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Notation for Hirzebruch-Zagier:

Let p=1 (mod 4) be a prime (p > 0).

° Y= 5'—2((9@(\/]—9))\?)2

o X — Satake-Bailey-Borel
P compactification of Y,

a particular (smooth) toroidal

T ._
* Xp = compactification of Y.

( _ Yz1-byp )
g0 . _ Ve )Eij' 2 = G pzitv >
m- — T 21, %2 a,bEZ,’YGOQ(\/I—))

\ vy +abp=m
where

7r:5§2—>Yp

IS the canonical projection.



Let

d = ) [Zn]q".
n=0

Theorem (Hirzebruch-Zagier Invent. ‘76)

For each ¢ € Hp(X]) the formal Fourier
expansion

&Py = > (& [Znl)y ¢

n>0
is a weight 2 elliptic modular form with
nebentypus.



Theorem (Zagier, LNM '76):

([Zm], ®) g c(m)E> p(z)

00 <fZ HA)Q
| (;,ff)

e ' indicates we sum over a basis of weight

two newforms for Mg(p) with character (]7’).

e L, := an Eisenstein series for this space.
r .= constant
c(m) := constant depending on m.

e (,) := Petersson inner product.

e f is the Naganuma lift of f A
npi= a differential form attached to f.
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Relationship with the Naganuma lifting

{HZ cycles Zn}

{Ell.m.f on Q}

<£7 CD>H

Naga

Ha(X})

P

{H.m.f. on Q(/p)}



Notation:

e [./FE := quadratic extension of totally real
number fields with associated Hecke
character n.

e > (L) := set of embeddings ¢ : L — R.
e O := ring of integers of L.

e ¢ .= ideal of Oy,.

e crp .= ideal of Op.

o G .= GL L= ResL/@(GLg).



Hilbert modular varieties

G(QN\G(A)/KeoKo(c).
Satake-Bailey-Borel of Yy(¢).

Yo(C) :
Xo(c) .

o K~ is the stabilizer of
cC* - G(R)

e Kp(c) is the compact open

{ve€GL2(Op) :v=(§3) (mod o)}

Analytic realization:

Yo(o) = | Jr\n=).



Abstracting the situation of HZ:

{Shimura subv. att. to E} ITHeo(Xp(c))

<[Z],CD>[H <€7CD>IH P

BC
{H.m. forms on E} {H.m. forms on L}




Compare with:

{HZ cycles Zp} Ha(X})
Zm|, P
([Zm], Py ey P
{Ell.m.f on Q} Naga {H.m.f. on Q(/p)}



Notation:

Define ST:9(¢cp, n) to be

{g € S(Ko(cg),n") - v, %)rjl E)I—i:Enimé; _1} |

IHE(XO(C)) — @ IH[L;Q](XO(C))(f)'
feSNEW(Kq(c)):
)\f(;pa):Af(fp) a.e.
VocGal(L/E)
TH" (Xo(c)) = D [Hr:q)(Xo0(c))(9)-

nebentypus(g)=n’
geS(Kg(c))
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The Hecke operators fni(m):

For each m C Oy, we define a Hecke operator

fnZ(NL/E(m)> c Tc.

For example, fni(NL/E(‘B)T) is defined to be

L (Te(P7) 4+ T.(F")) if p splits
FTe(B) + ' (P)Ng o) T, (p"=2)  if pis inert
0 otherwise

\

(the rest are defined by multiplicativity).

These operators satisfy the relation

fIT,i(n) = Xp(n) f

for f of nebentypus ni if n is coprime to
dL/E(cﬂC’)E) and in the image of the norm map.
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Definition of ’ynz-(m’):

Let

Q" : THE(Xo(c)) — TH" (Xo(c))

be the projection.

For each ~v € THE(X(¢)), define

T,i(Np/p(m))« QT
’Yni(m,) =X it m, = NL/E<m),
\O otherwise.
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Theorem 1 (G.-Goresky).

Let L/E be a quadratic extension and
v € TH®(Xo(0)).

We then have that

o i ((87)) =lulay > 7,i(EDE/0)a0,0(x, Ey)

EcEX
0k&

is an element of

TH"(X0()) @ STOW(0), ).

13



Theorem 2 (G.-Goresky).

Suppose that Z is a subanalytic cycle on Xg(¢c)
admitting a class [Z] € IHF (Xo(cp)). If

n+dp/p(cNOg) =m+dr p(cNOf) = Op,

then the nth Fourier coefficient of

(2], (m), Pry i) rH

IS

1 Jzwi(F) Jzwi(f) \
— > > = —A(m)Ar(n)
5B T Ty wa(FH) Awi(f) d d

where f ranges over newforms of nebentypus
nt with f € S(Kp(c)).

Otherwise, the nth Fourier coefficient is zero.
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Déja vu:
Theorem (Zagier, LNM '76):

([Zm], ®) g c(m)E p(2)
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Examples of cycles admitting classes in 1 H:

o Let B/E be a quaternion algebra. Set

Gp() == Resg,p((B® 7).

e Suppose that B issplit by L. Then we have
an injective morphism

L:Gp — G =Gy,

e [ his gives, for every compact open
K < G(AY), quaternionic Shimura
subvarieties

Gp(Q\GB(A)/KpB oot HEINGE(A)) — Y

where

Y = GQ\G(A) /Ko K.
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Examples of cycles (cont.):

We can always choose B = M»>(FE). Then the
diagonal embedding

L:Ggp— G

gives embeddings

Y —1(ko(e))nap@as) < Yolo)
and

X -1(ko()nagpar) = Xole).

T he associated cycles intersect the cusps
nontrivially.
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Theorem 3 (In progress).

Let Z C Xo(cy,) be a quaternionic Shimura
subvariety associated to a quaternion algebra
over E split by L. Then Z admits a canonical
class

(2] € 1H{p,.q1(Xo(c)).

Moreover Pnew([Z]) € TH"(Xg(c)), where

Prew : TH{1q)(Xo(e)) — THE(Xo(0))

iIs the canonical projection, and

(20, (i = [ w(h).
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Questions:

1. For good choices of cycles Z, {[Z], [w(/ )] 1H
IS a certain period integral. What is this
period in terms of adjoint L-functions?

2. What about non-quadratic extensions?

3. What can one say about integration
formulae of the type

(21,0 = [ w(f)

for Shimura varieties of higher Q-rank (i.e.
those with non-isolated singularities)?
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