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Abstract

Theobjective of this paperis to examinestatisticalapproachesto theclassi�cationof tex-
turedmaterialsfrom a singleimageobtainedunderunknown viewpoint andillumination.
The approachesinvestigatedherearebasedon the joint probability distribution of �lter
responses.

We review previous work basedon this formulationandmake two observations.First,
we show that thereis a correspondencebetweenthetwo commonrepresentationsof �lter
outputs- textonsandbinnedhistograms.Second,we show thattwo classi�cationmethod-
ologies,nearestneighbourmatchingandBayesianclassi�cation,areequivalentfor partic-
ular choicesof the distancemeasure.We describethe prosandconsof thesealternative
representationsanddistancemeasures,andillustratethe discussionby classifyingall the
materialsin theColumbia-Utrecht(CUReT)texturedatabase.

Theseequivalencesallow usto performdirectcomparisonsbetweenthetextonfrequency
matchingframework, bestexempli�ed by theclassi�ersof LeungandMalik [IJCV 2001],
CulaandDana[CVPR 2001],andVarmaandZisserman[ECCV 2002],andtheBayesian
framework mostcloselyrepresentedby thework of KonishiandYuille [CVPR2000].
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1 Intr oduction

In thispaper, weexaminetwo of themostsuccessfulframeworksin whichtheprob-
lemof textureclassi�cationhasbeenattempted– thetexton frequency comparison
framework, asexempli�ed by the classi�ersof [3,8,14],andthe Bayesianframe-
work, most closely representedby [7]. While the frameworks appearseemingly
unrelated,wedraw out thesimilaritiesbetweenthem,andshow thatthetwo canbe
madeequivalentundercertainchoicesof representationanddistancemeasure.
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Theclassi�cationproblembeingtackledis the following: givena singleimageof
a texturedmaterialobtainedunderunknown viewing andillumination conditions,
classifyit into oneof a setof pre-learntclasses.Classifyingtexturesfrom a single
imageundersuchgeneralconditionsandwithoutany a priori informationis avery
demandingtask.

Fig. 1. Thechangein imagedappearanceof thesametexture(PlasterB, texture# 30 in the
Columbia-Utrechtdatabase[5]) with variation in imagingconditions.Top row: constant
viewing angleand varying illumination. Bottom row: constantillumination and varying
viewing angle.Thereis aconsiderabledifferencein theappearanceacrossimages.

Whatmakestheproblemsohardis thatunlike otherformsof classi�cation,where
the objectsbeingcategorisedhave a de�nite structurewhich canbe capturedand
represented,mosttextureshave largestochasticvariationswhich make themdif�-
cult to model.Furthermore,texturedmaterialsoftenundergo a seachangein their
imagedappearancewith variationsin illumination andcamerapose(see�gure 1).
Dealingwith this successfullyis oneof the main tasksof any classi�cationalgo-
rithm.Anotherfactorwhichcomesinto playis that,quiteoften,two materialswhen
photographedunderverydifferentimagingconditionscanappearto bequitesimi-
lar, asis illustratedby �gure 2. It is acombinationof all thesefactorswhichmakes
thetextureclassi�cationproblemsochallenging.

Nevertheless,weakclassi�cationalgorithmswhich exploit thestatisticalnatureof
texturesbycharacterisingthemasdistributionsof �lter responseshaveshownmuch
promiseof late.Thetwo typesof algorithmin this category thathave beenpartic-
ular successfulare(a) theBayesianclassi�er basedon the joint probabilitydistri-
bution of �lter responsesrepresentedby a binnedhistogram[7], and(b) thenear-
est neighbour� 2 distribution comparisonclassi�er basedon a texton frequency
representation[3,8,14]. In this paper, we draw an equivalencebetweenthesetwo
schemeswhichthenallowsadirectcomparisonof theperformanceof thetwo clas-
si�cation methodologies.

