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ADbstract
B

Understanding the p-torsion of Jacobians of curves in
characteristic p is a fantastic problem in number theory.

This topic has applications to codes, cryptography, and
Galois covers and representations.

There are many open problems about the existence of
curves whose p-torsion has given invariants such as
p-rank, a-number, group scheme, or Newton polygon.

In this talk, | will introduce these problems, give a survey of
the literature, give a proof of some of my recent results, and
describe some open guestions of a computational nature.

-
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Preview - more precise later

- .

We prove that every component of the moduli space of
hyperelliptic curves of genus g with p-rank f has the
expected dimension g+ f — 1.

| prove that the generic point of every component of the
moduli space of curves of genus g with p-rank f =g—2or

f =g—3has a-number 1, and prove an analogous result for
hyperelliptic curves with p-rank f =g— 2.

We prove that there exist (hyperelliptic) curves of genus g,
p-rank f = g— 2, and a-number 2. When f = g— 3, the other
three types of p-torsion occur for curves of genus g.

These results lead us to open guestions which can be
Ltackled with many approaches (computational, geometric). J
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Computational or geometric approach?

- .

Computational approach:

- best for applications
(finding specific curves with interesting p-torsion);

- easiest for small p;
- easlest for cyclic covers of the projective line.

Geometric approach:

. gives picture of the geometry of moduli space of curves
with given invariants;

- structural techniques can yield stronger results;

. can be difficult to translate abstract existence results into
concrete examples.
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p-torsion in the complex case

- .

Let E = C/L be a complex elliptic curve (genus 1).
E has the structure of an abelian group.

The p-torsion E|p] is the kernel of multiplication by p.
_1 ~ 2
Then E[p] =sL/L~(Z/p)*.

More generally, if X is a Riemann surface of genus g then
the Jacobian Jyx of X is a principally polarized abelian

variety of dimension g and Jx|[p] ~ (Z/p)%.
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p-torsion in characteristic p

- .

Now, let k be an algebraically closed field of characteristic p.
If E is an elliptic curve over k, then |E[p](k)| < p?.

Typically, |E[p|(k)| = p and E is ordinary.

Otherwise, |[E[p|(k)| =1 and E is supersingular

There are exactly (p— 1)/2 choices of A for which the elliptic
curve y? = x(x—1)(x—A) is supersingular, Igusa.

(These are the solutions to a hypergeometric differential
equation.)
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The p-rank
-

Let X be a smooth projective k-curve of genus g. Its
Jacobian Jx Is a p. p. abelian variety of dimension g.

Then |Jx[p](k)| = p™* for some 0 < fx < g.

We say that fy Is the p-rankof X.

(Z/p)
—>

Also fx =max{f e N | J étale Z X}.

The p-rank can only decrease under specialization, Katz.

For fixed p and X, one can compute fyx. Consider the
Cartier operator C on H%(X, Q). Then fyx is the dimension

of the largest subspace of H°(X, Q1) on which C acts
iInvertibly. Calculations are tricky since C is only semi-linear.J
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Yul: hyperélliptic curves
Consider Y : y? = h(x) where h(x) = 1% (x— \)).
Let ¢, be the coefficient of X' in the expansion of h(x)(P~1/2,
Let Ay be the g x g matrix whose ijth entry is Cip_;.
Yui: Y is ordinary if and only if D = det(Ay) # O.
The p-rank of Y is fy = rankM) where M = [122(AP)).

One expects that decreasing fy by one gives exactly one
new restriction on {A;}.

Without more information, it is not clear how to use this to
guarantee the existence of a hyperelliptic curve with genus
g and p-rank f for every p.
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Moduli spaces

Consider the moduli space 9/ of k-curves of genus g or the

moduli space # of hyperelliptic k-curves of genus g.
(All curves are smooth, connected, and projective.)

Recall dim(a/y) = 3g— 3 and dim(#y) = 29— 1.

Let Vy ¢ be the sublocus of 24 consisting of curves with
genus g and p-rank at most f.

Oort’s purity result implies that codim(Vy 1,Vg t-1) < 1.

