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Abstract

This paper outlines the use of rapidly mixing
Markov Chains in randomized polynomial time algo-
rithms to solve approximately certain counting prob-
lems. They fall into two classes : combinatorial prob-
lems like counting the number of perfect matchings in
certain graphs and geometric ones like computing the
volumes of convex sets.

1 Introduction

We consider the problems of determining approx-
imately the number of elements in certain sets; for
example, the number of perfect matchings in a graph,
the number of connected subgraphs of a given graph,
the number of lattice points in a given polytope, or
the number of m x n matrices of nonnegative integers
with given row and column sums . In these and other
“counting problems”, it turns out that the exact ver-
sion is # P hard. The approximate version is polyno-
mial time reducible to another problem which we may
call the “(random) sampling problem” : output an
element of the desired set randomly so that the prob-
ability of any particular element being output is ap-
proximately 1 over the cardinality of the set. [For the
precise result, see Jerrum, Valiant and Vazirani [51].]
This we refer to as (nearly) uniform sampling. A more
general (“weighted”) version requires the probability
of z being output to be approximately proportional to
F(z) where F(-) is a positive valued function on the
set; we may call this “sampling according to” F'. In
the paper, we also consider the weighted version.

Our purpose here is to describe the recent success in
developing polynomial time algorithms for some sam-
pling problems using the following general scheme (for
simplicity, consider the uniform sampling case): devise
a Markov Chain whose states are the elements of the
set and whose steady state probabilities are the same
for all states. [This is often the easy part.] Then show
that after a polynomial number of steps, the probabil-
ities are “close” to the steady state probabilities [this
is the hard part], so that running the Markov Chain
for this many steps solves the sampling problem.

Let us illustrate with a toy example : suppose we
wish to sample from the set of lattice points in an n—
dimensional cube each of whose sides goes from 1 to
a positive integer d (and have forgotten the obvious
method). Here is a Markov Chain whose steady state
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probabilities are (easily shown to be) 1/d™ for each
state : from the current lattice point (in the cube),
choose one of the 2n coordinate directions, each with
probability 1/(2n); then go to the lattice point neigh-
bor in that direction if it is in the cube, otherwise,
stay at the current point. [This describes one move
of the chain.] Tt can be shown that if we start the

Markov Chain at any state, after O(n?d? logd) steps,
the probability of each state is between 1/(2d™) and
3/(2d™). This is thus an example of a “rapidly mix-
ing Markov Chain” where the number of steps needed
so that the probabilities are close to the steady state
is small (polynomial in n,d) whereas the number of
states is d”.

The problems for which this approach has yielded
polynomial time algorithms, fall into two main cate-
gories : combinatorial problems like our first two ex-
amples or geometric problems, like our last two exam-
ples. [The algorithms are in general fully polynomial
randomized approximation schemes (fpras) which take
also as input a desired upper bound ¢ on the relative
error; in this paper, we do not mention this ¢ anymore
to avoid obscuring the main points.]

The rate of convergence of general Markov Chains
was related to a combinatorial quantity called “con-
ductance” by Sinclair and Jerrum [82] and Alon [7].
Broder [19] introduced the Markov Chain approach
to combinatorial algorithms. Jerrum and Sinclair [48]
pioneered the algorithmic approach by showing lower
bounds on the conductance of certain Markov Chains,
leading to a proof of fast convergence to the steady
state.

In the geometric setting, the conductance is related
to a natural geometric relation called isoperimetry.
The proof of 1soperimetric inequalities forms the cen-
tral part of the proof of fast convergence of geometric
Markov chains. The initial motivation came from the
classical problem of computing the volume of convex
sets (a problem obviously related to our third exam-
ple above), but the approach has since been applied to
other problems like multivariate statistical sampling,
as well as to certain Stochastic Optimization prob-
lems.

Techniques other than the Markov chains approach
have also been used to solve counting problems effi-
ciently. Closed form formulas as one encounters in
Combinatorics, the matrix-tree Theorem of Kirchoff
that counts among others the number of trees in a
graph, the algorithm of Karp and Luby to count the



number of solutions to a disjunctive normal form for-
mula [59] and the algorithms of Karpinski and Luby
[60] are some examples of this . Recently also, there
has been an important breakthrough by Barvinok [15]
who has a polynomial time deterministic algorithm to
count (exactly) the number of integer points in a fixed
dimensional polytope using exponential sums. These
results do not form the subject of this paper. Another
important area that we do not cover here is the use of
Markov Chains for graph traversal problems [6].

2 General Tools

2.1 Preliminaries, Notation

The reader is assumed to be familiar with the ba-
sic theory of Markov Chains. If P is the transition
probability matrix with P, denoting the probability
of transition from state x to state y, for any natural
number ¢, the matrix power P? denotes the t—step
transition probabilities, i.e., th’y is the probability of
going from z to y in ¢ steps. All our chains will be
connected and aperiodic and thus have steady state
probabilities, i.e.,

7(y) = lim P;,y

t—o00

exists and is independent of the start state z. [The
notation w(-) will be used throughout for steady state

probabilities.] We let the vector p() = p(D Pt denote
the probabilities at time ¢ where we start with the
initial distribution p(®). All our chains will be “time-
reversible” | i.e.,

() Pry = 7(y) Pys

will be valid for all pairs z,y. Symmetric Markov
chains are ones for which P, = P, for all z,y;
symmetric chains have uniform steady state proba-
bilities. So they form a subclass of time-reversible
ones. In fact, often our chains will be symmetric. We
will henceforth assume that our chains are all time-
reversible.

Linear algebra yields the following results [80]. The
eigenvalues of P are 1 = Ay > Ay > Az... Ay > —1

(where N is of course the number of states). Viewing

p(*) and 7 as N —vectors, one can quantify the conver-
gence to the steady state by inequality of the form

distance(p), 1) < so distance(p(®), 7) [max(|As|, [An])]" -

Such an inequality holds for several standard defini-
tions of distance like the Lo, or L; distance (with a
suitable definition of sg) . Perhaps the most useful
distance to choose 1s the so-called “chi-squared” dis-
tance studied by Fill [37] following the work of Mihail
[74] (the sum below is over all states z; note that con-
nectedness implies that #(z) > 0.) :

() — m(x ’
X2(p(t)’ﬂ,)zz (p ( ) ( ))

. ()

for which he essentially derives the following nice in-
equality with no sg. [The inequality is not explicitly
stated in Fill’s paper.]

Theorem 1 For time-reversible Markov Chains, we
have for any natural numbers ¢, T

(P, 1) < [max(|Aa |, AN D] ¥ (0T, 7).

So to prove fast convergence,it suffices to prove an
upper bound on max(|Az], |[An]).

More often, one encounters the so-called total vari-
ation distance. This distance between two probabili-
ties p, g on a discrete set X is defined as )~ x [p(z)—

q(z)|. The above theorem also gives a bound on the to-

tal variation distance between p(*) and = (as Fill notes)
because this distance is easily shown to be at most
x2(p™®, 7) by using the Cauchy-Schwartz inequality.

&For the chains we consider, it is often easy to prove
that the above maximumis attained by |Az|. But, even
more simply, modifying a Markov Chain by making
it stay at the current state with probability 1/2 and
move according to its transition function with proba-
bility 1/2 ensures that Ay > 0 while only increasing
the (expected) running time by a factor of 2. In the
Markov chains we describe below, we implicitly as-
sume that this modification is made without stating
it.

]The quantity

1
1 — max(|Az], [An])

is of interest because the inequality above guarantees
that in this many steps, the chi-squared distance to the
steady state is cut by a constant factor. We call this
quantity the “mixing time”. In Markov Chains we deal
with, the number of states will be exponential whereas
the mixing time will be proved to be polynomial.

