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Abstract

We consider the problem of sampling according to a distribution with log-concave
density F' over a convex body K C R"™. The sampling is done using a biassed random
walk and we prove polynomial upper bounds on the time to get a sample point with
distribution close to F'.

1 Introduction

This paper is concerned with the efficient sampling of random points from R"™ where the
underlying density F' is log-concave (i.e. log F' is concave). This is a natural restriction which
is satisfied by many common distributions e.g. the multi-variate normal. The algorithm we
use generates a sample path from a Markov chain whose stationary distribution is (close to)
F. The algorithm falls into the class of Metropolis algorithms. Using recent developments
in the theory of rapidly mixing Markov chains, in particular the notion of conductance [8, 5]
Applegate and Kannan [1] proved a bound on the convergence rate of the chain considered in
this paper. In a recent paper Frieze, Kannan and Polson [3] proved tighter bounds using an
approach related to the classical Poincaré inequalities instead of conductance. In this paper
we improve these bounds still further by using Logarithmic Sobolev inequalities, see Diaconis
and Saloffe-Coste [2] for an expositry article.

Instead of sampling from the continuum of points in R", we discretize the problem by assum-
ing that R™ is divided into a set of hypercubes Cp of side ¢ (J is a given small positive real
number) and the problem is to choose one of these cubes each with probability proportional
to the integral of F' over the cube. [If necessary, a sample from the continuum can then be
picked by standard rejection sampling techniques from the cube chosen; we omit details of
this.] Secondly, we assume that we have a compact convex set of diameter d and we wish to
choose points only from K (not all of R™). This is justified because clearly for any positive
real number €, we can find a compact convex set (for example a ball or hypercube) such that
the integral of F' over the set is at least (1 — €) times the integral over R™.

Let C denote the set of cubes which which intersect K. Let C' denote the set of centres of
these cubes. For z € R™ we denote the cube of side ¢ and centre z by C(x). (Thus C(z) € C
if and only if z € C.) We choose our sample point X by performing a random walk over
C. The walk is biassed so that its steady state is (close to) what we want and we run the
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walk until it is close enough to the steady state. The result of this paper concerns the rate
of convergence of the walk to its steady state.
We may not be able to compute F' exactly and so we assume we have good approximations
F(z),z € C. Further we assume that F(z) is strictly positive for all z € C. We extend F to
the whole of K by putting F(y) = F(x) for y € C(), z € C.
We can only take advantage of the log-concavity of F' if our grid is sufficiently fine and our
approximations F(z) are sufficiently good. In this context we will assume that for some small
a>0

(1+a) 'F(z) <Fy) <1+ a)F(z)  VyeCla). (1)

When we have F' = F, it is easy to check that this condition is satisfied if we choose a to be
eM% — 1 where M is the Lipschitz constant of In F' with respect to the infinity norm. (i.e.,
M satisfies |In F(z) —InF(y)| < M|z — y|oo ,Vz,y € K). However, an o smaller than
eM?% _ 1 may satisfy (1); this is in fact the case for important functions like F(z) = e—¢l®l
and F(z) = e °l*/” as tedious, but simple calculations show. As we will see the rate of
convergence to the steady state depends upon (1 + «). In typical applications, one would
make 1 + a a constant. (For example this can be ensured by choosing 6 = O(1/M).)

The walk we consider fits into the scheme of Metropolis algorithms introduced in Metropolis,
Rosenberg, Rosenbluth, Teller and Teller [7]. It was used by Applegate and Kannan [1] in
their paper on volume computation and was further studied by Frieze, Kannan and Polson
[3].

In the following, for any natural number m, [m] = {1,2,...,m} and ej,es,...,e, are the
standard basis vectors of R™. For convenience, we consider the continuous time version
where the time between transitions is an independent negative exponential with mean one.
The Random Walk

This generates a random trajectory X (t¢), t > 0 where X (0) is picked according to some
initial distribution po(z). Fix a time ¢ where a transition has just taken place. At a random
time t' =t + 7 where 7 is a negative exponential with mean one we do the following:

Step 1 Choose j randomly from [n]. Choose o randomly from {£1}.
Step 2 Let y = X (t) + de;.

