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Abstract— We study the problem of estimating the illuminant' s
dir ection fr om images of textured surfaces.Given an isotropic,
Gaussian random surface with constant albedo, Koenderink
and Pont [JOSA 03] developed a theory for recovering the
illuminant' s azimuthal angle fr om a single image of the texture
formed under a Lambertian model. In this paper, we extend the
theory to deal with casesof spatially varying albedo.

First, we generalisethe theory to explain why their method
should work even for certain types of spatially varying albedo.
Our generalisation also predicts that the coherence of the
structur e tensor should lie below 0.8 in suchnon-constantalbedo
casesand accurately predicts the “deviation” fr om the true value
observed by Koenderink and Pont on the Columbia-Utr echt
(CUReT) texture database.Next, we extendthe theory to account
for arbitrarily varying albedo. We also investigate local, rather
than global, estimates of the dir ection, and demonstrate our
theory on the CUReT and the Heriot-Watt TextureLab databases
where estimated dir ections are compared to ground truth.

I . INTRODUCTION

In this paperwe addressthe problem of determiningthe
illuminant's azimuthalanglefrom texturedimages.Tradition-
ally, techniquesfrom Shapefrom Shadinghave been used
to estimatethe direction of the light source[3], [15], [18]–
[20], [22], [24]. Assuminga Lambertian[8] imageformation
model,mostof thesetechniquestry to simultaneouslyrecover
bothshape,i.e. thesurfaceheightmapor thesurfacenormals,
and the direction of the light source.However, this is an ill
posedproblemandsomany constraintshave to be imposedin
orderto �nd a reasonablesolution.Someof themostcommon
constraintsarethatthealbedois constantandthatthesurfaceis
smoothor thenormalsintegrable.Alternatively, othermethods
focus on local estimatesor the occluding contour but, once
again, have to imposevery similar constraintsto determine
the illuminant's direction.

Recently, methodshave beendevelopedwhich speci�cally
exploit the statistical nature of rough textures. Chantler et
al. [4], [5] have shown that the varianceof �lter responses
obtainedfrom a textured image lie on Lissajous' ellipsesas
a function of the illuminant's azimuthalangle. Given three
referenceimagesof the texture, taken under �x ed viewpoint
andilluminant elevation,it is possibleto determinetheellipse.
This ellipse can then be usedto readoff the illuminant's az-
imuthalanglefor any novel imageof that texture.Koenderink
and Pont [12] assumethat the texture has constantalbedo
and that its surfacehasshallow relief, is isotropic and hasa
Gaussianrandomdistribution.They developa theorybasedon
secondorderstatisticsto recover theilluminant'sazimuthfrom

a single imageviewed orthographicallyunderthe Lambertian
model.

Such statistical methods which recover the illuminant's
direction from textured images are useful and have many
applications.For instance,they canbe usedin Texture Anal-
ysis to provide information about the imaging conditions
and thereby improve classi�cation. Knowledge of the light
source's direction can also help in ComputerGraphicswhen
introducingcharactersandobjectswith realisticshadows into
an image. However, the applicability of most illumination
estimationalgorithmsis restrictedby the fact that they require
the surface to have constantalbedo.In this paper, we take
a �rst step towards tackling this problem. In particular, we
extendthemethodof KoenderinkandPont[12] to caseswhere
the albedois spatiallyvarying.

The organisationof the rest of the paper is as follows:
In section II we generalisethe theory of Koenderink and
Pont for the casewhere the albedois isotropic and can be
modelled as a random variable drawn from a log-normal
distribution. In this case, the eigenvectors of the structure
tensor S = < (r log I )( r log I )T > turn out to be identical
to thosefound by [12]. However, the coherencehas a very
different form and now, rather than being just a constant,
becomesa functionof the illuminant's elevationaswell asthe
texture's albedo.We alsoexaminehow thecoherencebehaves
in the presenceof shadows and in section III verify our
theory experimentallyon the Columbia-Utrecht(CUReT) [6]
database.Next, in section IV we explore how the theory
can be further generalisedto take into account arbitrarily
varying albedoif extra information is presentin the form of
an additional referenceimage. The theory is then testedin
sectionV on the Heriot-Watt TextureLabdatabase,wheread-
ditional referenceimagesareavailable,andit is demonstrated
that superiorresultsare achieved with the new formulation.
In section VI we investigate the advantagesof using local
regions,ratherthanthe entire image,to form estimatesof the
azimuthalangle.Finally, we concludein sectionVII with a
discussionon the implicationsof our theoryfor resolvingthe
GeneralisedBas-Reliefambiguity.