Thesuccessof Bayesianclassi�cationappliedto �lter responseswasconvincingly
demonstratedby Konishi andYuille [7]. Working on the Sowerby andSanFran-
ciscooutdoordatasets,theiraimwasto classifyimagepixelsinto oneof six texture
classes.The joint PDF of the empiricalclassconditionalprobability of six �lter
responsesfor eachtexturewaslearntfrom trainingimages.It wasrepresentedasa
histogramby quantisingthe�lter responsesinto bins.Novel imagepixelswerethen
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Fig. 2. Small inter classvariationsbetweentextures presentin the Columbia-Utrecht
database.In the top row, the �rst andthe fourth imageareof the sametexture while all
the otherimages,even thoughthey look similar, belongto differentclasses.Similarly, in
thebottomrow, the imagesappearsimilar andyet therearethreedifferenttextureclasses
present.

classi�edby computingtheir �lter responsesandusingBayes'decisionrule.How-
ever, for imageregions,KonishiandYuille only reportedtheChernoff information
(which is a measureof theasymptoticclassi�cationerror rate)but didn't perform
any actualclassi�cation.In this paper, we take the �nal stepanduseBayes'deci-
sionrule to classifyentireimagesby makingthesameassumptionasSchmid[11],
i.e. thata region is acollectionof statisticallyindependentpixels,andwhoseprob-
ability is thereforetheproductof theindividualpixel probabilities.

In contrast,frequency comparisonclassi�erssuchas[3,8,14]learndistributionsof
texton frequenciesfrom training imagesandthenclassifynovel imagesby com-
paringtheir textondistribution to thelearntmodels.Differentcomparisonmethods
maybeused,suchastheBhattacharyametric[12], EarthMover'sdistance[10], KL
divergenceandotherentropy basedmeasures[16], but the� 2 signi�cancetest[9],
in conjunctionwith anearestneighbourrule,hasbecomethedefault choice.

Leung and Malik [8] were amongstthe �rst to seriouslytackle the problemof
classifying3D texturesand,in doingso,madean importantinnovationby giving
anoperationalde�nition of atexton.They de�neda2D textonto beaclustercentre
in �lter responsespace.Thisnotonly enabledtextonsto begeneratedautomatically
from animage,but alsoopenedupthepossibilityof auniversalsetof textonsfor all
images.To compensatefor 3D effects,they proposed3D textonswhichwerecluster
centresof �lter responsesover a stackof 20 training imageswith representative
viewpointandlighting. They developedanalgorithmcapableof classifyingastack
of 20 registered,novel imagesusing3D textonsandappliedit very successfullyto
theColumbia-Utrecht(CUReT)[5] database.Later, CulaandDana[3] andVarma
andZisserman[14] showedthat2D textonscouldbeusedto classifysingleimages
withoutany lossof performance.

Classi�cation performanceis evaluatedherealso on imagesetstaken from the
CUReT texture database.All 61 materialspresentin the databaseare included,
and92 imagesof eachmaterialareusedwith only the mostextremeviewpoints
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beingexcluded(see[14] for details).Thevarietyof texturesin this databaseis il-
lustratedin �gure 3. The 92 imagespresentfor eachtexture classarepartitioned
into two, disjointsets.Imagesin the�rst (training)setareusedfor modellearning,
andclassi�cationaccuracy is assessedon the 46 imagesfor eachtexture classin
thesecond(test)set.

The materialsin the CUReTdatabaseareexamplesof 3D texturesandexhibit a
marked variationin appearancewith changesin viewing andillumination condi-
tions [2–4,8,14,17].Thedif�culty of singleimageclassi�cationis highlightedby
�gure 4 which illustrateshow drasticallythe appearanceof a texture canchange
with varyingimagingconditions.