Step 3 If y ¢ C then X(t') = X(t); replace t by ¢’ and return to Step 1. Otherwise,
put X (#) = y with probability § = Min {1,F(y)/F(X;)} and X(#') = X(t) with
probability 1 — 6.

Let I'(z) = {y # = : P(z,y) > 0}. Then the transition probabilities P(z,y) = Pr(X (') =

y | X (t) = z) are formally given by

P(z,y) = % Min {1,F(y)/F(z)} fory € I'(z)

and
P(z,z) =1-Y_ P(z,y).

yFT

We refer to this as “the random walk” in the paper.
The process has a steady state with probabilities 7(z) with lim;_, ., Pr(X(t) = z) = w(z) for
all z independent of the distribution of X (0). It is easy to verify that

(2)/4,

My

w(z) =



where A =3 . F(z). We assume that the F(x) are sufficiently good approximations so
that sampling according to 7 can be considered to be our objective.
Note that this process is time-reversible i.e.

m(z)P(z,y) = n(y)P(y,x) for z,y € C.

Let ps(z) = Pr(X; = z) be the distribution at time ¢ and let fi(z) = pi(z)/m(x). Then let
M = maxgec fo(z)log fo(x). For 0 <8 <1let Cy ={x € C: vol(C(z) N K) > 65"} and
To = D agc, T(E)-

The variational distance between p; and 7 given by
llpe = wlley =Y Ipe(z) — w(a)].
zeC
Our main result is

Theorem 1 Assume d > 6n'/2. There is an absolute constant v > 0 such that

1 ’Yat(sz —1 M7r9nd2 1/2
||pt_7T||TVS (5 (exp{_W}logW* +7 ,

where 7 = min(z).

Generally speaking it is not difficult to choose po(z) so that for § = 1/10 say, My is
exponentially small. Usually one has py concentrated on a small set Sy and then fy is zero
outside this set. One can then blow up K so that 7y is sufficiently small, while only marginally
changing po(x) for x € Sp.

This improves results of [3], essentially by replacing 7! by log 7!

2 Back to a continuous problem

The entropy Ent,(u) of measure y is given by
u(z)
Ent,( EEZC ulz m)
It follows from the convexity of 2 that
Ent, (1) <logm, . (2)
Inequality (2.8) of [2] shows that for any measure u we have
2|ln — 7|7y < Entr(p). ®3)

[For a proof see the Appendix.]
For ¢ € R we introduce the quantities

=y Z (v))*(2)P(z,y) (4)

weC yel'(z
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zeC

l|6]13Ent (1),



where

Igll3 =D é(@)’n(z) and  pu(x) = (z)d(x)*/||¢|l3 for z € C. (5)

zeC

We now define the Log-Sobolev constant o by

nf [E@:9)
1nf{ £@) L(¢) # 0}
it {sw/w, V/is/)

Entr (1)

: p is a measure on C} .

Putting ¢:(z) = / fi(z) for x € C, it is shown in [2], (see Appendix for a proof) that

LBnta(p) < ~4E(pu,b0) (6)
—4aEnt,(pt).

IN

It follows that
Ent,(p;) < e*4°‘tEnt,r(p0).

We need to modify this in order to account for the border cubes C(z), z ¢ Cp.

