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Abstract

This paper ! deals with the normal density of n dependent random
variables. This is a function of the form :
ce—mTAm
where A is an n x n positive definite matrix, x is the n—vector of the
random variables and c is a suitable constant.
The first problem we consider is the (approximate) evaluation of
the integral of this function over the positive orthant
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This problem has a long history and a substantial literature . Related
to it is the problem of drawing a sample from the positive orthant with
probability density (approximately) equal to ce—2" 42 We solve both
these problems here in polynomial time using rapidly mixing Markov
Chains. For proving rapid convergence of the chains to their station-
ary distribution, we use a geometric property called the Isoperimetric
Inequality. Such an inequality has been the subject of recent papers
for general log-concave functions. We use these techniques, but the
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main thrust of the paper is to exploit the special property of the nor-
mal density to prove a stronger inequality than for general log-concave
functions.

We actually consider first the problem of drawing a sample accord-
ing to the normal density with A equal to the identity matrix from
a convex set K in R™ which contains the unit ball. This problem is
motivated by the problem of computing the volume of a convex set in
a way we explain later. Also, the methods used in the solution of this
and the orthant problem are similar.

1 Introduction

The problem of integrating the multivariate normal density over certain
convex sets, especially orthants is a classical problem. It is related to other
problems in probability and statistics. The approximation of orthant proba-
bilities of the normal distribution has an extensive literature, see for example
the results and bibliographies in [15], [10], [16] and [8]. The problem of in-
tegration is well-known to be related to the problem of sampling and many
methods are known for estimating the integral based on a number of samples.
(For example, see [15] , [8]). However, the difficulty with the known methods
is that one needs a number of samples that grows exponentially with the
number of dimensions n. For this reason, it has been noted ([15],[8]) that
as a rule, the estimation of the integral is only feasible for very modest n.

There is an even more fundamental problem : that of sampling according
to e~ Az in, say, the positive orthant quickly. (I.e., in time bounded by a
polynomial in n.)

[We use the phrase “sampling according to a (nonnegative real valued
function) F(z) in a region R” to mean : pick z € R at random from the
probability distribution over R with density F(z)/ [ F'.]

It is easy to sample in the whole space according to e~
draws a sample according to the standard normal density elel® by any one
of a number of schemes and applies a (suitable) linear transformation to it.
(We omit the details.) But, then if one wishes to sample in the positive
orthant according to this function, by say Rejection Sampling, we expect to
draw
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samples before one lands in the positive orthant R'}. This ratio in general
will grow exponentially with n.



We use instead a Markov Chain with the desired steady state density
S e @ Aw / fRTfr e @ AT ip R’'. The chain itself is a natural “Metropolis”
algorithm. The Metropolis algorithm can be used in a wide range of contexts
- see [5] for a recent survey. In our cases, the chain is easily described :
Suppose we wish to sample from a set R according to function F. We first
choose a “step size” § suitably. (To be described later.) Suppose the Chain
is at a point z € R. Then we choose a random point y from a ball of
radius § around z uniformly. If y is not in R, we stay at z. Otherwise, if
F(y) > F(z), we move to y, else, we move to y with probability F(y)/F(z).
Formally, the probability density P, of moving from z to y is given by :

: F .
P, = volldB mln{l’ %} if z 7é Y € R; |.73 — y| < (5;
! 0 otherwise .

P,=1 —/ Py dy.
y#z

We call this the Metropolis Chain according to F. It is easily see
that its steady state distribution is F'(z)/ [ F.

Our proof that this chain “mixes rapidly” (i.e., converges to the steady
state fast) uses techniques developed recently. These techniques were devel-
oped to solve the problem of estimating the volume of a convex set (this prob-
lem itself motivates another sampling question in this paper) in [7],[14],[3],]6]
(see also [12] for a survey.) Using these techniques, one relates the conver-
gence to a purely geometric property called the Isoperimetric Inequality. In
this paper, we exploit the special nature of the normal density (specifically
the fact that its logarithm declines quadratically in every direction) to prove
a sharper Isoperimetric Inequality than the one for general log-concave func-
tions proved in [3], [9], [6] and other papers. We remind the reader that a
function is said to be log-concave if its logarithm is concave.

The Markov Chain yields samples (nearly) according to F(z). We show
how to use a polynomial (in n and an error parameter) number of samples to
estimate the integral of F' over the positive orthant. To avoid the problem
of high variance, we use a trick often used in volume estimation algorithms -
the integral is estimated as a product of polynomially many quantities, each
of low variance.

Our sampling algorithm uses O*(A%n?) steps (of the random walk) for
the first sample and O*(A2n?) steps for each subsequent nearly independent
sample, where A is the condition number of A, namely the ratio of the largest



eigenvalue to the smallest. We also show that we can estimate the orthant
integral with relative error ¢ with O*(A%2n?/e?) samples.

Before tackling the orthant problem, we first consider the problem of
drawing a sample according to the standard normal (we use this phrase here
to mean the case of A = I) from a convex set K containing the unit ball. For
this problem, our algorithm finds the first sample in O*(n?) steps and each
subsequent (nearly independent) sample in O*(n?) steps. [The O* notation
hides constant factors, log factors and factors depending upon the accuracy
needed.]