Modellingsuchtexturesby asingleprobabilitydistributionof �lter responsesmay
fail in thesesituations.Thesolutionadoptedin this paperis to representeachtex-
ture classby multiple modelswhich characterisethe differentappearancesof the
texturewith variationin imagingconditions.Thesemodelsaregeneratedfrom the
varioustrainingimagesfor eachtextureclass,andessentiallythis meansthateach
texture classis representedby a setof probability distributions implicitly condi-
tionedon viewpoint andillumination. In our experiments,eachtraining imageis
usedto generatea modelandthusthereare46 modelspertextureclass.However,
thenumberof modelscanbesubstantiallyreducedto, onaverage,7-8perclassby

Fig. 3. Textures from the Columbia-Utrechtdatabase.All images are converted to
monochromein thiswork, socolouris notusedin discriminatingdifferenttextures.
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Fig. 4. Imagesof ribbedpapertakenunderdifferentviewing andlighting conditions.The
materialhassigni�cant surfacenormalvariationandconsequentlychangesits appearance
drasticallywith imagingconditions.Characterisingsucha textureby only onemodel,i.e.
a singleprobabilitydistribution of �lter responses,will leadto poorclassi�cationresults.
Instead,it is better to representa texture by multiple modelsgeneratedunderdifferent
viewing andilluminationconditions.

theuseof K-MedoidandGreedyalgorithmsasdescribedin [14].

The layout of the rest of the paperis as follows: in section2, we outline a low
dimensionalrepresentationof rotationallyinvariant�lter responseswhichwas�rst
introducedin [14]. We alsodescribethetwo commonsemi-parametricrepresenta-
tions, texton andbinnedhistogram,of the joint PDF of �lter responsesandshow
how it is possibleto convertoneto theother. Then,in section3, wepresentacom-
parisonbetweenthetextonandbin representationsusingadistributioncomparison
classi�er. Finally, we implementaBayesianclassi�er usinga textonrepresentation
in section4 andcontrastits performanceto thedistributioncomparisonclassi�er.

2 Filter Responsesand their Representation

In thissection,we�rst describethe�lter bankthatwill beusedto generatefeatures,
andthendiscusstwo popularrepresentationsof �lter responses,textonsandbinned
histograms,betweenwhichwewill draw acorrespondence.

2.1 Filter bank

Traditionally, the �lter banksemployed for textureanalysishave includeda large
numberof �lters in keepingwith thephilosophy thatmany diversefeaturesatmul-
tiple orientationsandscalesneedto beextractedaccuratelyto successfullyclassify
textures.However, constructingandstoringPDFsof �lter responsesin a high di-
mensional�lter responsespaceis computationallyinfeasibleand thereforeit is
necessaryto limit the dimensionalityof the �lter responsevector. Both thesere-
quirementscanbe achieved if multiple oriented�lters areusedbut their outputs
combinedto form a low dimensional,rotationallyinvariantresponsevector. A �l-
ter bankwhich doesthis is theMaximumResponse(MR8) �lter bankwhich com-
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prises38 �lters but only 8 �lter responses(see�gure 5). The �lters consistsof a
GaussianandaLaplacianof Gaussian(LOG) bothwith � = 10pixels(these�lters
have rotationalsymmetry),anedge�lter at 3 scales(� x ,� y)=f (1,3), (2,6), (4,12)g
pixels anda bar �lter at the same3 scales.The latter two �lters areorientedand
occurat6 orientationsateachscale.Theresponsesof theisotropic�lters (Gaussian
andLOG) areuseddirectly, but theresponsesof theoriented�lters (barandedge)
are,at eachscale,“collapsed”by usingonly themaximum�lter responsesacross
all orientations– therebygiving 8 rotationallyinvariant�lter responsesin all.

Fig. 5. TherotationallyinvariantMR8 �lter bankconsistsof (in order, from top to bottom)
an orientededge�lter at 6 orientationsand3 scales,a bar �lter at the samesetof orien-
tationsandscales,an isotropicGaussian�lter anda Laplacianof Gaussian�lter . The re-
sponsesof theisotropic�lters arerecordeddirectly. However, takingthemaximalresponse
of theanisotropic�lters acrossall orientationsresultsin 2 �lter responsesbeingrecorded
per scale,giving 8 �lter responsesin total. Essentiallythis is the maximumresponseof
eachrow of the�lter bankabove.