I I . ESTIMATING THE L IGHT SOURCE AZIMUTH

This sectiondevelops the basic theory for recovering the
illuminant's azimuthfrom a singletexture image.We consider
thecasewheretheunderlyingtexturesurfacecanbemodelled
asa Gaussian,random,roughsurface.Noneof theparameters
of thesurface,themean,varianceor even theauto-correlation
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function, needactuallybe known. Thusno knowledgeof the
geometryis required.Insteadby makinggeneralassumptions
aboutthesurfaceheightdistribution, thesecondorderstatistics
of the surfacederivativescanbe usedto robustly recover the
light sourceazimuth. The derivation will follow principally
along the lines of [12].

Under the basic assumptionsthat the underlying model
which produced the textured image has (a) an isotropic,
Gaussianrandom rough surface with shallow relief viewed
orthographically, (b) an albedo which is also isotropic but
distributed log-normally, (c) an illuminant whose elevation
� is high as comparedto the surface tangent plane, and
(d) a perfect Lambertian image formation model without
shadowing, specularitiesor inter-re�ections, it will be shown
that the illuminant's azimuthalangle canbe recoveredfrom
the largesteigenvectorof the structuretensorS.

As theseassumptionsmightappearto beoverly restrictive, it
will bedemonstratedthatthetheoryholdsevenfor caseswhen
thetexturesdeviatestronglyfrom this model.For example,the
resultsareempirically valid for elevationsassmall as� = 5�

andwhentherearesigni�cant shadows. We will explain why
this might be the caseby consideringthe situationwherethe
effectsof shadowing, specularities,inter-re�ectionsetc.canbe
incorporatedinto the albedomap.

If a textured surface is imaged under the Lambertian
model [8], then the image intensitiesare independentof the
viewing direction and dependon only the anglebetweenthe
surface normal at eachpoint and the light sourcedirection.
When there is a single, collimated, parallel light source,
relatively high enoughfrom the surfacetangentplaneso that
shadows canbe neglected,the imageintensitiesaregiven by

I (x; y) =
� (x; y)L � sin �
q

1 + h2
x + h2

y

[1� cot � (hx cos + hy sin  )] (1)

where L = L � [cos� cos ; cos� sin  ; sin � ] is the light
sourcevectorwith elevation � andazimuthalangle , h(x; y)
is theMongepatchparameterisationof thesurfaceheightwith
partial derivatives hx (x; y) and hy (x; y), and � (x; y) is the
spatiallyvaryingsurfacealbedo.Thuswe areonly considering
a very simple imageformation model and neglecting effects
dueto specularities,inter-re�ections andshadows. Yet, aswill
bedemonstrated,eventhis simpleanalysiscangive very good
resultson real world datasets.

If the surface has shallow relief then the factor in the
denominatorcan be ignoredas hx ; hy � 1. Following [12],
[14], we work with the log intensitydistribution given by

log I (x; y) = log(�L � sin � ) � cot � (hx cos + hy sin  ) (2)

wherewe have usedthe fact that cot � is small to form the
truncatedTaylor seriesexpansionlog(1 � x) = � x. Denoting
LI = log I ; s = sin  ; c = cos andtakingpartialderivatives
gives

LI x (x; y) =
� x

�
� cot � (chxx + shxy ) (3)

LI y (x; y) =
� y

�
� cot � (chxy + shyy ) (4)
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Fig. 1. Gaussianrandomroughsurfacesanda corresponding1D horizontal
slice asgeneratedby (5): (a) isotropicand(b) anisotropic.