2.2 Conductance

Alon [7] and Sinclair and Jerrum [82] related
max(|Az], [An]|) to a combinatorial quantity called
“conductance”. This has turned out to be of great
use in practice; almost all known proofs of polynomial
time convergence use conductance. Actually, this kind
of relation between the second largest absolute value
eigenvalue and conductance was proved in the setting
of Riemannian manifolds by Cheeger in 1970 [20] and
is known as Cheeger’s inequality there.

The conductance 1s defined as follows : for any sub-
set S of states of the Markov Chain with 0 < #(S) =
Y res T(x) < 1, the conductance ®(S) of S is defined

b
L sy < Deesags Parle)
~ min(7(S), 1 —7(S))

The conductance ® of the whole chain is defined by
(the minimum taken over all such subsets .S of states)

¢ = rrginq)(S).

Restricting attention first to sets S with #(S) <
1/2, we see that the conductance of S measures what



we might call the “conditional escape probability”
from S to its complement. For sets with «(S) > 1/2,
we may use time-reversibility to rewrite ®(S) as the
conditional escape probability from the complemen-
tary set S of states. Further for singleton sets {z} with
7(z) < 1/2, the conductance of {z} is just the prob-
ability of moving in one step from z to some y # z.
This quantity will later be called the “local conduc-
tance” and will play an important role.

To give some more intuition about conductance,
we look at random walks on undirected graphs. In
this setting, we have an undirected graph G(V, E); the
Markov Chain is on the vertices of the graph. From
the current vertex, we choose an adjacent vertex uni-
formly at random and move to it. Such Markov Chains
have been widely studied. For such chains, it is easy
to show that the steady state probabilities are propor-
tional to the degrees. Thus for sets S with 7(S5) < 1/2,
we have

number of edges in the (S, S) cut
sum of the degress of the vertices in S

¢(5) =

Specializing further to regular graphs of degree r, we
see that the denominator is replaced by r|S]|. Hence, a
lower bound on the conductance of the chain says that
the graph possesses a certain weak expansion property
(in the sense used in the literature on expanders).

It is intuitively easy to see that if some set S has
“low” conductance, the mixing time is high : observe
that (i) among all probability distributions that put

0 probability on all states of S, the lowest y? dis-
tance to steady state is achieved by the one that puts
w(x)/m(S) on each state x of S; (ii) so, if we start in
this distribution, the x? distance can only improve
after some positive probability is attached to some
state in S and (iii) this takes (expected) time at least
1/®(S), (iv) so the mixing time has to be at least this
amount, by the definition of conductance of S. The
left inequality of the Theorem below quantifies this.

More interestingly, Alon and Milman and Sinclair
and Jerrum showed a converse : that if the conduc-
tance of the chain is high, then the mixing time is low.
Here is a precise theorem (see also [25],[37]).

Theorem 2 : Let § = max(|Az],|An]|) be the
second largest absolute value eigenvalue of a time-
reversible Markov chain and @ its conductance. Then
we have

1
1—2<I>§ﬁ§1—§<1>2.

As mentioned above, with this theorem on hand,
we can show rapid mixing by showing a lower bound
on conductance. There are, in addition, several other
techniques to prove rapid mixing, see for example
Aldous [2], Diaconis and Strook [25], and Fill [37].
[There is also some recent work of Chung and Yau [21]
on eigenvalues of certain types of graphs that may im-
prove the running times of some algorithms. ] There
is a direct proof that combines the results of Theo-
rems 1 and 2 (i.e., proofs bounds on the y? distance
in terms of conductance without going through eigen-
values [74].

In the combinatorial examples, the technique using
the so-called “canonical paths” to prove lower bounds
on conductance pioneered by Jerrum and Sinclair [48]
has been the tool used in nearly every successful rapid
mixing proof. We outline this technique on the toy
example of the discrete cube from the introduction.

Again, let

C={zeR":z;€{,2,...d}fori=1,2,...n}.

Consider the Markov Chain in the introduction. For
each pair z,y € C, we define a path (called the canon-
ical z — y path) CP(z,y) in the directed graph un-
derlying the Markov Chain. CP(z,y) is obtained by
“fixing” in turn first, second, ....n th coordinate of z,
so it becomes y. [l.e., we first increase or decrease
x1 one step at a time until it becomes ¥;, then do the
same for x4 etc..] Define the congestion of an edge of
the graph to be the number of z, y pairs whose CP(., .)
uses the edge.

We claim that the congestion of each edge is at
most d|C|. To see this, consider an edge e from
z to z' where z = (z1,29,...2,...2,) and 2/ =
(21,29, .. .71,z + 1, zi41, ... zn). The idea of the ar-
gument is that the CP(z,y) that use the edge must

satisfy y1 = z1,y2 = 22,...9%i-1 = %1 and ;41 =
Zit1,...En = zn because we are modifying the coordi-
natesinorder 1,2, ...n. More precisely, corresponding

to any CP(z,y) that uses the edge, we may define a
“complementary” point w € C' as follows :

w1 = T1,Wy = Tg,... W, =T; Wiyl = Yi41,.. - Wn = Yn.

Then, given w and y; (and z,2’) | it is clear that =z
and y are uniquely determined. Thus corresponding
to each w € C, there are at most d CP(z,y) that use
the edge which proves the claim.

Now suppose S C C. There are |S||S| canonical

paths going from S to S. By the congestion result,
there must be at least

|S1S| ( Hlin(ISI,IS’I))
dc] = 2d

edges crossing from S to S, each of which contributes

a probability of 1/(2n). So,
® > 1/(4nd).

This only gives a mixing time of O(n?d?) and work-
ing through Theorem 1 we see that the closeness to
the steady state claimed in the introduction can be
achieved in time O(n3d? logd) steps. The actual mix-
ing time is ©(nd?) as can be shown by another tech-
nique for proving rapid mixing called “coupling” (see
for example [1], [2]). Tt seems to be the case that cou-
pling, and other techniques yield sharper results than
does conductance for certain simple Markov Chains;
but apparently for more complex chains needed to get
polynomial time algorithms, conductance seems to be
the tool of choice. There are some limited exceptions
- see for example [46] and [39).



In the toy example, the chain was symmetric; there
are weighted versions of the above canonical paths ar-
gument in case that the steady state distribution is
not uniform. (for example [50].

The question arises as to how much we might loose
by going through this method to prove a lower bound
on conductance. A result of Leighton and Rao [65] on
multi commodity flows can be used to show that if we
generalize the canonical flows argument to allow flows
of unit value (rather than just paths) between each
pair of nodes, then the argument can loose at most
a factor of O(log N) where N is the number of states
of the Markov Chain. See [81] for a discussion of this
connection.

By Theorem 1, an upper bound on the number of
steps we need to run the Markov Chain before we can
get one sample (from a distribution close to the de-
sired one) is given by the mixing time times a quan-
tity depending on x?(p(®), 7). For estimating numeri-
cal quantities, we need many such samples; standard
analysis assumes that the samples are independent
and using standard probability techniques, one then
derives error bounds. But it turns out that we do not
need total independence of samples. Aldous [3] has
shown that we can run the Markov Chain for as many
steps as dictated by the Theorem 1 say to get the first
sample, but then we can start the run of the chain
at this sample to get the second and so on (the point
being that the sample is already drawn from a distri-
bution close to the desired one, so its y? distance to
the steady state may be less than that of the original
starting distribution). He shows that we can essen-
tially draw second and subsequent samples after every
mixing time number of steps.