Rotationinvarianceis desirablein that it leadsto the correctclassi�cationof ro-
tatedversionsof texturespresentin the trainingset.Anothermotivation for using
the MR8 �lter bankis that despitebeingrotationallyinvariant,its oriented�lters
shouldaccuratelypick up anisotropicfeatureswhoserelative angularinformation
(asdeterminedby theangleof maximumresponse)canstill berecorded.Further-
more,we expectthat moresigni�cant textonsaregeneratedwhenclusteringin a
low dimensional,rotationallyinvariantspace.
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Both the Bayesianand the texton frequency comparisonclassi�ers discussedin
this paperaredividedinto two stages– learningandclassi�cation.In thelearning
stage,featuresareextractedfrom thetrainingimagesby convolutionwith theMR8
�lter bank.The choiceof representationof the resultant�lter responsefeatures
determinesthelearntstatisticalmodelfor a giventextureunderparticularimaging
conditionsandis describednext.

2.2 Textonrepresentationof �lter responses

Eachtrainingimageis convolvedwith theMR8 �lter bankto generateasetof �lter
responses.These�lter responsesarethenaggregatedover varioustrainingimages
from thesametextureclass(asdescribedin thefollowing paragraph)andclustered.
Theresultantclustercentresform a dictionaryof exemplar�lter responsesandare
calledtextons.Givena texton dictionary, the �rst stepin learninga modelfrom a
particulartraining imageis labellingeachof the imagepixelswith the texton that
lies closestto it in �lter responsespace.The(normalised)frequency histogramof
pixel texton labellingsthende�nesthemodelfor thetrainingimage.

In the implementationin this paper, the �lter responsesof 13 randomlyselected
imagespertextureclass(takenfrom thetrainingset)areaggregatedandclustered
via theK-Meansalgorithm.Thetextons(clustercentres)learntfrom eachclassare
thencombinedinto asingledictionaryof sizeS.Variousvaluesof K aretried(K =
10; 20; : : : ; 50) andresultsarereportedfor eachcase.Thus,in eachexperiment,K
textonsare learnt from every texture classresultingin a dictionarycomprisinga
total of S = 61 � K textons.Hence,a modelof a training imageis a S-vector
whereeachcomponentis theproportionof pixelswhicharelabelledasaparticular
texton.

2.3 Histogramrepresentationbybinning

In this representation,themodelcorrespondingto a givenimageis thejoint prob-
ability distribution of the image's �lter responses– obtainedby quantisingthere-
sponsesinto binsandnormalisingsothatthesumoverall binsis unity. It shouldbe
notedthat thenumberof binsandtheir placementcanbeimportantparametersas
they determinehow crudely, or how well, theunderlyingprobabilitydistribution is
approximatedandwhetherthedatais over-�tted or not.

As an implementationdetail, the histogramis storedas a sparsematrix and the
spaceit occupiesis given by: numberof non-emptybins � numberof bytesre-
quired to storea bin value and its correspondingindex. This is boundedabove
by thenumberof datapointsandcomparesfavourablyto a naive implementation
whichstoresthefull matrix in O(totalnumberof bins) bytes,but wheremostof the
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binsareempty. For example,usingthis implementationfor MR8 with 20 binsper
dimension,we wereableto storethePDFof all the training imagesin lessthana
hundredmegabyteswhereasthenaive implementationwould have takenover � ve
hundredgigabytes.Also, it is ef�cient to storethehistogramasa sparsematrix as
the� 2 statisticcanbeevaluatedin O(numberof non-emptybins) �ops.

2.4 Movingbetweenrepresentations

The two representationsof �lter responsescan be madeidentical by a suitable
choiceof bins or textons.For example,an equallyspacedbin representationcan
beconvertedinto anidenticaltexton representationby placinga texton at thecen-
tre of every bin (see�gure 6). In thealgorithmimplementedhere,the textonsare
generatedby clusteringanddo not coincidewith the bin centres.Hence,the two
representationsarenot identicalin thiscase.

It is possibleto go theotherway roundaswell. Every texton representationcanbe
convertedinto anidenticalbin representation.In this case,thebinswill be irregu-
larly shapedandwill correspondto theVoronoipolytopesobtainedby forming the
Voronoidiagramof thetexton sites.Thus,clusteringto gettextonscanbethought
of as an adaptive binning methodand a histogramof texton frequenciescan be
equatedto abin countof �lter responses.In essence,thecomparisonsmadein sec-
tion 3 canbethoughtof asacomparisonbetweentwo differenttextondictionaries.