Generic information about the surface height and albedo
distributions is now neededin order to proceedfurther with
theanalysis.Many Lambertianroughsurfacesin therealworld
can be describedby a Gaussianheight distribution with a
given auto-correlationfunction. In [2], [17], it is shown that
a Gaussianrandom rough surface can be generatedby the
interactionof a numberof wavesat different frequenciesand
orientations.Thus,

h(x; y) =
X

n

X

m

hnm cos(nx + my) (5)

where n; m 2 Z and hnm are random variables which
determinethe auto-correlationfunction.Figure1 shows some
sampleGaussianrandom rough surfaceswhich can be ex-
pressedas (5). Sincea Gaussianrough surfacemust have an
equalnumberof protrusionsand indentations,the �rst order
statisticswill not revealany informationabouttheilluminant's
azimuth(as the bright imageregionswill cancelout the dark
image regions). Mathematically, < LI x > and < LI y >
shouldvanishas the expectedvaluesof all partial derivatives
of h must equal zero. Hence we turn to the squareterms
< LI 2

x > , < LI 2
y > and< LI x LI y > which become

< LI 2
x > = < (� x =� )2 >

+ cot2 � < (chxx + shxy )2 > (6)

� 2cot � (c < � x hxx =� > + s < � x hxy =� > )

To accountfor the albedo,a similar kind of assumption
is madeaboutits distribution. If the albedocan be modelled
as a randomvariablewith a log-normaldistribution [7], then
log � should also be of the form (5) and thereforethe third
term in (6) must vanish as the product of any odd and
evennumberedderivativeshaszeroexpectedvalue.Denoting,
Ax = < (� x =� )2 > we thenhave,

< LI 2
x > = Ax + cot2 � < (chxx + shxy )2 > (7)

< LI 2
y > = Ay + cot2 � < (chxy + shyy )2 > (8)
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where< LI 2
y > hasbeenobtainedby a similar treatment.The

expressionfor < LI x LI y > is alsovery similar

< LI x LI y > = Axy + cot2 � < (chxx + shxy )(chxy + shyy ) >

whereAxy = < � x � y =� 2 > .
We now need to evaluate the expectationsof the height

derivatives. Somestraight forward trigonometryand integra-
tion yields

< h2
xx > = (1=2)

X

n

X

m

n4h2
nm

< h2
yy > = (1=2)

X

n

X

m

m4h2
nm

< h2
xy > = (1=2)

X

n

X

m

n2m2h2
nm = < hxx hyy >

< hxx hxy > = (1=2)
X

n

X

m

n3mh2
nm

< hyy hxy > = (1=2)
X

n

X

m

nm3h2
nm (9)

At this point, therearemoreunknowns thanequationsand
thereforethe systemmustbe constrainedfurther for the light
sourceazimuth to be recovered. One way of reducing the
number of free variables is by constrainingthe underlying
surface and albedo. In the casethat both are isotropic, the
expectationsin (9) canbe greatlysimpli�ed [2] to
 

< h2
xx > < h xx h y y > < h xx h xy >

< h y y h xx > < h2
y y > < h y y h xy >

< h xy h xx > < h xy h y y > < h2
xy >

!

= H
�

3 1 0
1 3 0
0 0 1

�

while the albedoexpectationssimplify to
�

Ax Axy

Ayx Ay

�
= A

�
1 0
0 1

�
(10)

where H and A are constantswhich dependon the surface
heightandalbedoof thetexturedmaterial(for instance,A = 0
for constantalbedotextures).Substitutingthesevaluesback
into theexpressionsfor < LI 2

x > , < LI 2
x > and< LI x LI y >

gives

< LI 2
x > = A + H cot2 � (3 cos2  + sin2  )

< LI 2
y > = A + H cot2 � (cos2  + 3sin2  )

< LI x LI y > = H cot2 � (1 + 1) sin  cos 

Therearenow exactly threeequationsin threeunknowns and
thereforeit is possibleto recover the illuminant azimuth  
from the eigenvectorsof the structuretensor[12] de�ned as

S =
�

< LI 2
x > < LI x LI y >

< LI x LI y > < LI 2
y >

�
(11)

In the presentcase,the structuretensorturns out to have a
very simple form

S = AI + H cot2 �
�

2 + cot 2 sin2 
sin2 2 � cot 2 

�
(12)

whereI is the2� 2 identity matrix. The largereigenvalueand
correspondingeigenvectorof thestructuretensoraregiven by

� 1 = A + 3H cot2 � ) v 1 =
�

cos 
sin  

�
(13)

while the smallereigenvalueandeigenvectoraregiven by

� 2 = A + H cot2 � ) v 2 =
�

cos( + � =2)
sin( + � =2)

�
(14)

Thus,v 1 points in the directionof the illuminant's azimuthal
componentandrepresentsthedesiredsolution.However, note
that there is an ambiguity of 180 degreesin the recovered
angleasS dependson 2 ratherthan  .

