

(v,w)∈ED

φvw((x̂D)v, (x̂D)w)


≤
∑
D∈D

∑
v∈V

φv(x
∗
v) +

∑
(v,w)∈ED

φvw(x
∗
v, x
∗
w)


≤ |D|H(x∗). (6)

By the property (2) of Lemma 2, i.e. from the property that for each edge e of E,
the number of decompositions in D that removes e is at most ε|D|, we obtain that

(1− ε)|D|H(x̂)

≤
∑
D∈D

[ ∑
v∈V

φv(x̂v) +
∑

(v,w)∈ED

φvw(x̂v, x̂w)

]
(7)

From (6) and (7), we have

(1− ε)H(x̂D) ≤ H(x∗).
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Appendix II
Computing gi

– Let Vi = {(a, b)|a, b ∈ {1, 2, . . . 1ε}} be the set of vertices of Ri.
– Order the elements of Vi by dictionary order, i.e., (a1, b1) < (a2, b2) if a1 < a2 or,
a1 = a2 and b1 < b2. Let v1, v2, . . . , v 1

ε2
be the vertices in that order.

– For t = 0, 1, . . . ,
(
|Vi| − 1

ε

)
= t∗, let

Bt =
{
vt+1, . . . , vt+ 1

ε

}
.

Let Vit = {v ∈ Vi | order of v is less than or equal to
some vertex in Bt}. Let Eit be the set of edges that connect two vertices of Vit.

– For each assignment x̂Bt ∈ [k]|Bt| overBt, and eachC(t) = (Ct1, Ct2, . . . , Ctk) ∈
C(|Vt|), let

R(x̂Bt , C(t)) =

R(C(t))
⋂{

x ∈ [k]|Vit| | xv = x̂Bt
v ∀ v ∈ Bt

}
.

We will compute the following for t = 0, 1, . . . , t∗).

ĝt(x̂
Bt , C(t)) =

min
x∈R(x̂B ,C(t))

[ ∑
v∈Vit

φv(xv) +
∑

(v,w)∈Eit

φvw(xv,xw)

]
.

– For t = 0, note that Vi0 = B0. Hence we directly compute ĝ0(x̂B0 , C(0)) for all
x̂B0 ∈ [k]|B0| and C(0) ∈ C(|Vi0|).

– For t = 1, 2 . . . t∗,
• For each t, let B′t = Bt

⋃
Bt−1. For each x̂B

′
t ∈ [k]|B

′
t|, and C(t) ∈ C(|Vt|) let

R(x̂B′t , C(t)) =

R(C(t))
⋂ {

x ∈ [k]|Vit| | xv = x̂
B′t
v ∀ v ∈ B′t

}
,

and compute

ĝ′t(x̂
B′t , C(t)) =

min
x∈R(x̂B′t ,C(t))

[ ∑
v∈Vit

φv(xv) +
∑

(v,w)∈Eit

φvw(xv,xw)

]
by the relation

ĝ′t(x̂
B′t , C(t)) = ĝt−1

((
x̂B
′
t

)
Bt−1

, C ′(t)

)
+ φv

t+1
ε

((
x̂B
′
t

)
v
t+1

ε

)

+ φv
t+1

ε
,v

t+1
ε
−1

((
x̂B
′
t

)
v
t+1

ε

,
(
x̂B
′
t

)
v
t+1

ε
−1

)

+ φv
t+1

ε
,vt

((
x̂B
′
t

)
v
t+1

ε

,
(
x̂B
′
t

)
vt

)
,
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where C ′tj = Ctj − 1 for j ∈ [k] such that
(
x̂B
′
t

)
v
t+1

ε

= j, and C ′tj = Ctj for

other j’s. In the above computation, when there is no edge between vt+ 1
ε

and
vt+ 1

ε−1
, the term φv

t+1
ε
,v

t+1
ε
−1

is not computed.

• For x̂Bt ∈ [k]|Bt| and C(t) ∈ C(|Vt|), compute

ĝt(x̂
Bt , C(t)) = min

j∈[k]
ĝ′t(
(
j, x̂Bt

)
, C(t)).

– For each C(i) ∈ C(|Vi|), output

gi(C(i)) = min
x̂Bt∗∈[k]|Bt∗ |

ĝt∗(x̂
Bt∗ , C(i)).