However, it shouldbe notedthat in general,not every bin representationcanbe
convertedto an equivalent texton representationin which there is a one to one
mappingbetweentextonsandbins.Thoughit might be possibleto �nd a similar

(a) (b)

Fig. 6. Texton andbin equivalencein two dimensions:(a) Every texton representationcan
beconvertedinto anequivalentbin representationwherethebinsaretheVoronoipolygons.
(b) Conversely, an equally spacedbin representationcan be convertedinto an identical
texton representationby placinga texton at the centreof eachbin (thoughnot every bin
representationhasanequivalentbijective texton representation).A similarequivalenceap-
pliesin < N .
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representationif therearemoretextonsthanbinswith certaintextonsbeinggrouped
togetherto form aparticularbin.

3 Classi�cation by Distrib ution Comparison

In this sectiontheeffect of the representationon classi�cationperformanceis in-
vestigated.Givena setof modelscharacterisingthe61 materialclasses,thetaskis
to classifya novel (test)imageasoneof thesetextures.This proceedsasfollows:
the�lter responsedistributionis computedfor thetestimage,andbothtypesof rep-
resentation(texton andbin) arethendetermined.In eithercase,theclosestmodel
image,in termsof the� 2 statistic,is foundandthenovel imagedeclaredto belong
to model's textureclass.

3.1 Experimentalsetupandresults

Classi�cation is carriedout on all 61 texture classesfor both the representations.
We considerthecasewhereevery imagein thetrainingset,for eachtextureclass,
is usedto generatea model.Thus,thereare46 modelsper texture,for eachof the
61 textureclasses.Theclassi�cationperformanceis measuredby theproportionof
testimageswhicharecorrectlyclassi�edastheright texture.

For thetextonbasedrepresentation,�gure 7 plotstheclassi�cationaccuracy versus
thenumberof textonsin thedictionarywhenclassifyingall 2806testimages.The
bestresultsareobtainedwhenK = 40textonsarelearntpertexture(resultingin a
dictionaryof sizeS = 2440textons)andanaccuracy rateof 97:43%is achieved.
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Fig. 7. Thevariationin classi�cationperformancewith thenumberof of textons.Thebest
classi�cationresultobtainedis 97:43%usingadictionaryof sizeS = 2440textons.
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Fig. 8. The variation in classi�cation performancewith the numberof bins usedduring
quantization:Thebestclassi�cationresultsareobtainedwhenthe�lter responsesarequan-
tizedinto 5 binsperdimension.

For the bin representation,the numberand location of the bins are, in general,
importantparameters.However, it turnsout that in this caseexcellentresultsare
obtainedusingequallyspacedbins.Figure8 plots the classi�cationaccuracy for
thetestsetversusthenumberof binsusedin thequantizationprocess.Theclassi�er
achievesa maximumaccuracy of 96.54%whenthe �lter responsesarequantised
into5binsperdimension.Increasingthenumberof binsdecreasestheperformance,
indicatingthat thedistribution is beingover-�tted andthatnoiseis beinglearntas
well. Theclassi�cationaccuracy alsodecreaseswith decreasein thenumberof bins
asthebinningis now crude.

Both the representationsgive very similar classi�cationresults.Of course,this is
not surprisingin the light of the fact that the two canbe madeidentical. In this
particularinstance,however, thetexton representationslightly outperformsthebin
representationasthebinsarealwaysequallysizedwhile thetextonsarelearntadap-
tively from thegivendata.

4 BayesianClassi�cation

Giventhattexton frequenciesandhistogrambinningareequivalentwaysof repre-
sentingthePDFof �lter responses,it is now possibleto calculatetheclasscondi-
tionalprobabilityof obtainingaparticular�lter responseusingatextonrepresenta-
tion. This settingof a texton representationin a Bayesianparadigmeffectively lets
uscompare,in thissection,theclassi�cationschemeof KonishiandYuille [7] with
the texton baseddistribution comparisonclassi�ersof Cula andDana[3], Leung
andMalik [8] andVarmaandZisserman[14].