2.1 Two Integrals

Given ¢ € RN and a small € > 0 we define ® : K — R as follows: suppose z € C()
for some z € C. Let C(z,¢) denote the cube centred at z with side § — 2e. If z € C(z,¢€)
we let ®.(2) = ¢(z). If z & C(x,€) let D be a face of C(z) which is closest to z. (If
there is a tie for D, the value of ®. does not matter, as we will see.) Suppose first that
D = C(z) N C(y) for some y € C and that dist(z,D) = ne where 0 < n < 1. In this case
we let ®.(2) = (1 +n)d(z) + (1 —n)¢(y))/2. In this way, if we start at a point on a face of
C(z,¢€) parallel to D and move towards D then ®, changes linearly from ¢(z) to ¢(y) over
a distance 2¢. Finally, if the hypercube on the other side of D to C(z) is not in C then we
keep ®(z) = ¢(x).

We consider the two integrals

I = /K VD, (2)PF(2)g(2)dz

and

[ a (P L FQaQACY
Jo= [ @Pion (fK <I>e<o2F<og(<:>dc> F(2)g(z)dz

Here g : K — R is defined by

9(y) = for y € C(z),z € C.

Thus in particualr,

q)F@M@My=WF@L z€C,

and
(1+a) " <gly)<l+a. (7)



&, is not differentiable on a set Z of measure zero (consisting of points for which there is a
tie for D). We can however easily “smooth out” ®, close to Z so that (4) and (1) imply

L - Z/W V%, (2)*F(2)dz

zeC

Z /C V&, (2)|*F(z)dz

zeC ()

2
ety Y (7‘1’(””) ;¢(y)> F(z) + O(1) (0(1) as € = 0)

z€C yel(z)

< (”0‘) 1ty Y (6 )2 min{F(z),

zeC yel(z)
= (1+a)e ' And" T E(g, ¢) + O(e), (8)
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IA

s

W)} +0@)

where the term O(1) may depend on n, F, ¢.

On the other hand, the concavity of In F' implies that it is continuous; so for small enough €, we
have [¢ F({)d¢ < (1+ f(e) fC(z)ﬁC(y) F(¢)d¢ where S is obtained by translating C(z)NC(y)
towards z by some € € [0,€] and f is some function with lim sup._,of(€) = 0. This along
with (1) implies that

I>e ' (1+ f(e) ' 1+a) /K IV (2)F(2)g(2)dz = O(1).

So
el,
£6.9) > e e — 0 )
We decompose
Ent,(p:) = Ens(pt) + Enp(p) (10)

where Enr(pt) = >_ ¢, Pt()log fi(z) etc..

Arguing as we did for £(¢, ¢) we see that

fK g z z)az
T2 B [, BT (Fexmon) Fesen
> 05"A ) ¢(z)’log (%) 7(z) 4+ O(e)
z€Cy
= 6"AEn(u) + O(e), (11)

where p is as in (5).
Applying (6) and (9) (with ¢ = ¢;) and (11) (with g = p;) we find that for some absolute
constant A; > 0

d el
aEntw(pt) < _Al non—1A + 0(6)
< 4% B () + 0(0) (12)

€

In the next section we prove



Theorem 2 Suppose K is a convex set in R™ of diameter d, F is a (positive real valued)
log-concave function on K and g any sufficiently smooth real valued function on K satisfying
(7). Then with f = ®. and d > dn'/? we have

/ £(2)?log ( VI F 9dc> F(2)g(2)dz < Ayd?e6™" / IV £(2)[2F(2)g(2)dz,
K

[k f2Fgd(
(13)
for some absolute constant A2 > 0.
Letting € — 0 we see from (12) and the above theorem that
d 52
dt Ent (pt) < A1A2 d EHI( ) (].4:)
In the proof of (6) (see (29)) we find that
fe(z) = e D) fo ().
This implies that
max f(z) < max fo(z)
and consequently
Enp(t) < Mmy. (15)
It follows from (14) and (15) that
Entx(pr) < e~Entx (po) + %, (16)

where § = A1A2T?—;2. Theorem 1 now follows from (3) and (16).

3 Proof of Theorem 2

As in [3], we use the localisation lemma of Lovész and Simonovits [6] to reduce the geometry
to one dimension.