There is more work on how to exploit a long run
of the Markov Chain to estimate quantities we need

[44],[53].

3 Combinatorial examples

We will describe in some detail the first successful
application of the method to matchings. Other appli-
cations will then be outlined.

3.1 Matchings

The first problem for which this approach yielded a
polynomial time algorithm was that of sampling uni-
formly from the set of perfect matchings in a dense
bipartite graph (dense means each vertex is adjacent
to at least half of all vertices); this result is due to
Jerrum and Sinclair [48]. Tt is still an open problem
as to whether the restriction of dense can be removed;
if so, this would of course give a fpras for approxi-
mating the 0-1 permanent. Computing the perma-
nent exactly was the first problem shown to be # P
hard by Valiant [87]. For this and other practical rea-
sons, approximating the permanent remains a very in-
teresting open problem. The best known randomized
approximation algorithm for this problem runs in sub-
exponential (e(o(\/”))) time (see Jerrum and Vazirani
[52]). There is also an older exponential time algo-
rithm [58]. A recent result [30] shows that an ap-
proach based on the above paper actually succeeds in
polynomial time for certain special cases including the

“strictly” dense case (where the degree of each vertex
is at least an for some constant a > 1/2. ) This
approach is not based on Markov Chains. In the fol-
lowing, we describe only the Markov Chain approach
of Jerrum and Sinclair.

Broder [19] made an important contribution by first
introducing the Markov Chain approach to polyno-
mial time algorithms. He proposed the Markov Chain
used by Jerrum and Sinclair and claimed using a cou-
pling argument that it mixes rapidly for the dense
Eas]e. However, there was a fatal flaw in the proof.
75].

The Markov Chain has as its set of states the set
M., of perfect matchings as well as the set M, _1 of
near-perfect matchings (a near perfect matching is one
that has one less edge than a perfect one) of the given
bipartite graph G(V, E') on 2n vertices. Transitions of
the Markov Chain are as follows :

In any current state, M, we pick an edge e =
(u,v) of the graph uniformly at random (all edges are
equally likely) and

e if M e M, ande &€ M, moveto M' = M —e.

o If M € M,,_; and v and v are both unmatched
in M, then move to M' = M +e.

e M € M, _1, u is matched to w in M and v un-
matched, then move to M’ = (M + ¢) — (u, w);
make a symmetric move if v is matched and u
unmatched.

e In all other cases, stay at M.

The proof of high conductance is based on a canoni-
cal paths argument. Here is a very quick outline of this
proof. The symmetric difference of any two matchings
is the union of disjoint cycles and paths. We order at
the outset all cycles and paths in the graph and also
order the edges along each cycle or path. A canonical
path CP(M, M') from a matching M € M, UM, _;
to a matching M’ in the same set is obtained by “fix-
ing” in this order each cycle or path (recall the toy
example) : i.e., we switch pairs of edges along each
cycle or path (in order) so that we transform M into
M'. For any transition Z — Z’ of the chain, and any
CP(M, M') that uses the transition, we may again de-
fine a complementary matching W which agrees with
M on the cycles and paths (and part thereof) which
are already fixed and agrees with M’ on those not yet
fixed. There is some delicacy in handling the edges
that the transition is in the process of fixing. Then,
one argues that W, 7, 7' determine M, M’ uniquely.
The reader is of course referred to the paper for de-
tails.

The algorithm only yields a perfect or near-perfect
matching. To sample from perfect matchings, we just
reject if we get a near-perfect matching and repeat.
That we do not (expect to) repeat too many times
before getting a perfect matching follows from the fact
(proven by Broder [19] ) that for dense graphs,

|Mn—1|

< poly.
| M|



In fact, Jerrum and Sinclair show that we can sample
nearly uniformly from the perfect matchings in the
class of graphs that satisfy the above inequality.
Another contribution of their paper is a polynomial
time algorithm to sample nearly uniformly from the
set of all matchings in any graph. This follows as a
special case of a problem called the “monomer-dimer”
problem which arises in Physics. Computationally this
problem is the following : given a graph G(V, F) with
nonnegative weights c(e) on the edges of the graph,
generate a (not necessarily perfect) matching in G
such that the probability of generating any matching
M is proportional to the “weight” W (-) of the match-
ing defined as the product of the ¢(-) on the edges of
the matching. The first task as usual is to come up
with a Markov Chain whose steady state probabilities
are proportional to the weights of the matchings. This
is accomplished by an old general method often called
the Metropolis method described below. [73].
Suppose we have a symmetric Markov Chain
(whose steady state probabilities are uniform) and we
wish to modify the chain so that the modified chain
has steady state probabilities proportional to a func-
tion F' on the states. Here is one simple modification
that works : from the current state M, choose using
the old chain the next state M’. However, now we do
not definitely go to M’, but only go there with proba-

bility min(1, %), i.e., the new transition probabil-

ity from M to M' # M is
: F(M")
P : 1, ——+

where P was the transition probabilities for the chain
with uniform steady state. We call the modified
Markov Chain the Metropolis version of the orig-
inal random walk. Actually, other modifications will
also work; for example we may also let the new prob-
abilities be

F(M")

ot (F(M) + F (V)

) or PM,M’
c

For the chains we will encounter all these chains will
have mixing times that are within a constant of each
other.

[More generally, we need not start with a symmetric
chain. We may modify any convenient time-reversible
“base” chain in a manner that is easy to work out.]

The sub-exponential algorithm of [52] for counting
approximately the number of perfect matchings in a
general bipartite graph is based on a result they prove
which roughly says that if the chain above does not
mix rapidly for a certain graph then there is a “small”
(O(y/n) - size) “obstruction”. They devise an algo-
rithm to find such an obstruction and then deal with
the remaining graph recursively.

3.2 The Ising model

The Tsing model is a model arising in Physics. (see
[50] and references there). The computational prob-
lem arising from that is the following : we are given a

real symmetric n x n matrix V (the entries of V' arise
as pairwise interaction energies), a real number B (the
external field) and a positive real number § (the tem-
perature). The Ising partition function is defined as

=Z(Vij,B,B)= >

oce{—-1,+1}"

(~PH()

where the “Hamiltonian” H (o) is given by
= —ZVZ'J'O'Z'O']' — BZO’k.
ij k

We do not discuss in any detail the physical impor-
tance of the model. However, it is apt to point out
that the rough idea is the following : there are n ob-
jects (possibly electrons) that mutually interact and
Vi; quantifies the level of interaction between object
¢ and j. Each object is in one of two states - +1 or
-1 (the state may represent spin for example). H(o)
represents the energy of a particular configuration o
of states. Each configuration ¢ occurs with probabil-
ity proportional to e=#7(?): 7 is the normalization
constant for the probabilities.

Jerrum and Sinclair [50] presented a polynomial
time approximation algorithm to compute Z in the
case when all Vj; are nonnegative (called the ferro-
magnetic case) They also show that a randomized
polynomial time approximation algorithm in the gen-
eral case would imply NP=RP.

Their algorithm for the ferromagnetic case first
reduces the problem to the corresponding sampling
problem and then more interestingly reduces this sam-
pling problem to another one concerning subgraphs of
a graph, namely the following :

Given a graph G(V, E) with positive edge weights
A(e), pick a subset of edges of G at random such that
the probability of picking a particular subset T is pro-
portional to

w(T) = p®OITT Me)

eeT

where p is a given positive number and odd(7T) denotes
the set of odd degree vertices in T

Here is the random walk they use. The states of
the Markov Chain are the subsets of E. Their chain is
the Metropolis version of the following simple Markov
Chain whose steady state probabilities are uniform
over all subsets of the edges, namely : at any cur-
rent subset 7" of F/| pick uniformly at random an edge
e€ F;ife € T, then go to T = T'— e, otherwise go to
T' =T+ e. [On top of taking the Metropolis version,
they also modify the chain to stay at the current state
with probability 1/2 to handle the least eigenvalue.]