Faber & Van der Geer use this to show that Vg ¢ has
Lcodimension g— f in a4 (dimension 29+ f —3). J
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| nter section with the hypereélliptic locus

fWe prove, for every g > 1 and every 0 < f < g, that there T
exists a smooth hyperelliptic curve of genus g with p-rank f.

Theorem 1 (Glass, P): For p > 2, the locus Vg + N #Hy IS pure
with codimension g — f in #.

So Vy 1 N Hy has dimension g+ f — 1.

We skip the proof since it is similar to another given later.

It is by induction (first on g with f =0, and then on f). It uses Oort’s purity result and results
of F & VdG that Vy oM #g is non-empty and Vg ¢ intersects the boundary 0#4. We do a

dimension count at different components A; and Ag of 074g.

LZhu p=2, every 2-rank occurs for X € 7y with Aut(X Z/ZJ
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E|p| asa group scheme
B o

If E is ordinary, E[p] ~Z/p® Hp.

If E Is supersingular, there is a uniqgue isomorphism class
for E[p] which we denote I;. There is a non-split exact
sequence 1 — 0, — 1 —ap — 1.

Here Z/p is the constant group scheme;
Hp ~ Spegk|x|/(x—1)P) is the kernel of Frobenius on G,
and ap ~ Specgk|x]/xP) is the kernel of Frobenius on G,.

The p-torsion Jx|p] is a group scheme of rank 2g.

Technically, Jx[p] is a BT; group scheme, which is a finite commutative group scheme

annihilated by p having actions by Frobenius and Verschiebung homomorphisms.

o -
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The p-rank and a-number

- .

The p-rankof X is fx = dimg, Hom(p,, Jx).
The a-numberof X is ax = dim¢Hom(a p, Jx ).

Unlike the p-rank, the a-number is not an isogeny invariant.
The a-number can only increase under specialization, Oort.
Also, ax + fx < gx. Also ax = gx — dimy(im(C)) where C is
the Cartier operator on H%(X, Q).

Genus2: y? = X(X— 1)(X— A1) (X—A2)(X— A3)
There are 4 possibilities for Jx|p].

The p-rank f 211/0]0
The a-number a
L Dimensionin #, |3|2|1|0 J

o
=
=
N
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Some points of common confusion

- .

If X Is superspecial (ax = gx) then X is supersingular (all
slopes of the Newton polygon equal 1/2).

The converse is false for g > 2.
If X Is supersingular then the p-rank fy is O.
The converse is false for g > 3.

The Newton polygon of X does not determine the group
scheme Jx|p] for g > 2.

The group scheme Jx|p| does not determine the Newton
polygon of X for g > 3.

o -
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Example: Artin-Schreler covers

=

For any j so that pf j, consider the curve Y : yP —y = xJ,

Then the genusis gy = (p—1)(j —1)/2 (Riemann-Hurwitz)
and the p-rank is fy = 0 (During-Shafarevich).

If j|(p+1) thenay =gy and Y is superspecial.

If j|(p—1) then ay is about gy /2.
The Newton polygon of Y has slopes {1/j,...,(j—1)/]j}
occuring with equal multiplicity, Katz. (See also Zhu).

There is a messy formula for ay when j{ (p£1).
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Example: Hermitian curve

=

Letg=p" and X :y9—y=x3"1, Then gx = (4 — q)/2.
As before, fx =0and ax ~ gx/2.

X is maximal, #X(Fq) = g*+ 1+ 2gg. No maximal Fg-curve
has larger genus, lhara. Also X is the unique maximal curve
of this genus, Rick & Stichtenoth.

The Cartier operator C on H°(X, Q) satisfies C" = 0. No
Fee-curve with larger genus has this property, Re.

The SL,(Fq)-cover @: X — P} has B = {0,»}. All deforma-
tions of @ are isotrivial, Pries. When q= p, X is the unique

Lcurve with such an SL,(Fy)-action, Bouw & Wewers. J
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Questions
-

Considerg>l1land 0< f <g.
It IS now natural to ask:

Which a-numbers and which group schemes occur for
(hyperelliptic) curves of genus g with p-rank f?