The Bayesianclassi�er of [7] is alsodivided into a learningstageanda classi�-
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cationstage.In the learningstage,classpriorsandempirical�lter responseprob-
abilities are learnt from the training data.Onceagain, we emphasisethat to take
into accountthevariationdueto changingviewpointandilluminationa numberof
modelswill beusedfor eachtextureclass,ratherthanjust learninga singlemodel
pertextureclassasis doneby [7,11]. In theclassi�cationstage,Bayes'theoremis
invokedto calculatetheposteriorprobabilityof agiven�lter responsefrom anovel
imagebelongingto aparticularclass.

4.1 A Bayesianclassi�er usingthetextonrepresentation

Theclassconditionaljoint PDFof �lter responsesis obtaineddirectly from thehis-
togramof textonfrequenciesfor thevariousimagesin thetrainingset(of section2).
It is straightforward to implementthe Bayesianclassi�er given this information.
For aparticularmodelwewantto estimatetheposterior

P(M ij jI ) = P(M ij jf F(x)g) (1)

wheref F(x)g is thecollectionof �lter responsesgeneratedfrom thenovel imageI
to beclassi�ed,M ij is aparticularmodelcorrespondingto trainingimagenumberi
takenfrom textureclassnumberj , andtheequalitysignarisesfrom theassumption
that all the available informationin the imagehasbeenextractedby the �ltering
process.The imageI is classi�ed as the texture j for which P(M ij jf F(x)g) is
maximisedoverall models(i.e.all ij ). UsingBayes'rule,

P(M ij jf F(x)g) / P(f F(x)gjM ij )P(M ij ) (2)

whereP(f F(x)gjM ij ) is thelikelihoodof themodelM ij , andP(M ij ) theprior on
modelM ij . Sinceall modelsareequallylikely in ourcase,theMAP classselection
reducesto aMaximumLikelihoodestimate,i.e.

M̂ = argmax
M ij

P(f F(x)gjM ij ) (3)

If the�lter responsesareassumedspatiallyindependent,thentheprobabilityof all
the �lter responsesfrom the novel imagebelongingto the modelM ij is obtained
by takingtheproductof theprobabilitiesof theindividual �lter responses,i.e.

P(f F(x)gjM ij ) =
Y

x
P(F(x)jM ij ) (4)

At thispoint,wetake logsandfocusonthelog-likelihoodto clarify thesubsequent
discussion,
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M̂ = argmax
M ij

Y

x
P(F(x)jM ij ) = argmax

M ij

X

x
logP(F(x)jM ij ) (5)

= argmax
M ij

SX

k=1

Nk logP(Tk jM ij ) (6)

whereNk is thenumberof timesthekth textonoccursin thenovel imagelabelling
andP(Tk jM ij ) is theprobabilityof occurrenceof thekth texton in themodelM ij .
This equality follows becausethe log likelihoodessentiallyamountsto counting
thenumberof timeseach�lter responsefalls in aparticularbin – but this is exactly
whatis recordedin thetexton frequency histogram.

4.2 Equivalencewith MinimumCrossEntropyandKL Divergence

It will now beshown thatBayesianclassi�cationin thisform canbeviewedasnear-
est neighbourdistribution comparisonclassi�cation wherethe distancebetween
two distributionsis measuredusingCrossEntropy or theKL divergence.CrossEn-
tropy is an informationtheoreticmeasureof the averagenumberof bits required
to encodesymbolsfrom a given alphabetusinganotheralphabet.It is minimised
if the samealphabetis usedthroughout.Basedon this observation, we can use
CrossEntropy to determinehow similar a given distribution is to anotherdistri-
bution.TheCrossEntropy betweentwo discretedistributions,p andq, is givenby
H (p;q) = �

P
pk logqk andthesmallerthisvaluethebetterthematchbetweenthe

two distributions.TheKL divergenceis arelatedmeasureof thesimilarity between
two distributionsandis de�ned asD(pkq) =

P
pk log(pk=qk).