The coherenceof the structuretensorS is de�ned to be

coh =
� 2

1 � � 2
2

� 2
1 + � 2

2
(15)

=
H cot2 � (2A + 4H cot2 � )

A2 + H cot2 � (4A + 5H cot2 � )
(16)

which mustbe lessthanor equalto 0:8. Thus,the coherence
dependsupon both � and A. For example, when A2 is
negligible ascomparedto thesecondtermin thedenominator,
the expressionfor the coherencesimpli�es to

coh=
2A + 4H cot2 �
4A + 5H cot2 �

(17)

which variesbetween0:5 and0:8 dependingon the elevation
� . Of course,if A2 is not negligible then the coherencecan
be lower still.

Deviations fr om the perfect Lambertian model: The
model up till now has been derived under the assumption
of perfect Lambertian re�ectance without any shadowing
(see�gure 2), specularities,inter-re�ections etc. However, in
general,it is not possibleto distinguish theseeffects from
albedovariationsgiven just a single image (unlessthere is
prior informationavailable) [10], [13]. For example,it is not
possibleto tell apartdark regionsdueto shadows (eithercast
or attached)from dark regions due to low albedofrom only
one image. Therefore,it might be possibleto model these
effectsasalbedovariations,aslong asthedistribution remains
roughly log-normal(which canaccommodatea large number
of low intensityshadow regionsin thebulk of thedistribution
with the specularities�tting into the long tail). In such a
situation, (13), (14) and (16) will still hold and the largest
eigenvectorwill point in thedirectionof theazimuth.However,
A will now becomea functionof both � and (aswell asthe
cameraposition)and therefore,for a given texturedmaterial,

A C CA

illumination direction

Fig. 2. A indicatesan attached(self) shadow boundary, and C a cast
shadow boundary. Signi�cant cast shadows can suddenlyappearbelow a
certainelevation for roughsurfaces.

3



the coherencecan no longer be expectedto be a monotonic
function of the elevation. If we were to focus on shadowing
as the major sourceof deviation from the the model, then
dependingon how quickly A increaseswith decreasing� (i.e.
therateof shadowing), ascomparedto H cot2 � , thecoherence
curve caneitherincreaseor decrease.It canalsodo bothif the
shadowing patternchangesafter a certain elevation and one
can expect kinks in the graph. Figure 3 plots somesample
scenarios.
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Fig. 3. Thevariationin coherencewith elevationin thepresenceof shadows.
The curve can changedramaticallyif the shadowing patternchangesafter a
certainelevation.This canalsocausea jump in thecurve, for example,when
signi�cant castshadows suddenlyappearbelow a certainelevation. It should
be noted that theseare just a few samplecurves from the set of all such
possible.Eachcanvary considerablydependingon how shadowing in�uences
the albedoparameterA .

I I I . SINGLE IMAGE EXPERIMENTS AND COMPARISONS

It is interestingto note that the eigenvectorsrecovered in
(13) and(14) are identical to thosefound by Koenderinkand
Pont [12]. Thus, even thoughtheir theory was derived for a
constantalbedomap, their methodshould hold for a much
wider range of textures. However, since a constantalbedo
map implies A = 0, their model expectsthat the measured
coherenceshould always equal 0.8 and should not change
with varying elevation,azimuthor texture sample.The theory
derived herepredictsotherwise.For almostconstantalbedos
(i.e. small A), (17) expects the coherenceto lie between
0:5 and 0:8 with lower values being expected for larger
variationsin albedo.Thesepredictionsmatchvery well with
the “deviations” from the ideal asmeasuredin [12].