If a certain group scheme occurs, describe the sublocus of
My of curves with that group scheme: for example, how
many components? what are their dimensions?

If f =g, then Ix[p] ~(Z/p® Yp)? and ax = 0.
If f =g—1, then I[p| =~ (Z/p®up)? 1l and ax = 1.

LFor arbitrary gand f < g— 2, there are not many results. J
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Non-existenceresults

- .

For small p, not all types of p-torsion occur.
Ekedahl: If X is superspecial (a= g), then g < (p?— p)/2.

Re: Also g < (g—a+1)(p*—p)/2+ p(g—a).
If X is hyperelliptic, theng< (p+1)/2+ p(g—a).

The automorphism group of X puts restrictions on Jx|p|,
e.g. Bouw.

When p = 2, there are no supersingular hyperelliptic curves
with g=2"—1, Zhu.

When p =2, VdG expects that all hyperelliptic curves with

Lp-rank f=0havea=|(g+1)/2]. J
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Construction for f =g—2and a= 2

Fori=1,2, let @ : C; — P! be a hyperelliptic cover branched
at B;. Let @z : C3 — P! be the hyperelliptic cover branched at
Bs = (BlU Bz) — (Blﬂ Bz).

Let @: D — P! be the normalized fibre product of ¢; and @,.
It is a (Z/2)%-cover.

Prop. If p> 2, then Jp[p| = Jc,[p] @ Jc, [ p| © Jc, | P
(isomorphism, not isogeny as in Kani-Rosen)

Prop. Given g, If p > 5, there exist By, B, S.t. gp =g, gc, =0
and fc =gc —1fori=1,2 (not obvious, uses Yui, Igusa).

Theorem 2 (Glass, P): For p>5and g> 2, there is a
Lhyperelliptic curve D with Jp[p] = (W D Z/pZ)9 2> & (11)%. J
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Fun approach for g=5anda=3

- .

Let A1, A2, A3 be distinct supersingular values;
(i.e. each E; : y* = x(x— 1)(x— Aj) is supersingular).

There are (‘P"}/?) ways to choose {Ai}?;.

Which of the 4 possibilities for Jy|p| occur for the resulting
genus two curve Y 1 y? = X(X— 1)(X— A1) (X—A2) (X —A3)?

For all p, we expect {A}2_, exists so Y is ordinary;
(this is verified by Ritzenthaler for 7 < p < 100).

If so, the fibre product of {E;}3_, is a hyperelliptic curve of
genus 5, with p-rank 2 and a-number 3.

LFor some p, there does not exist {A\;}2_, so Y has p-rank O. J
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Thegeneric group schemefor p-rank f

- .

Suppose X has genus g and p-rank f where f < g
Then Jx[p] = (Z/p® W) " © G where there are 29~ 1~
possibilities for G.

Let Ig_+ be the unique choice of G with a-number 1.
Here Iyt has rank 2(g— f), p-rank 0, and a-number 1.

For example, 1, Is the p-torsion of a supersingular elliptic
curve. The group scheme I, occurs as the p-torsion of a
supersingular non-superspecial abelian surface.

Conj. Generically, one expects Jx[p] ~ (Z/pDup) ®lg_+.
This is clearly true when f =g— 1.

The Oort type for lg_¢ is [0,1,.. ., r —1]. The covariant Dieudonné module has relation F" =V"'.
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Wheng>2and f =g—2
-

Then Jx[p| is (A) (Z/p® Wp)¥ %D 1, (with ax = 1) or
(B) (Z/p® Hp)9 2@ (11)? (with ax = 2).

Let Ty C 2y be the locus of curves X with ax > 2.

Theorem 3 (P): Case (A) occurs for the generic point of
every component of V4> Ny and (for p > 3) of Vy g2 N Hy.

If p> 5, then Ty Is pure with codimension 3 in /4 and case
(B) occurs for the generic point of every component of Tg».