NearestneighbourmatchingusingCrossEntropy or KL divergencecanbeshown
to beequivalentto theBayesianformulation[1,15,16]by notingthatfrom (6),

M̂ = argmax
M ij

SX

k=1

Nk logP(Tk jM ij )

= argmax
M ij

SX

k=1

Nk
P

Nk
logP(Tk jM ij ) (7)

= argmin
M ij

�
SX

k=1

P(Tk jM I ) logP(Tk jM ij ) (8)

= argmin
M ij

H (p;q)

wherepk = P(Tk jM I ) = Nk=
P

Nk is the probability of occurrenceof the kth

texton in the novel imagelabelling M I andqk = P(Tk jM ij ), i.e. the normalised
texton frequency of thenovel imageandmodelimagerespectively.
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Therefore,a Bayesianclassi�er which assumesuniform priors andthe spatialin-
dependenceof �lter responseswill give equivalentresultsto a nearestneighbour
classi�er basedon theCrossEntropy betweenthetexton distributionsof thenovel
andmodelimages.

Theresultcanbestraightforwardlyextendedto KL divergenceby addingthecon-
stant

P S
k=1 pk logpk to (8) andtaking it insidetheargminoperationasit doesnot

dependonM ij . Thus,

M̂ = argmin
M ij

SX

k=1

pk logpk �
SX

k=1

pk logqk (9)

= argmin
M ij

SX

k=1

pk log
pk

qk
(10)

= argmin
M ij

D(pkq)

4.3 Relationshipwith � 2

Theequivalencecanbe taken furtherby noting thatKL divergenceandits exten-
sionsareboundedaboveby the� 2 statisticandthattheboundis attainedwhenthe
two probabilitydistributionsbeingcomparedareverysimilar [6,13,15].

In moredetailsincetheKL divergenceis not a metric,it is oftenextended[13] to
whatis calledacapacitorydiscriminantgivenby

C(p;q) = D
�
pk1

2(p + q)
�

+ D
�
qk1

2(p + q)
�

(11)

where
q

C(p;q) is now ametric[6]. Furthermore,Topsoe[13] hasshown thatC is
boundedquitetightly accordingto therelation

1
2 � 2(p;q) � C(p;q) � ln 2 � � 2(p;q) (12)

where

� 2(p;q) =
SX

k=1

(pk � qk)2

pk + qk
(13)

Also, by takingtheTaylorseriesexpansionof C, it is straightforwardto show that

lim
p! q

C(p;q) =
1
2

� 2(p;q) (14)
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up to secondorderin p andq.

Most of theseresultsareby now standard.Thesigni�cancefor us is thatby com-
bining theseequivalenceresultswith thetexton-bincorrespondenceshown in sec-
tion 2, it becomesimmediatelyclearthat theBayesianmethodof [7] is equivalent
to thetextondistributioncomparisonschemesof [3,8,14].

4.4 BayesianClassi�cationExperiments

Theequivalenceresultsfrom theprevioussubsectionsallow usto casta Bayesian
classi�er asanearestneighbourclassi�er with KL divergenceasthedistancemea-
sure.Thus,theexperimentalsetupremainsexactly thesameasin section3 except
now thedistancemeasurebeingusedis KL divergenceratherthanthe� 2 statistic.
Figure9 plotstheclassi�cationaccuracy versusthesizeof thetextondictionaryfor
theBayesianclassi�er. Thebestresultsarefor a dictionaryof sizeS=1830textons
(i.e. K = 30 textonslearntfrom eachtexture class).A classi�cationaccuracy of
97:46%is achieved.
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Fig. 9. Thevariationin classi�cationperformancewith thesizeof of thetexton dictionary
usinga Bayesianclassi�er: In eachcase,thereare2806modelsand2806testimages.The
bestclassi�cationresultobtainedis 97:46%usingadictionaryof 1830textons.Theresults
of thetextonbased� 2 classi�er (i.e. �gure 7) arealsoplottedfor thesakeof comparison.