The proof of a lower bound on conductance relies
on a canonical paths argument. To define the canon-
ical path from a subset T to 7", first they note that
the symmetric difference S between 7' and T’ can be
decomposed into a disjoint union of cycles and trails.



These cycles and trails are “fixed” in some order cho-
sen at the outset to get from T to 7”. Details are
found in the paper.

The algorithm that is preferred by physicists is the
one due to Swendsen and Wang [86]. This algorithm
switches the signs on large blocks of vertices of the
graph at once. But while this seems to work well in
practice, no proof of rapid mixing is known.

3.3 Other Combinatorial problems

Several other approximate counting problems have
been reduced to approximate counting of perfect
matchings in dense graphs. These include counting
Hamilton cycles in dense or random graphs (Dyer,
Frieze and Jerrum [30]) and dense digraphs (Frieze
and Suen [40]), counting graphs with a given degree
sequence (Jerrum and Sinclair [49]) and counting Eu-
lerian orientations of an undirected graph (Mihail and
Winkler [76]) (an orientation is Eulerian if the in-
degree of each vertex equals its out-degree).

Aldous [4] and Broder [18] show that the following
simple idea samples perfectly uniformly from the set
of trees of an undirected graph : do a random walk on
the graph and keep any edge that is used for visiting
a vertex for the first time.

There has been very limited success on certain other
problems. There is a sub-exponential time (depen-

dence on n is ¢@(Vn(logn)*) ) algorithm to count ap-
proximately the number of 0-1 solutions to an n vari-
able linear inequality, i.e., the number of feasible solu-
tions to a 0-1 knapsack [32]. The Markov chain is the
obvious one - at a current feasible solution z, pick at
random one of the n coordinates each with probability
1/n and change it to its complement if the change pre-
serves feasibity; otherwise stay at #. They generalize
to more than one inequality.

Alon, Frieze and Welsh [8] have an algorithm to
evaluate the Tutte polynomial of a dense graph at sev-
eral values of the parameters; this among things for
example counts approximately the number of forests
in such graphs, a result due to Annan [10] earlier.

Feder and Mihail [38] show that a natural random
walk for sampling from the bases of what they call
a balanced matroid (see for example Welsh [38] for a
treatment of matroids) mixes in polynomial time. A
balanced matroid is one where the event that an edge
e is in a basis is negatively correlated with the event
that some other edge f is in the basis. The class of
regular matroids is a subset of the class of balanced
matroids. The problem of sampling from the set of
bases of a general matroid is an important open prob-
lem. The problem is open for even cographic matroids;
this special case includes the problem of sampling uni-
formly from the set of connected subgraphs of a given
graph (or counting their number) and arises in relia-
bility computations (see open problems section).

One other interesting open problem would be to
come up with a rapidly mixing chain to sample from
the strings in a regular language of a certain length.
There has been some recent work on this [57].

4 Geometric Markov Chains

The initial motivation for geometric random walks
in convex sets that mix in polynomial time came from
the classical problem of computing the volume of con-
vex sets in Euclidean n— space where n is variable.
For fixed n, this can be done by decomposing the con-
vex set (approximately) into simplices. However, the
number of simplices needed grows exponentially with
the dimension. In fact, Dyer and Frieze [28] showed
that the problem of (exactly) computing the volume
of a polytope is # P-hard. Independently, Khachiyan
[62] had also shown the NP-hardness of this problem.
Even a special case - that of computing the volume of
a so-called “order polytope” (one defined by a set of
linear inequalities of the form z; < z; and 0 < z; < 1),
which 1s equivalent to the problem of computing the
number of linear extensions of a partial order has been
shown to be # P hard by Brightwell and Winkler [17].

There are also absolute hardness results for general
convex sets. A general convex set is described by an
oracle Grotschel, Lovaz and Schrijver [45]. A “mem-
bership oracle” is a black box description of a convex
set which for any queried point x says whether or not
z 1s in the convex set. Using the ellipsoid algorithm of
Khachiyan [61] , it is shown in [45] that given a con-
vex set by a membership oracle plus the center and
radius of a ball contained in the set and the center
and radius of a ball containing the set, we can solve
many interesting problem regarding the convex set,
most notably, we can approximately minimize a linear
function over the set in polynomial number of calls to
the oracle plus polynomial additional time. We will
assume this model of the convex set. [The two balls
are technical pieces of information. It is best to think
of the model as describing the convex set essentially
by a membership oracle, i.e., in a sense, we can have
local information about the set, but no global or closed
form description is given.] In this model, the Elekes
[35] and Barany and Firedi [14] have shown that we
cannot compute the volume of convex sets approxi-
mately even upto exponential (in n) factors. This is
an absolute result (not a hardness one) but of course
in this model where the input is given by an oracle.
See also [69].

We assume that a convex set is given as in this
model.

By proving that a natural Markov Chain mixes
rapidly, Dyer, Frieze and Kannan [31] were able to
solve the problem of sampling with nearly uniform
density from convex sets; they reduced the problem of
computing approximately the volume of convex sets to
this sampling problem and thus came up with the first
fully polynomial randomized approximation scheme
for the volume of convex sets.

The classical Monte Carlo approach to, say, com-
puting the area of a 2-dimensional figure is one of
throwing darts : enclose the figure in, say, a rectangle
whose area is known, throw darts (sample with uni-
form density) from the rectangle; then the ratio of the
number of darts that land in the figure to the total is
a good approximation to the ratio of the area of the
figure to that of the rectangle. The basic idea would
be to apply the same technique. The first problem,



however is that if we wish to enclose an arbitrary con-
vex set in a nice set (whose volume is known in closed
form) like a ball, the ratio of the volume of the ball to
that of the convex set cannot be bounded; since this
ratio is the expected number of darts to be thrown
before one lands in the set, we will essentially have
no information until we throw this many darts. This
problem is somewhat mitigated by the following : A
result of Grotschel, Lovasz and Schrijver [45] finds a
linear transformation 7 in polynomial time so that 7
transforms the given convex set K into a well-rounded
one, namely :

B(0,1) C 7K C B(0,n%/?),

where B(p, r) denotes a ball of radius r with p as cen-
ter, i.e., B(p,r) = {z : |z — p| < r}. We may replace
K by 7K and assume that B(0,1) C K C B(0,n%/?).
[ Note that linear transformations preserve the ratio
of the volumes of the ball to the convex set.]

Now we may throw darts at the outer ball (it is well-
known how we may pick a random point with uniform
density from a ball) and see the proportion that land
in the convex set.

But the volume of the outer ball could be as much
as n°"/? times the volume of the convex set, so this
does not give a polynomial time algorithm. Instead
we write a similar ratio as the (telescopic) product of
several ratios :

volume(B(0,1)) il volume(K N B(0, %))
a ljlo volume( K N B(0, Ait1))’

volume(K)

where A = (1 + 1) and k is the least positive integer

such that A\F > n?/2.

Each ratio in the telescopic product is the ratio of
volume of a convex set P to the volume of a convex
set () containing it, but it is easy to see that @) has
volume at most A\” < O(1) times the volume of P.
So if we can throw darts at (), we could approximate
the ratio well. Thus we have reduced the volume of
convex sets problem to that of sampling with uniform
density from a general convex set.