In the caseof a true Gaussianrandomrough surfacewith
paintedwhite albedo,[12] reportthat theazimuthis estimated
correctlywithin a few degreesbut “the coherencesaresignif-
icantly lower” and vary between0.4 and 0.7 with changing
elevation. Similarly, on a sampletexture from the Columbia-
Utrecht (CUReT) database[6], the illuminants azimuth is
detectedto within a degreeof the groundtruth ( = 0) but
the coherencesare again found to be slightly lower with the
25 to 75 percentilesbeing0:53 to 0:78.

It should be noted that while the current model has been
derivedby assumingGaussianandlog-normaldistributions,it
mayalsohold to somedegreefor otherdistributionsfor which
the appropriateexpectedvaluescancelout. To determinehow
well the model copeswith various materialswith differing
albedoandheightdistributions,we apply it to all the textures
in the CUReT database.There are a total of 61 materials
presentin this databaseand each texture has been imaged
under205 different viewing and illumination conditions.Out
of all theimagesavailable,we selected92 imagespermaterial
for which a big enoughtextureregion couldbeextractedfrom
the image.While the most extremeviewpoints are excluded,
therearestill many imagesfor which the viewing directionis
far from headon.Again, in orderto verify therobustnessof the
model, we do not photometricallyor geometricallycalibrate
the imagesbut insteadusethe raw pixel intensitiesafter they
have beenconvertedto grey scale.

Figure4 shows theresultsof thealgorithmon someCUReT
textures.Only a few samplesareshown for lack of space.For
eachtexture,7 imagesarechosenfor which theviewing angle
is almostin the directionof the surfaceplanenormal (within
15� ). Thevalueof the illuminant's azimuthis estimatedusing
(13) andtheestimationerrorin degreesis plottedasa function
of � in the middle row. The error is lessthan a few degrees
even thoughthe view is not perfectly normal, the albedonot
constantand the surface not necessarilyisotropic Gaussian.
The resultsarevalid even in the presenceof shadows for the
smallervaluesof elevation. In the bottomrow, the associated
coherenceshave alsobeenplottedasa function of � . As can
be seen,they are not always equal to the constantvalue 0:8
but vary with � andalbedoaspredictedby the theory.

Next, we apply the methodto all 92 � 61 = 5612 images
selectedfrom the CUReT databaseand estimatethe light
sourceazimuth. As can be expectedsome results will not
be very good due to the oblique viewpoint and the strong
deviation of the texturesfrom our assumptions.Nevertheless,
in a majority of the cases,the azimuthis recoveredto within
a few degrees.Figure5 is a plot of theestimationerrorversus
thenumberof imageshaving thaterror. Thus,for 1475images
the azimuth is estimatedto within an accuracy of 1� while
3255 images(roughly 58% of thoseselected)have an error
lessthan5� .

However, the algorithm doeshave a sourceof error which
could be biasing theseresults. When a texture is strongly
anisotropic,the perpendicularpartial derivative dominatesthe
structuretensorandforcestheestimatedilluminant to lie in its
directionirrespective of thetrueazimuthalangle.For example,
for a texture with translationalsymmetry, the iso-illumination
contoursarestraightlines parallel to the translationdirection
and hencethe derivatives in this direction will be negligible
as comparedto the perpendicularderivatives.So, for images
which are vertically oriented(see�gure 6), the x derivative
becomesvery large and forcesthe structuretensorto assume
the form

S = H
�

1 �
� �

�
) � 1 = 1; � 2 = 0; v 1 =

�
1
0

�
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Fig. 4. The top row shows somesampleCUReT textures from a fronto-parallelview (only a few samplesare shown becauseof spacelimitations). The
middle row plots, for eachmaterial, the error in estimating (in degrees)as the illuminant's elevation varies from 11:25� to 78:75� (the viewing angle
also variesbut is always within 15� of the surfaceplanenormal).Clearly,  is estimatedto an accuracy of within a few degreeseven when the albedois
not constant,the texture not necessarilyisotropic Gaussianand even in the presenceof strongshadows for smallervaluesof the elevation. The associated
coherencevaluesareplotted in the bottomrow. As canbe seen,the measuredcoherencevarieswith elevation andtexture sampleaspredictedby the theory.
It is not a constantequalto 0.8 in all casesaspredictedby [12]. The jumpsin the curvesaremostprobablydueto shadowing effectsprimarily with change
in elevation but could alsobe dueto the othereffectswith changein viewpoint (asthe camera's azimuthalangle�uctuatesbetween0� and180� from image
to image).The samplesare: Polyester(texture number02), Terrycloth (03), RoughPlastic(04), Sandpaper(06), PlasterA (10), PlasterB (11), Quarry Tile
(25), andWhite Bread(52). Note that for eachsample,derivativesarecomputedat variousscalesand the bestresult reported.No photometricor geometric
calibrationhasbeendoneandall imagesareconvertedto grey scale.