Lemma 1 Let f1, fo be upper semi-continuous functions defined on R™ such that
/ fi(z)dz >0 i=1,2.
Rﬂ

Then there exist a,b € R™ and a linear function £ :[0,1] = R such that
1
filta+ (1 =t)b)e®)"tdt >0, i=1,2.
=0

We use the fact that (13) fails to hold if and only if there exists A > 0 such that
| F@e@is > [ @)
K K

/ (@) F(2)g(z) log(Mf (2))de > AdPes / IV (@) [ F (2)g(z)dz.
K K

and



So we put

bil Fg(1—Af*)xx

and
f2 = Fg(f’log(Af?) — Ad*ed M|V f|*)xk,

where y g is the indicator function of the body K.

Let a,b,¢ be as in Lemma 1. We observe that we can take a,b € K because of the factor
xi- Let f(t) = ®((1 —t)a +tb), g(t) = g((1 — t)a +tb), h(t) = F((1 —t)a + tb)£(t)" 1, and
g(t) = |[V®((1 —t)a + tb)|. Note that h(t) is log-concave. We can assume that |b —a| = d
as |b—a| < d and |b— a| can replace d in our proof.

We then see that if (13) fails to hold then, where ¥(t) = g(¢)h(t),

- f(t)*log (%) Y(t)dt > Ad®es™" G(t)*4p(t)dt. (17)

t=0

Suppose on this line segment, h attains its maximum at (. We consider the two parts of the
line segment [0, (] and [¢, 1] seperately. The arguments are symmetric and we give only one
part. In fact we will assume for simplicity that ¢ = 0.

So, we assume h decreases monotonically on [0, 1].

We can make the following normalizations (the first by scaling h and the second by then
scaling f, neither of which changes the Theorem.)

1

b(t)dt = 1 (18)

t=0

1
f®*p@)ydt = 1

t=0
Let X € [0,1] be a random variable with density function 4. Now

F®)? <2(f(t) = £(0))* + 2£(0)*. (19)
Also (from the fact that log is a concave function,)

1

1
FOlog(FO?)p()dt < £(0)*log (

t=0

f(t)2¢(t)dt)
t=0
_— (20)

Now, putting u = (b — a)/d we get

([ 7o)
= (/S sz:lujxj 1—s)a+sb)d>2,

2

(f() - £(0))?

where x; is defined by

1 if 8<I>€((1—s)a—|—sb) #0
0 0therw1se

) ={



By the Cauchy-Schwarz inequality, we have

1/2
Z luix;(s) (1 =s)a+sb)| < (Zu x; (s ) g(s).

Jj=1

So we get with another application of Cauchy-Schwarz,

/stzo (g uﬁX"(s)) N g(s)ds
([ o) ([ o).

Now each time the line from 0 to ¢ crosses a hyperplane of the form z; = md, m an integer,
we get a contribution of 2¢/du; to [ x;(s)ds. Furthermore, the number of such crossings is
at most

2

(f(t) = £(0))*

IA

IA

% +1. (21)

So we get (using the facts that > . =1and ui| <
=1 J )

nl/2 ¢ A
(10 - 502 < 2 (5+ ") / | g(os

1 nl/?
B=2d%|=+—
2d€(5+ d)

So, putting

we obtain

/ () - £0)*log(f(P)p(t)dt < B / / V2dslog(f (t)2) (1)t
t=0 t=0Js 0

1
- B/ 5)”Pr(X > s) /t: log(f(t)2)%dtds

-2 bY@
< B/iog Pr(X > s)log ( - mdt) ds
s.