The sampling problem can be solved by one of sev-
eral random walks. The original Markov Chain used
in [31] was the following coordinate walk : the states
of the Chain are all the points in K with coordinates
which are integer multiples of a certain positive real
number §. The choice of § will be addressed below.
We refer to the states as grid points. At any current
state x, we choose one of the 2n coordinate directions
uniformly at random and go to the coordinate neigh-
bor point (state) in the chosen direction provided it
is in K; if it is not in K, we stay at z. [Note that
the membershlp oracle for K is enough to determine
the move.] It turns out that this random walk does
not converge very fast (in fact is not even connected)
for a general convex set because the set could have a
sharp corner so that a grid point has no coordinate
grid neighbor in the set. However, the authors proved
that if sharp corners are avoided, we do get fast con-
vergence. Here is a statement of their main theorem.

Theorem 3 : Suppose K is a well-rounded convex
set and for every point x € K, there is a ball of radius

n~3/% containing 2 and wholly contained in K, then
with 6§ < n=5/2, the above coordinate random walk
has mixing time polynomially (in n alone) bounded.
For any well-rounded convex set K, the set K(«)
of points at (Euclidean) distance at most « is also a

convex set for any positive a; choosing o = n=(3/2)
and replacing K by K(«a) does not change the volume
too much, but ensures the hypothesis of the Theorem
and thus leads to an algorithm for the volume of a
general convex set.

The current best known results for the mixing time
of coordinate random walk (including the weighted
case of log-concave measures- see section 4.2 ) is found
in Frieze, Kannan and Polson [39].

While the mixing time of the original algorithm was
polynomial, it was a very high polynomial leading to
a complexity dependence on n of O(n?") for approx-
imating the volume. There have been a sequence of
improvements of this complexity; the best currently
known algorithm makes only O*(n®) calls to the mem-

bership oracle and does an additional O*(n®) work
to approximate the volume (Kannan, Lovéasz and Si-
monovits [54]. [The * obscures some logn factors as
well as the dependence on ¢ the relative error allowed.
We use this convention throughout.] These improve-
ments have been based generally on new mathematical
ideas and the more recent algorithms are in fact fairly
simple in spirit. We will describe the progress below,
but here is first a brief summary of it. Lovasz and
Simonovits [67] did away with the artificial device of
going to K («) and instead excluded small exceptional
sets of points (like those near sharp corners) from the
definition of conductance (and handled them differ-
ently). More importantly, this paper proved a strong
version of an isoperimetric inequality proposed in [31].
Using these two ideas, they were able to bring down
the number of oracle calls to O*(n'®).

The isoperimetric inequality was also indepen-
dently proved by Khachiyan and Karzanov [63]. The
inequality and its generalization by Applegate and
Kannan [11] play a crucial role in all the algorithms.
[11] improved the running time to O*(n'%) by using
sampling according to log-concave densities, a prob-
lem of independent interest in Statistics [12] . Dyer

and Frieze [27] improved this further to O*(n®); they
saved a factor of n by arguing that independence of
the samples in the evaluation of different ratios in the
telescopic product implies lower variance and also by
incorporating the handling of small sets as in [67].
Lovész and Simonovits [68] improved this to O*(n7)
and O*(n®) additioanl time by introducing and ana-
lyzing a random walk with a continuous state space,
namely : from the current point z in the convex set,
choose with uniform density a point y in a ball of ra-
dius § around z and go to y if it is in the set, else,
stay at z. We call this the “ball walk”. (with radius
8). The ball walk generally seems to save a factor of n
from the number of oracle calls needed. However, since
each move needs to update n coordinates, there is no



saving in the overall work needed. The ball walk also
has the advantage that proofs are a little simpler; this
is because for the coordinate walk, the known proofs
first transform the discrete problem to a “continuous”
property involving surface areas and volumes, whereas
for the ball walk, the transformation is unnecessary.

4.1 Conductance of the Ball Walk and
Isoperimetric inequality

Consider the ball walk in a convex set K in R”
with balls of radius §. This is a continuous state
space random walk; so some rigorous extension of the
concepts related to Markov Chains (which have finite
state space) is necessary for carrying out an analysis.
Such an extension is possible and the interested reader
is referred to standard texts or [68]. However, for the
discussion here, it suffices to note that there are no
surprises in the extension, so we may use our intuition
to replace the discrete concepts by their correspond-
ing natural continuous analogs (replace probability by
probability density etc.). All sets over which we have
integrals in the following are assumed to be measur-
able.

We use the notation Pr, for the transition proba-
bility density from x to y; for the ball walk, this is
given by

1

- K le—yl <6
VO]ume(B(O,(S)) or x # yixﬁy E XJ |13 y| _

and zero for other pairs 2 # y; also the probability of
staying at z is 1 — fy Ppydy. For a subset S of K and
z € K, we denote by P(z,S) the probability of going
from z to S in one step, i.e., P(z,S) = nyS Ppydy.
The steady state probability density (-) is of course
uniform (everywhere equal to 1/volume(K)) for the
ball walk.

The conductance of a (measurable) subset S of K
1s now defined as

fxES (z)P(z, K\ S)
min(#(S),1 —x(9))

The above expression is stated in general not just for
the ball walk.

Now we introduce isoperimetry. The term comes
from the classical fact that among all curves of the
same perimeter, the circle (in 2-space) has the small-
est area. Such a fact is also true in higher dimensions.
This fact may be restated as a lower bound on the
surface area of an n dimensional body in terms of its
volume. The isoperimetric inequality we will need in-
volves instead a lower bound on the surface area of a
surface dividing a convex set into two parts.

More precisely, we define the isoperimetric con-
stant of a convex set K as infimum over all measur-
able subsets S of K (with the denominator below not
equal to zero) of the

surface area of (9S N interior(K))
min(volume(S), volume(K \ 5))

[0S is the n — 1 dimensional boundary of S; it is
assumed above that this is measurable, i.e., has n — 1
dime]nsional measure, which is referred to as surface
area.

If for example, we have a cylinder of length d cut
into S and S by a surface perpendicular to the axis
in the middle, then the above ratio for this S is obvi-
ously, 2/d. The central theorem we now have about
the isoperimetric constant is that this is the worst
among all convex sets. More precisely,

Theorem 4 : The isoperimetric inequality
The isoperimetric constant of a convex set of diam-
eter d is at least 2/d.

The basic theorem was proved by Lovasz and Si-
monovits [67] and independently also by Khachiyan
and Karzanov [63] with 1/d instead of 2/d . The
proof of the first reference is simpler (but the other
proof using differential geometry gives more informa-
tion about the extreme S). We will indicate an outline
of the proof below. The result was generalized to the
case of log-concave measures (instead of the Lesbegue
measure) by Applegate and Kannan [11] (See section
4.2 below). The improvement to 2/d is by Dyer and
Frieze [27].

[The term isoperimetric inequality is used in the
literature to refer generally to such inequalities.]

We denote by Iso(K) the isoperimetric constant of
K.

Here 1s an outline of the basic proof : assume wlg
that volumeS < volume(K \ S). Using the Borsuk-
Ulam or the so-called ham-sandwich Theorem we can
cut the convex set K by a hyperplane into two parts
K1, K5 such that

volume(K; N.S) = volume(K3 NS)  and,

volume(K; \ S) = volume(K3 \ 5),

whence we have that if K violates the Theorem, then
so does either K1 or K5. They show that by repeat-
ing this process carefully, we arrive essentially at a
one-dimensional counterexample to the Theorem, ac-
tually, we arrive at something called a needle-like set
. a needle-like set is a convex set in R™ which has the
property that it has an “axis” (a line) L such that ev-
ery cross section of it perpendicular to L is contained
in (n — 1 dimensional) ball of radius 7 where 7 > 0
is allowed to tend to zero. Such a reduction to the



one-dimensional case was used in a similar context by
Payne and Weinberger [78].