and thus the estimatedazimuth is 0� irrespective of the
actualdirectionof the illuminant. A similar problemexists for
horizontal texturesand  = 90� . And sincemost illuminant
directionsin the CUReTdatabaseareeither = 0� ,  = 90�

or  = 180� it is dif�cult to tell whether the algorithm is
working properly or giving erroneousresultsbecauseof the
dominanceof oriented edges.However, in thesecasesthe
coherencewill be greater than 0:8 and in fact will approach
1 andcanthereforebe usedto �ag errors.Figure6 illustrates

0 10 20 30 40 50 60 70 80 90 100
0

500

1000

1500

Azimuth Estimation Error (in degrees)

N
um

be
r 

of
 im

ag
es

Fig. 5. A count of the azimuthestimationerrors(in degrees)for all 5612
images in the CUReT database.Resultsare given for the best scale for
computingderivatives.

this effect. The algorithm seemsto be working well as the
estimatedazimuth appearsto lie very close to ground truth
for  = 0� . However, in reality, it is the orientationeffects
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Fig. 6. The model can appearto be working well even thoughit is being
fooledby orientationeffects.As longastheilluminant's trueazimuthis around
0� the algorithm returnsgood results(solid red curve in the graphsin the
middle row) for Corduroy (42), Linen (44) and Corn Husk (51). However,
the estimatesfor all other illuminant directionsarevery poor ascanbe seen
by the dashedcurve in the samegraphs.The fact that the coherenceis near
1 for the  = 0� curvescanbe usedto �ag this.
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which arecausingthis andoncethe true illuminant direction
moves away from 0� the errorsbecomevery large. The fact
that the coherencesare greaterthan 0:8 can be usedto �ag
this occurrence.

Nevertheless,themodelappearsto bequite robustwhenits
basicconditionsare met. For example,for PlasterA (texture
number10) which appearsto be isotropic, the azimuth was
estimatedto within 5� nearly 90% of the times, irrespective
of viewpoint andshadowing. Thus,even thoughthereis room
for improvement,thesimplemodelderivedwithout takinginto
accountmany physicalphenomenonstill appearsto work quite
well.

IV. ESTIMATION FROM TWO IMAGES

Thereare often caseswhen multiple imagesare available
of a texture taken from the sameviewpoint but with varying
illumination. PhotometricStereotechniquesrely on suchdata
for example. In thesecases,it is possibleto use the extra
information available to lift someof the restrictionsimposed
on the model in section II. In particular, it is possible to
have freely varying albedoand, in this section,we develop
a theory for estimatingthe illuminant's azimuth under such
circumstances.

Supposewe have availabletwo registeredimagesI 1 andI 2

imagedby varying the illuminant's azimuth.Then,underthe
Lambertianmodel, the imageintensitiesaregiven by

I i (x; y) =
� (x; y)L � sin �
q

1 + h2
x + h2

y

[1 � cot � (hx cos i + hy sin  i )]

Note that by taking the ratio of the two images,it is possible
to immediatelyget rid of both the albedovariation as well
as the normalisingconstantin the denominator. Thus,we no
longer have to make explicit the assumptionthat the surface
hasshallow relief in orderto remove the

q
1 + h2

x + h2
y factor.