So case (A) occurs in codim 2 in ¢4 (and in #Hg for p > 3).
The generic curve with ax =2 has fx =g— 2.
LCase (B) occurs with dimension 3g— 6 (codim 3 in 2y). J
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Wheng>3and f =g—3
-

Then Jx[p| ~ (Z/p® Hp)? > ® G where G is:
() G = I3; (i) G = I; (i) G = I, @ I4; or (V) G = (I1)3.

Theorem 4 (P): Case (i) (p-rank g— 3 and ax = 1) occurs
for the generic point of every component of V _3M 2.

Let p>3. Letgbe odd, g1 modp,andg>6(p—1)+1.
Then cases (ii), (ii1) and (iv) all occur for a curve X of genus
g and p-rank g— 3.

So case (1) occurs with dimension 3g— 6 (codim 3 In #4g).

For cases (ii)-(iv), X is produced as an étale cover of a curve of genus 3, using a result of

Raynaud. This leads to restrictions on g.

Also, case (ii) occurs when p=2and g=1 mod 4and g > 7.
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Outline of proofs

- .

Claim. If the generic curve of genus gp and p-rank O has
a-number 1 then so does the generic curve of genus
g=(go+r and p-rankr.

The proofs are by induction using the compactification a1,,.

In the initial case, when go =2 or gg = 3,
the Torelli maps 4, — 4, and M3 — 43 are finite.
Abelian varieties of dim. go < 3 are well-understood, Oort.

This yields case (A) for f =g— 2 and case (i) for f =g— 3.
Case (B) for f = g— 2 follows, also with a boundary method.

Unfortunately very little is known for go >4 and f =0.
Codimension s subloci of a1y, yield results for codimension s subloci of a7g, .y if S< go+.
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EX. of induction proof using boundary

- . .

Let X be the generic point of a component W of Vg + N 2.
Now dim(W) =2g—3+ f > dim(WNVy_1), so fx = f.

Assume ay > 1. By Diaz/Looijenga, W intersects A,.
Then dim(WNTy,) <dimWNTy,NAg) + 1.

The generic point of WNTy2N A, yields a smooth curve X,
with gx, =g—1, fx, = f —1, ax, > 2, identified at 2 points.

So dim(WﬂngzﬂAo) — dim(Vg_ljf_lﬂTg_ljz) + 2.
By induction, dim(Vy_1t-1NT4-12) < 29+ f —6.

Then dim(WNT,,) <29+ f — 3.
LThIS IS too small to be generic in W. Thus ax = 1. J
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Open questions for small genus

- .

Hyperelliptic curves of genus 3 and p-rank O

1. How many components does V3N #3 have?

2. Does the generic point of each component have
a-number 1? (so far, yes for at least 1 component).

3. Does supersingular locus intersect each component?
Curvesof genusg > 4

1. Does there exist a curve with p-rank 0 and a-number 1?
2. Does there exist a curve with p-rank g— 3 and a= 3?

Computational evidence for many p should be feasible. Is
Lthere a systematic way to produce these curves for all g, p?J
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Open guestionson hyperelliptic curves

=

Recall Y : y2 = 1% (x— \)) is ordinary iff D # 0.
View D € KA1, ...,Azq+1]. Itis invariant under Sy q-action.

One can show that D has degree d =g(p—1)/2 in each A;.

(1) For generic Ay,...,Ayg does D have d distinct roots?
We show at least (p— 1)/2 distinct roots using lgusa.

Are #Hy and Vg g1 strictly transversal in a/4?

(i) For everychoice of Ay, ... Ay, does there exist Aygy1 SO
that D A0 and Y is ordinary?

Can you deform any hyperelliptic curve to the ordinary
locus by moving only one branch point?

o -
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Transversality questions

- .

We can interpret these results in terms of transversality of
loci In a1y or A4.

Thm. 1l = transversality of #y and V s.

Thm. 3 = transversality of Ty with Vg2 Or Vg g2 N #Hy.
Thm. 4 — transversality of Ty> with Vg 4_3.

There is a new interpretation of the classification of Jx|p| in
terms of Chow classes, VdG & E. There are results on
Intersection theory of Chow classes, Faber.

How can this be used to study which group schemes occur
as the p-torsion of Jacobians of (hyperelliptic) curves?

o -
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