Then it only remains to argue the result for needles
which a direct calculation yields. The reduction to the
needle like case is fairly general - 1t also works for other
measures than the uniform. This is observed and used
in [11], see [b5] for a general statement of the reduction
to the needle-like case. [68] uses the reduction to the
needle like case to prove other properties of convex sets
as well, many of which had longer proofs originally.

What [11] showed was that for log-concave mea-
sures, the result holds for the needle-like case and thus
in general. Radcliffe [79] has generalized this further
by showing that this is true for measures whose re-
ciprocals are of the form (convex function)”~!. More
recently, [55] shows that the isoperimetric constant is
in fact at least ¢/ D where ¢ > 0 is an absolute constant
independent of n, K and D is now the “effective diam-
eter”, which is defined as the expected distance from
the center of gravity of points in K. [This is also true
for log-concave measures where the above expectation
is also taken with respect to this measure.]

We now give the argument that the lower bound
on the isoperimetric constant implies essentially high
conductance and therefore low mixing time. This ar-
gument is essentially due to Lovasz and Simonovits
[68] . Since it is not quite stated and proved in this
form, we give a proof here. We need first one other
concept called local conductance. We define the local
conductance of a Markov Chain at a point z to be the
probability that we move to y # x from z in one move.
Clearly a necessary condition for low mixing time is
that the local conductance of any point be high. Here
is a precise theorem.

Theorem 5 Consider the ball walk with balls of
radius 8 in a convex set K which has local conductance
at least v > 0 at every z € K. Then the conductance
of the walk is at least

ISO(K)VQ(S
32\/n

Suppose S, S is a partition of K (and we wish to
prove that the conductance of S is high). If a point

z € S and a point y € S satisfy

|z —

\/_

then from elementary geometry, the balls of radius é
with  and y as centers intersect “a lot”, i.e.,

volume((B(x,8) \ B(y,8))) <

Letting £(-) denote the local conductance, we see then
that with probability at least 3¢(z)/4, the chain moves
from 2 in one step to a point other than z in the set

(v/4)volume(B(0,6)).

C = B(z,0)NB(y,0) N K.

We also get a symmetric statement for y. From this,
one can show that either P(z, CNS) or P(y, CNS) is at

least v/4. Let Let B (for boundary) consist of the set
of pointsin S at distance at most 4\/— from S as well as

the set of points in S at at most the same distance from
S. Then, we have, using time-reversibility (actually,
here we have a symmetric Markov Chain)

Joes Pla, Sym(x)dz + [, s P(y, S)n(y)dy
min(7(S), 7(S))

volumeB

205 =

> Iso(K)——= 4\/_ 4

where the last inequality uses basic geometry.

4.2 Log-concave Sampling

Applegate and Kannan [11] observed that the pre-
vious algorithms to approximate the volume of con-
vex sets sample uniformly in a convex set, i.e., sample
according to the characteristic function of the set K
which is 1 on the set and zero outside. This function
is terribly discontinuous and if K has “sharp corners”,
the discontinuity is severe. In fact, the high complex-
ity (with exponents of n in the double digits) of the
previous algorithms was in part due to this. They
rectified this by damping the fall from 1 to 0 exponen-
tially. The idea is then that we sample according to
a function which falls towards 0 as the distance from
the convex set increases. Here is a suitable notion
of distance (called the “gauge function”) which they
used.

~ min(volume(S), volume(S)) 4

(o0 ifrek
OK(T) =) nfA>0: e e K} =1 ifzéK

[For example, if K is the unit ball, ¢ is zero in the
ball and is || — 1 outside.] The function F used was

F(z)= e 9 (@),

For this, a simple integration over all of space estab-
lishes that

/ F(z)dz = volume(K) s,

where s is a constant (= 1+ nfloo tn~le=tdt). Thus,
it suffices to integrate this log-concave function. [A
function is log-concave if it is positive real valued and
its logarithm is concave.] They reduced the integra-
tion problem to the problem of sampling according to
F(-) in a cube. This reduction is a natural divide and
conquer algorithm which to integrate the function over
a cube, draws samples, figures out the (approximate)
ratio of the whole integral to the integral over a part
obtained by cutting one of the sides into two equal
parts and repeates this process until the cube is small
enough so that the the function varies little over the
remaining cube.

The problem of sampling according to a function is
a standard and basic problem in Statistics. In fact,
most standard probability densities like the normal



and the exponential family are log-concave functions.
There are natural random walks that have been used
to solve the sampling problem in Statistics. (See for
example Gelfand and Smith [42] and Geman and Ge-
man [43].) But, there were no provable bounds on the
number of steps needed to make say the chi-squared
distnace to the steady state (which is proportional to
F) smaller than a given €. [11] supplied such bounds
for a natural coordinate random walk whose steady
state 1s proportional to F'. The random walk is a
Metropolis version of the coordinate random walk we
described earlier to sample according to the uniform.
To spell out the walk, we choose first a grid of side
where 6 > 0 as we see later will be so that F' varies
by at most a constant factor over any cube of side §.
Then the states are the grid points in the cube we want
to sample from and the transition probability matrix
is given by

1 F
Pyy = o min(1, %)Vadjacent grid pointsz,y € C

and Ppp =1-)_ Pyy.
Y

The steady state probabilities satisfy w(z) =
F(x)/ %", F(z), where the last sum is over all states
z. They relate the convergence rate of the chain via
conductance to an isoperimetric constant which is now
weighted by F'. More precisely, the isoperimetric con-
stant of K with respect to a measurable positive val-
ued function F'is defined as the infimum over all (mea-

surable) subsets S of K with 0 < fs F < fK F of the
ratio :

fasrwinterior(K) F
min(fs F fK\S F)

They showed that using essentially the same proof,
that the isoperimetric constant of any convex set with
respect to any log-concave function is still at least 1/d
where d is the diameter of the set. The improvement
of Dyer and Frieze [27] of this to 2/d applies to this
case as well.

Frieze, Kannan and Polson [39] analyze the coor-
dinate random walk to sample according to a log-
concave function in detail. They prove bounds on
the eigenvalue (paying regard to the constants as well
as the order of magnitude) under weaker assumptions
than [11]. They also suggest a way of handling small
sets near the boundary of the convex set that is dif-
ferent from the one in [67].

Lovész and Simonovits [68] develop a Metropolis
version of the ball walk to sample according to a log-
concave function. They use this to derive a volume
algorithm. We give a description of it here : Let

F() = o),

where ¢ 1s the gauge function of the convex set K.
We assume that the convex set i1s well-rounded. Ac-
tually, we will assume that

B(0,7) C K C B(0,R),

where we use r, R which later will assume values other
than 1,n%2. B(0,r) C K implies that the function F'
does not vary by more than a constant factor in any
ball of radius ». We will do the ball walk in a ball
of radius r. It is also easy to see that the integral of
F outside of the ball B(0, 10Rn logn) is negligible, so
we may restrict our attention to this ball. We wish to
appeal to Theorem 5 for proving fast convergence. To
this end, first from basic geometry, we get that for any
point z in B(0, 10Rn logn), we have volume(B(z,r)N
B(0,10Rnlogn)) > (0.4)volume(B(z,r)) and so from
z, we will pick with probability at least 0.4, a point
in the first set to go to. The Metropolis version then
acepts with probability at least 1/e. Thus the local
conductance of every point is at least 0.4/e = Q(1).
Thus, we will have a mixing time of (noting that

Iso(K)>1/d=1/Rnlogn )

O(n®(log n)? (§)2)~

The ratio R/r in fact plays a role in the complexity
of most algorithms. This has been called the sand-
wiching ratio.