A technicalpointaboutimplementingprobabilityproductsis thatif themodelhis-
togramsaredetermineddirectly from the textons frequenciesof the training im-
agesthentheclassi�cationaccuracy of theBayesianclassi�er is anastonishingly
low 1.06%,i.e. almostall thetestimagesareclassi�ed incorrectly. This is because
mostnovel imagescontainacertainpercentageof pixels(�lter responses)whichdo
not occurin thecorrectclassmodelsin thetrainingset.This maybea resultof an
inadequateamountof trainingdata,or dueto outliersor noise.As a consequence,
theposteriorprobabilityof thesepixelsis zeroandhencewhenall thepixel proba-
bilities aremultiplied togetherthe imageposteriorprobabilityalsoturnsout to be
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zero.

This is a standardpitfall in histogrambaseddensityestimationandthreesolutions
aregenerallyproposed:(a) smoothingthehistogram,(b) assigningsmallnonzero
valuesto eachof theemptybins,and(c) discardingacertainpercentageof theleast
occurring�lter responsesin the belief that they areprimarily noiseandoutliers.
A combinationof (b) and(c) is usedhere:insteadof startingthe bin occupancy
countfrom 0, it is startedfrom 1 to ensurethatno bin is ever empty. Someof the
leastfrequentlyoccurringbinsarealsodiscarded.Thesemodi�cations leadto the
classi�cationperformanceplottedin �gure 9.

4.5 Comparisons

On the basisof experimentalresults,there is very little to choosebetweenthe
Bayesiananddistribution comparisonclassi�ers using the texton representation.
This is to beexpectedas,in essence,the testbeingperformedis a comparisonof
� 2 andKL divergenceasdistancemeasures.Nevertheless,while bothclassi�ersat-
tain ratesof over97%,therearedifferenttheoreticalprosandconsassociatedwith
thetwo approaches.

Therecan be no doubt that theoretically, when the underlyingdistributions are
known perfectly, the Bayesianclassi�er minimisesthe classi�cation error. How-
ever, whenwedon't haveenoughdatato accuratelydeterminethetruedistribution
or only have noisyapproximationswhich suffer from theinherentquantisationef-
fectsof eitherclusteringor histogrambinningthenthesuperiorityof theBayesian
classi�er is much lessclear. This is evident from the capability of � 2 to practi-
cally copewith emptybins (even thoughit is theoreticallyincapableof doingso)
andnoisymeasurementswhile theBayesianclassi�er completelycollapsesunless
theprobabilitydistribution is modi�ed. Furthermore,ascanbeseenfrom �gure 9,
the Bayesianclassi�er is often marginally surpassedby the nearestneighbour� 2

classi�er.

Thereis alsothequestionabouttheNaive Bayesianassumptionthat theobserved
datais independent.However, in ourcase,thiscannotbeconsideredamajordraw-
backof the Bayesianclassi�er ascomparedto � 2 because(a) � 2 alsomakesthe
very sameassumptionin its derivation, (b) the experimentalresultsindicatethat
extremelygoodclassi�cationresultsareobtainedevenwhentheassumptionis vi-
olated(Schmid[11] notesthat this holdstrueeven for othertexturedatasets)and
(c) if violatingtheassumptionwasleadingto largeerrorsthenthiscouldbetackled
by randomlysampling�lter responsesfrom disjoint regionsof thenovel imagein
abid to decreasetheirdependence.

Yet, despitetheir theoreticallimitations,bothclassi�ersappearto work extremely
well in practiseasis evidencedby theclassi�cationresults.
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5 Conclusions

In conclusion,we have shown that the texton representationof the PDF of �lter
responsesis equivalentto anadaptivebin representationand,conversely, thatevery
regularly partitionedbin representationcanbeconvertedinto anequivalenttexton
representation.Thishasenabledusto usetextondensitiesfor textureclassi�cation
in theBayesianframework whichitself,undercertaincircumstances,canbeviewed
asanothermeasureof distancein a distribution comparisonclassi�cationscheme.
In doingso,we have broughttogethertwo seeminglyunrelatedschoolsof thought
in texture classi�cation – onebasedon the Bayesianparadigmand the otheron
textonsandtheir �rst orderstatistics.
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