Furthermore,the albedocanbe allowed to vary arbitrarily as
it hasno in�uence on the ratio. Taking logarithmsand again
makinguseof the truncatedTaylor seriesexpansiongives

LR = log(
I 1

I 2
)

= cot � [hx (cos 2 � cos 1) + hy (sin  2 � sin  1)]

DenoteC = cos 2 � cos 1 andS = sin  2 � sin  1. Then

LR = cot � (Chx + Shy )

) LR x = cot � (Chxx + Shxy )

) LR y = cot � (Chxy + Shyy ) (18)

Again, < LR x > and < LR y > are not expectedto contain
any information,soonemustlook at thesecondorderstatistics
containedin < LR 2

x > , < LR 2
y > and< LR x LR y > . If the

surfaceis isotropicandGaussian,then< h2
xx > = < h2

yy > =
3H; < h2

xy > = < hxx hyy > = H while all other expectations
arezero.Therefore,

< LR 2
x > = H cot2 � (3C2 + S2)

< LR 2
y > = H cot2 � (C2 + 3S2)

< LR x LI y > = H cot2 � 2CS (19)

and the structuretensoris given by

S = H cot2 �
�

3C2 + S2 2CS
2CS C2 + 3S2

�
(20)

Making use of the trigonometric identities cos( 2 �  1) =
cos 2 cos 1 � sin  2 sin  1, sin( 2 �  1) = sin  2 cos 1 �
cos 2 sin  1 and performing somecareful, but straight for-
ward, algebrayields

S = �
�

2 � cos( 1 +  2) � sin( 1 +  2)
� sin( 1 +  2) 2 + cos( 1 +  2)

�
(21)

where

� = 4H cot2 � sin2
�

 2 �  1

2

�
(22)

The eigenvaluesof the structuretensorarenow � 1 = 3� and
� 2 = � while the larger eigenvector is

v 1 =
�

� sin( 1 +  2)
1 + cos( 1 +  2)

�
(23)

from which it is possibleto recover the joint angle 1 +  2.
The coherenceof the structuretensornow becomes

coh=
� 2

1 � � 2
2

� 2
1 + � 2

2
= 0:8 (24)

V. EXPERIMENTAL RESULTS FOR TWO IMAGES

We now assessthe validity of the theory developed in
section IV on the Heriot-Watt TextureLab database[21].
The databasehas 30 textures representingvarious kinds of
materials: isotropic, oriented (in both surface and albedo),
rough,etc.Figure7 shows oneimageof eachsamplepresent
in the database.Eachmaterialhasbeenimagedundera �x ed
viewpoint. The illuminant's elevation is also�x ed at � = 45�

but the azimuthvariesbetween = 0� and = 315� .

Fig. 7. Materialspresentin the Heriot-Watt TextureLabdatabase.Thereare
30 texturesandeachhasbeenimagedfrom a �x edviewpoint. The illuminant
elevation is also �x ed at � = 45� but the azimuthvariesbetween = 0�

and = 315� .
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To testthetheory, we take samplesfrom thedatabasewhose
surfacemight be modelledas isotropic and Gaussianbut for
which the albedovaries considerably. For eachsample,the
imagetakenat  = 0� is retainedasthereferenceimagewhile
(23) is thenusedto recover theazimuthalanglefor all therest.
Figure 8 is a plot of the estimationerror for four samples,
AN4, TL2, TL3 and TL6, each of which has signi�cation
variation in its albedo.The middle row shows plots of the
estimationerror versus for the remainingimages.The solid
blue curves representthe errors in the angleestimatedusing
(23) and generally tend to be much lower than the dashed
redcurve representingtheerror in estimationdueto (13). The
bottomrow is aplot of theassociatedcoherences.Eventhough
(24) predictsthat the coherencesshouldnow equal0.8 this is
clearly not the case.The variation is most probably due to
deviations from the model in termsof shadowing.
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Fig. 8. Estimatingthe illuminant's azimuthfor samplesin the Heriot-Watt
TextureLabdatabase.For eachmaterial, the imageat  = 0� is chosenas
the referenceimage.The solid blue curves (middle row) then representthe
error in estimating in degreesfor all the remainingimagesusing(23). The
dashedred curvesrepresentthe estimationerror asmeasuredusing(13). The
bottomrow is a plot of theassociatedcoherences.Notethat for bothmethods,
derivativesarecomputedat variousscalesand the bestresultsreported.

VI. LOCAL ESTIMATION

Even thoughthe methodsdevelopedin sectionsII and IV
appearto copefairly well with deviations in the model,there
areoften caseswherea few badmeasurementscanadversely
affect the recovery of the azimuthal angle. Therefore,it is
desirableto estimatethe illuminant's direction using local
regionsratherthan the entire image.