4.3 The ratio of the outer ball to the inner

All algorithms work by “sandwiching” the convex
set after a linear transformation between two balls or
as in [11] two cubes, the outer ball (or cube) which
contains the convex set is obtained by dilating the in-
ner ball (or cube) which is contained 1n the convex set
about its center by a factor of f(n). In the original
papers, the sandwiching ratio f(n) was n%/2, it was
observed in [11] that it could be improved to O(n) by
an algorithm of Lenstra’s [66] if one used cubes in-
stead of balls. [68] (and independently [36]) showed
algorithmically that if we do not insist that the outer
ball contain the body, but only that it contain most
of the set (for concreteness, think of it as containing
3/4 of the volume of the set), then f(n) can be made
O(n) even with balls. [68] show that if a ball of radius
u about the origin contains 3/4 th the volume of a
convex set, then for any 1 > ¢ > 0, a ball of radius
O(ulog(1/€)) contains at least 1 — ¢ of the volume of
convex set. For algorithms to approximate the vol-
ume, it clearly suffices to have the outer ball contain
most of the volume.

More recently, Kannan, Lovasz and Simonovits [55]
has shown that we can make f(n) O(y/n) which is the
best possible. The linear transformation that accom-
plishes this is the one that puts the body in the so-
called “inertial position” (or also “isotropic position).
We describe this now.

The matrix I(K) of intertias of a set K in R” is
the n x n matrix whose 7, j th entry is the expectation
of z;x; over K, ie.,

1
I(K)yy = ————— ;.
(K)iy volume(K) /xermJ

[Statisticians call such a matrix the varience-
covarience matrix corresponding to the probability



distribution which is uniform on K.] If this matrix is
the identity, then we say that K is in inertial position.
In general, I(K) is a positive semi definite matrix; we
assume it 1s nonsingular, and so positive definite for
our cases. Therefore, by linear algebra, we can write
I(K) = BBT (BT is the transpose of B.) Applying
the linear transformation B~! to the set K puts it in
inertial position, as i1s easy to show. For a convex set
K in inertial position, they argue that the unit ball is
fully contained in K by resorting to a reduction to the
needle-like case and also that 3/4 th the volume of K
is contained in a ball of radius O(y/n). The latter fact
is simple : just observe that by the defnition of inertial
position, we have that the expected length squared of
a vector in K is O(n) and then use Markov inequality.

That O(y/n) is the best possible follows from the
example of a cube. The question of how to find I(K)
accurately enough so that we have approximately the
right sandwiching ratio is in a sense open : they indi-
cate how to do this with O(n?) samples drawn from
K, but conjecture that O*(n) samples would do. The
reader may be puzzled by the fact that we are sug-
gesting using the inertial position to solve the sam-
pling problem fast, but seem also to need samples to
get the matrix I(K). The point is that the quality
of samples (actually, the chi-squared distance to the
uniform of the density we are actaully drawing sam-
ples from) needed to find the inertial position approx-
imately need not be as high as that of the samples to
approximate the volume. This is exploited by [54].

4.4 Contingency Tables

There is an interesting application of sampling from
convex sets to a problem that arises in Combinatorics
and Statistics (see Diaconis and Gangolli [24]) The
problem is the following : given a set of m + n pos-
itive integers 71,7s,...7m, C1, Ca, . . . Cp, count approx-
imately the number of m X n matrices of nonnega-
tive integers with row sums r1,7s, .. .7, respectively
and column sums ¢y, cs,...c, respectively. This is
polynomial time reducible to the problem of sam-
pling (nearly) uniformly from the set of such matri-
ces. There have been several algorithms to tackle
these problems, see for example Mehta and Patel [72],
Baglivo, Oliver and Pagano [13]; and Gangolli [41] for
a survey. Most recently, Dyer, Kannan and Mount
[34] have developed a provably polynomial time algo-
rithm using the technique for sampling from convex
sets for a subcase of the general problem. We describe
their approach after discussing the motivation for the
problem.

The importance of this problem to the analysis of
contingency tables in Statistics was developed by the
influential paper of Diaconis and Efron [23]. We will
only say a few words about this : suppose we have two
properties, for example, eye and hair color (of people)
and want to test the hypothesis that these two prop-
erties are correlated. Let us suppose there are m hair
colors and n eye colors and by sampling from the pop-
ulation in question we have data consisting an m x n
matrix 7" whose 7, j th entry T;; 1s the number of peo-
ple in the sample that have the 7 th hair color and
the j th eye color. If the row sums in the table are

r1,73,...7"m and column sums ¢1, ¢, . . . ¢,, then if the
properties were totally independent, the 7, j th entry
of the table would be rjc; /N where N = r; =) ¢
is the total population. We may measure the devia-
tion of the actual 7" from this set of entries in one of
many ways to obtain a numerical value of the devi-
ation. The problem is that a priori, we do not have
any way to tell whether this numerical value is “high”,
so the properties are correlated or the value is “low”
and the properties are uncorrelated because there is
no benchmark to compare the value against. Diaconis
and Efron [23] proposed the following : sample uni-
formly from the set of possible tables with the same
row and column sums (i.e., sample from the set of
possible populations with the same number of people
with each hair and eye color) and see what proportion
of these tables have a higher numerical value than the
current table and base the decision on this. Clearly
this leaves us with the random sampling problem we
described.

The sampling problem can be posed as sampling
uniformly integer points from the polytope P(r,¢) in
mn dimensional space (where we index the coordinates
of a point z in this space by x;;)

P(r,c) = {z: Zr” = chj;Zmij =r;Vi;z;; > 0}.
7 J

We of course know how to sample from the polytope
with uniform density. We then get a continuos point
and the hope that “rounding” it to an integer point
will solve our problem. The rounding has to be done
in a suitable way so as not to violate row and column
sums. Also, we have to enlarge the polytope so that
each integer point has the same volume of the region
from which it will be the rounded point.

Under the condition that the row and column sums
are each at least (n+ m)nm, the paper shows that we
can sample from the integer points in P(r,¢) in poly-
nomial time. These lower bounds seem to be satisfied
for several practical situations and the algorithm in its
preliminary implementation seems to be useful. (See
Diaconis and Gangolli for a discussion [24].) The cen-
tral part is to sample with uniform density from the
polytope P(r,¢) for which the paper studies the de-
tailed structure of the polytope and derives a better
algorithm than the general one of sampling from any
convex set. The algorithm uses a coordinate random
walk which is more suitbale here, since updates are
very quick.

The general case without the restrictions 1is still
open. See a related open problem.

The paper also shows the #P hardness of the prob-
lem of counting exactly the number of tables of non-
negative integers with given row and column sums,
even in the case when there are only two rows.

There 1s also some work on algorithms and imple-
mentations for the exact counting problem for fixed di-
mensions (fixed m,n). In this case a polynomial time
algorithm exists as a special case of Barvinok’s algo-
rithm for counting the number of integer point in any
polytope. It is also possible to decompose the space
of possible row and column sums into “chambers” so



that in each chamber, the number of tables with the
row and column sums is a polynomial function of the
row and column sums [22, 85].

One may also consider 3 and higher dimensional ta-
bles and certain generalizations. For these problems,
it is nontrivial even to come up with Markov Chains
that have the correct steady state probabilities; Diaco-
nis and Sturmfels [26] have done that by appealing to
some algebraic techniques. No proofs of rapid mixing
are known in this general setting.