1

1
< i > —
< B/szog Pr(X_S))IOg(PI‘(XZS) d

We will prove that

Pr(X > s))log ( < (1+a)(1+e Hh(s) (22)

Pr(X > s))
< (1T+a)? (1 +eHap(s) by (7)

Let h(t) = e~ where 7(t) is convex. Let A = 5'(s). Then

h(t) < h(s)e= =9, (23)



So,

1

Pr(X >s5) = P(t)dt
t=s
< (14w - h(s)e Mt=2) gt

t=s

(I +a)h(s)
= (24)

We also have

(14 a)™! < h(0) < h(s)er. (25)

The first inequality follows from the monotonicity of A and (18). The second follows from
(23). Thus

h(s) > (14 a) te . (26)
The function £log(1/£) increases monotonically from 0 at € = 0 to e ! at £ = e~ ! and
decreases monotonically from then on. So if h(s) > 1/((1 + a)e) then

Pr(X > s)log(1/Pr(X >s)) <e ! <h(s)(1+a) (27)

which implies (22) in this case.
Now assume that h(s) < e~1/(1+ a).
Now Pr(X >y) = fsl ¥ < (1+a)h(s) <el. So,

Pr(X >y)log (@) < (L+a)h(s)log (W)
< (1+4a)h(s)A from (26).

So A <1 will imply that (27) holds again. We can therefore assume that A > 1. But then
h(s)/A < h(s) < e~ !/(1 + a) and so we obtain from (24) that

1 (14 a)h(s) A
pec 2 0g (s ) < R e (o)

< w log(Xe?) from (26)

= (1+a)h(s) (lofA + 1)

< (I+a)(e™t +1)h(s), (28)
as claimed.
So if

C=2B(1+a)*(1+e™)
then ) )
| 0 = s os(sapyewa <o [ o

Theorem 1 follows. O

There is an alternative random walk, the Ball Walk which has been applied in this area [5], [6]
and [4]. Tt is in some sense preferable to the one we have studied since better upper bounds
are known on its “mixing time”.

Ball Walk

Replace Steps 1 and 2 of the previously discussed walk by



Step 1’ Choose v uniformly at random from the set {u € R™ : |u| < d}.
Step 2' Let y = X(t) + u.

Problem: estimate the Log-Sobolev constant for the Ball Walk.
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A Appendix
Proof of (3) Observe first that for u > 0 we have
3(u—1)%< (44 2u)(ulogu —u +1).
Applying this with u = p(z)/7(z) and then multiplying by m(z) we obtain
V3lu(z) — w(@)| < (dr(z) + 2u(2))"* (u(2) log(u(z) /n(2)) — p(z) + m(x))"/>.
Applying the Cauchy-Schwartz inequality,

V3l =llrv)? < D (dn(z) +2u(x)) Y (u() log(u(x) /7 (x)) — n(z) + ()

T T

6Ent, (u).

Proof of (6)
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The following sequence of derivations relies heavily on the time-reversibility of our process.
We indicate these uses by an * at the end of the line. Observe first that if f;(x) = pi(z)/7(z)
and H; = e te!f then

al) = Y Ter Y muF )
n=0 n! yel
the~t P (x,
_ Z - ZPO(y)W(y)( y) %
n=0 yeC
= Hifo(z). (29)

We apply this to compute the rate of change of Ent,(p;) with respect to t.

—Ent,(p;) = ZW(.Z)%(ft(x)lngt(m))

zeC

= Y @)1 +log i) o)

zeC
_ ; 7(2) (1 + 1og () 5 Hofo()
= > (@)1 +1log fi(x))(P — I) fi()
zeC
= Z m(z)(1 + log fi(z ZPwy (fe(y) — fe(x))
zeC yel
= Z z)log fi(x ZP z,y)(fi(y) — fi(@)) *
zEC yel
- _= Z P(z,y)(log fi(x) —log fe(y))(fe(z) — fi(y)). *
z,yeC

Now [2] show ((2.7) of that paper) that if a > b > 0 then

(loga — logb)(a — b) > 4(a'/? — b'/?)2.

Hence,
d
ZEnt=(pr) < =2 3 w(@)P(z,y)(fule)/? = fi(y)'?)?
z,yeC
= (717
< _404Ent7r (pt) J
which proves (6). O
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