As has beennoted in section III, the presenceof strong
edgescanbiasthestructuretensorandthereforetheseregions
shouldbe excludedwhile computingthe expectations.Simi-
larly, regions of constantintensity wherethe signal variation
is very low shouldalsobe excluded.

Thereexist many suchoperators[9], [11], [16] to discard
exactly suchregions.Most of themarebasedaroundcomput-

ing the secondmomentmatrix which is extremely similar to
the structuretensorS. We usethe Harris cornerdetectorop-
erator[11] to rejectedgeandconstantintensityregionswhich
might deviate from theassumedmodelandthereforegive bad
estimates.To estimatethe statisticslocally, we computethe
most interestingHarris points and then for eachpoint, use
the region aroundit to calculatethe expectations< LI 2

x > ,
< LI 2

y > and< LI xy > andtherebythestructuretensor. Thus
at eachchosenHarris point we computethe structuretensor
andevaluatethelocalestimateof theilluminantdirection.This
can then be usedto return the probability distribution of the
azimuthalangle from which the modecan be chosenas the
most likely estimate.

Preliminaryexperimentsindicatefavourableresults.As dis-
cussedin sectionIII theazimuthcanbeestimatedto within an
accuracy of a few degreesfor mostimagesof PlasterA in the
CUReT database.This indicatesthat the texture satis�es the
basicmodel.However, for a few imagestheestimationerror is
ashigh as15� indicatingthatviewpoint andshadowing effects
arecausingdeviationsfrom themodelandtherebycontributing
badmeasurements.It is hopedthat if thesemeasurementscan
be excluded from the estimationprocessthen we should be
ableto recover theazimuthalanglemuchmoreaccurately. This
is found to beexactly thecasewhenthe top 300Harrispoints
areusedto choosetheregionsfor computation.Figure9 plots
the probability distribution of the anglesestimatedusing the
Harris regions.Themodeof thedistribution is at 65� which is
within 0:15� of the groundtruth while usingthe entire image
the recoveredanglewas = 49:61� with an error of 15:49� .
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Fig. 9. Recovering the illuminant's azimuth using local estimatesfor an
image of PlasterA from the CUReT database.The ground truth is  =
65:10� but the angle recovered using (13), which computesstatisticsover
the entireimage,is  = 49:61� dueto shadowing andviewpoint deviations.
By estimatingthe anglelocally usingHarris regionsandrejectingothersit is
possibleto improve theaccuracy of theestimateasthemodeof thedistribution
is 65� .
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VII . CONCLUSIONS

In this paper, we have developeda theory for estimating
the illuminant's azimuth for isotropic, Gaussianrandomtex-
tures with spatially variable albedo.When the albedo itself
is isotropic and randomly distributed log-normally, then the
solution for the illuminant's azimuth is identical to the one
found by KoenderinkandPont [12]. However, the coherence
of the structuretensoris no longera constantbut varieswith
both the elevation and the azimuth and is dependenton the
texture's albedoandshadowing pattern.In the casethat extra
informationis availablein the form of a registeredimagewith
the sameelevation, then it is possibleto extend the theory
to arbitrarily varying albedoas long as the surface itself is
roughly isotropicGaussian.

Being able to recover the illuminant's azimuth raisesthe
interestingpossibility of resolving parts of the Generalised
Bas-Reliefambiguity (GBR) [1], [23]. Unfortunately, it turns
out that once integrability hasbeenenforced,the GBR does
not affect the azimuthalangleof the light sourcebut only its
elevationandstrength.However, thefactthatwehave imposed
a Gaussiandistribution on theheightfunctiondoesrestrictthe
ambiguity. If the transformedsurfaceis given by

�h(x; y) = �h (x; y) + �x + � y + d (25)

then,in theory, both � and� mustbe zeroandthe ambiguity
reducesto � which affects the varianceof the Gaussian,and
the constantof integration in the surface reconstructiond
which affects the mean.However, in practise,due to numer-
ical reasonsand becausethe Gaussiandistribution is being
approximatedby a �nite numberof surfaceheight points, it
maywell be thecasethat theambiguityis not resolved to just
� andd but may also involve spuriousvaluesof � and � .
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