4.5 Optimization

The ability to sample randomly has been used by
Kannan, Mount and Tayur [56] to solve certain convex
programming problems, namely the approximate min-
imization of linear functions over up-monotone convex
sets described only by a membership oracle. We ex-
plain the terms in the sentence above. A set is up-
monotone if z is in the set implies that any y which
is coordinate wise greater than or equal to z is also
in the set. In the case of polytopes described by
{z : Az > b}, this happens iff the matrix A has only
nonnegative entries. We assume that we are given a
membership oracle for the set as well as a point in the
set. This plus up-monotonicity can be used by the
methods of Yudin and Nemirowski (see [45] ) to pro-
duce in polynomial time what is called a seperation
oracle. This last is a black box which given a point
z in space, either says it is in the convex set or gives
a seperating hyperplane which has z on one side and
the convex set on the other. However, each call to the
seperation oracles causes Q(n?) calls to the member-
ship oracle. Since most optimization methods like the
ellipsoid method as well as gradient descent require a
seperation oracle, this is expensive if what is readily
available is only a membership oracle. Such a situa-
tion arises in Stochastic Optimization problems (see
for example Wets [90]).

The algorithm of [56] is in a sense akin to simulated
annealing. We impose a “weight” function

F(:L‘) — 6—Mc~x

on the feasible set K. [Other functions may also be
used.] This function obviously weighs the near optimal
region heavily. If we then sample according to this log-
concave function, and if M is sufficiently large, then we
hope to get a nearly optimal point with high probabil-
ity. However, calculations show that the choice of M
has to be based on knowing the optimal value for this
simple scheme to work. So instead, the paper uses an
adaptive algorithm that works in stages. At the begin-
ning of each stage, we have a lower bound L on the op-
timal value and a feasible solution #/ which of course
gives an upper bound on the optimal value. The stage
cuts down the difference between these bounds (called
the gap) by a factor of 2/3 rd, thus making geometric
progress. This is done by choosing

—)
c-xf — L7
whence an argument shows that if the optimal value is

at most L+(1/3)(c-zf — L), then the probability mea-
sure (according to F') of the set of feasible points with

M a positive real number ,

M =0(

c-x < L4+(2/3)(c-xf — L) is at least 1/2 of the measure
of the set K'; thus under this hypothesis, we would find
a feasible point = with ¢ -2 < L + (2/3)(c -2/ — L)
(called the “tip” in the paper) with high probability
after a certain number of samples according to F' are
drawn. If we fail to find such a point, we may with
high confidence increase L to L+ (1/3)(c-2/ — L). In
any case, the gap is narrowed.

The complexity of this algorithm has lately been
further improved by the author by the following idea
which may be of more general use in simulated an-
nealing type situations : if we increase M by a con-
stant factor more than what the previous paragraph
calls for, then we can ensure that the tip has measure
1 — e~ times the measure of K. This then raises the
question of whether we can argue a faster convergence
time for this problem of visiting a “haystack” starting
at a “needle” attached to it. The answer is yes, and
this is based on a strengthening of the isoperimetric
lemma which yields sharper bounds when the mini-
mum measure of the two sets in the partition is small.
Here is the precise new theorem.

Theorem 6 : Suppose K is a convex set in R” of
diamater d and F' : K — R is a log concave function.
For any measurable S C K with fS F < fK F/2, we

have,
1 F
/ F2—10g2<fK )/F
aSninterior K d fg F s

4.6 Other
rithms

Khachiyan and Karzanov [63] develop a faster (than
the general algorithm) for computing the volume of or-
der polytopes (discussed above). Matthews [70] gives
a coupling argument for the rapid mixing of their
chain.

Dyer and Frieze [29] show by proving a polynomial
upper bound on the time taken by a certain random-
ized algorithm that polytopes defined by totally uni-
modular constraint matrices have combinatorial diam-
eter bounded above by a polynomial.

There are other random walks that can be used to
sample from convex sets. One class of them called
the hit and run algorithms work as follows ([16],[84])
: from the current point, pick randomly a line going
through the point (really pick a point of the unit ball
centered at the point and take the line joining the two)
and pick a random point on the line segment obtained
by intersecting this line (extending in both directions)
with the convex set. This has as the steady state the
uniform density. We can also have Metropolis ver-
sions of this. Also, we can have a coordinate version
where we pick a coordinate line each with probability
1/n. These walks have been studied. It is not diffi-
cult to establish that these walks are no slower (really
at most a constant factor slower) than the coordinate
walk described in this paper (see [33],[12]). However,
one might suspect that they are a lot faster, because
they cover large distances in one step. It would be very
nice to prove that in fact they converge faster. The
key seems to be to come up with some nice geometric

geometric problems, algo-



property like isoperimetry that reflects the convergene
rate.

The problem of choosing at random a graph with
weights satisfying the triangle inequality has been
studied emperically. (see [77], [71])

5 Open Problems

5.1 Combinatorial problems

1) The problem of developing an approximation al-
gorithm for the general (not necessarily dense) 0-1 per-
manent discussed in the text is an important one.

2) The reliability problem is the following : given
a graph and a probability p(e) of failure of each edge
(independently), determine the probabilities of there
being an s-t path and the probability of the graph be-
ing connected. The problem is of great practical im-
portance and there has been a lot of work on it. [The
exact version is #P hard.] The approximate version
is reducible to the corresponding approximate sam-
pling problem. A proof of rapid mixing (for a Markov
Chain to do the sampling) even for the case when all
p(e) = 1/2 (when the problem reduces to sampling
uniformly from the set of s-t connected, respectively
connected) subgraphs would of interest.

3) Counting the number of feasible solutions to a 0-
1 knapsack problem approximately in polynomial time
s open.

5.2 Geometric Problems

1) The following conjecture on isoperimetry is for-
mulated in [55]. There is an absolute constant ¢ > 0
independent of n such that for any convex set K,
there is a hyperplane H (dividing space into two parts

H*, H™ such that

volume,_1(H N K)
min(volume(H+ N K), volume(H~ N K))

< ¢ Iso(K).

In words, the conjecture says that among all partitions
of a convex set into two parts, there is a hyperplane
partition which (within a constant) is the worst for
isoperimetry. Whie, this seems to be an interesting
geometry problem in itslef, see below for the algorith-
mic significance.

2) The problem of how many samples suffice to find
the inertial matrix accurately enough so that its in-
verse can be approximately found is open. [The in-
verse is needed to put the convex set in inertial po-
sition.] The conjecture is that O*(n) samples would
do.

The previous conjecture on isoperimetry and this
one together give an improvement of O*(n) in the vol-
ume algorithm.

3) The problem of proving fatser mixing times for
hit and run algorithms (see section 4.6) is theoretically
and practically interesting.

4) Faster algorithms for the contingency tables
problem would be of great practical interest. For the
optimization problem, it would be good to extend the
method to general linear programming (i.e., not as-
sume up-monotonicity) as well as improve the running
times.

5) It would be nice to drop the conditions on the
row and column sums of contingency tables under
which we now know polynomial time sampling algo-
rithms. Much of this may be accomplished if we can
develop a unary (in the row and column sums) poly-
nomial time algorithm. There is a nice Markv Chain
which is conjectured to mix in unary polynomial time
for this (see for example [24]) : from any current ta-
ble, X, pick (uniformly) at random two rows i < j and
two columns k < [ and go to X’ obtained by chang-
ing 4 entries of X as given below if it has nonnegative
entries; otherwise, stay at X :

Xz{,k = Xi,k‘i'l;XZ{yz = Xiyl—l;Xl»yk = Xj,k_LX/'yz = ijz—‘rl.

j j
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