A crucial parameter in the algorithm is the “step size” §. In the present
paper, we use 6 = @(%) for the latter problem (of sampling from a convex
set containing the unit ball according to the standard normal density) to
achieve the bounds on the number of steps claimed. By using the techniques
of [13], we hope to show that a step size § = @(ﬁ) may be used for the
subsequent samples, which would then improve the number of steps needed
for each subsequent sample in this problem to O*(n?) steps. Now by direct
integration, it is not difficult to show that we may discard the part of K
beyond a ball of radius O(4/n) from the origin as this has negligible measure.
Thus in this case we have that B C K C ¢y/nB. The number of steps needed
in such a situation for the algorithm in [13] to draw each subsequent sample
is O*(n3) (see Theorem 2.2 of [13]). So, if the improvement holds, then at
least under the normal density, samples come faster than the best known
for the uniform density. This may ultimately help improve the complexity
of the difficult problem of estimating the volume of a convex set.

2 Isoperimetric Inequalities

Isoperimetric inequalities play an important role in analysis of the mixing
time of Markov chains. This is because they can be related to the conduc-
tance of the chain, a notion introduced by Jerrum and Sinclair [11] which is
very useful in the analysis of convergence.

Roughly speaking an isoperimetric inequality in this context says that
for any partition of a convex set K into two parts, the measure (according to
the desired steady state function F') of the dividing surface is not too small
compared with the minimum of the measures of the two parts. The version
we use here is slightly different - here, we consider a division into three parts
K1, Ky, K3 where K1, Ky correspond to the two main parts described above
and K3 may be thought of as the set of points within a certain distance



o/2 of the dividing surface above. We now state precisely our isoperimetric
inequality; this is the central new theorem we prove and use in the paper.
One important feature of this is that there is no dependence on the diameter
of the convex set K.

Theorem 2.1 Let F(z) = e~ % g(z), where g(z) is an arbitrary log-concave
function. Suppose K is a convez set in R". K; and Ko are two measurable
subsets of K, and the distance between K and K (i.e., infye i, yek, |[2—y|)
is 0. K3 = K\(K1 U K3). The following inequality holds.

—_g2

20¢€

s F(x)dz > NG

Idea of Proof : We use a powerful technique due to Lovasz and Si-

monovits [14] to prove this result. This technique uses their Localization

Lemma to reduce the n— dimensional case to essentially a 1 dimensional

problem. In this situation, this lemma implies that the assertion in the

Theorem holds provided for each line segment [a b] and each linear function
£(-), we have the following :

min [ Fa)d, /K Fa)dr) (1)

o2
Jarpa 9 FO71 2> 2252
min{ [y, o 5 FE A2, [xeymp g FE'} (1)

where now all the integrals involved are just one dimensional integrals. (In-
tuitively, it says that the inequality asserted in the Theorem holds provided
it holds for every pointed cone with an infinitismal cross section.) As we
move along the line [a b], z is a function of one parameter {. We abuse
notation and let all the functions involved be functions of ¢. Also, we let
G(t) = g(t)£(t)"! and note that G is log-concave. Then, we have that
F(t) = e~ +0114+% (1) for some constants 1, 0y. In this sketch of the proof,
we also deal only with the case when K3 N [a b] is an interval; the more
general case can be dealt with the same ideas and the full proof is deferred
to the final paper. By the hypothesis of the Theorem, we have in this case
that K3N[a b] is an interval of length at least . It will suffice to prove that
for every real number v :

o2

v+o —
/ e PR G ()t > 20¢€
v

—_ ﬁ
v o
min{/ e—t2+61t+62G(t)dt’/ PO G (1)t 2)
—o0 v+o



There are positive reals ¢; and cg such that G(v) = ¢1e®®” and G(v+0) =
c1e©19)_ By using the log-concavity of G(t), we can see that the following
is true:

G(t) S cleczt te (_0071/) U (V + g, OO)
>ce?t te (v,v+o)

So we can replace G(t) in (2) by e and prove the resulting inequality :
f:—l—a e*t2+‘5’1t+5"2dt > 206;02
min{ fi/oo e—t* 01 t+8, dt, fu+0_ e~ t2 O t+d, dt} (2
After cancelling common factors, it suffices to prove the following.

Lemma 2.2 The following inequality holds:

/yl/-i—a *dt > mm{/ / - 7t2dt} (3)

Proof. Without loss of generality, we assume that v > 0. The other case
can be dealt with exactly symmetrically. Consider the following function of
x:

f;+a et dt
[oeetdt

x

¢(z) =

This function is increasing for x > 0, as seen by differentiating it. This
means that it suffices to consider the case when v = 0. In this case, we have

ag
/ et dt > oe .
0

Also, we have

[orass

Therefore the lemma, follows and the theorem is proved.
For the general normal density function, we have similar result and the
proof of it is similar to that of the standard case.

Theorem 2.3 Let F(z) = e *4%" g(z), where A is a positive definite matriz
and g(z) is an arbitrary log-concave function. K is a convex set in R™.
K, and Ky are two subsets of K. The distance between K1 and Ky is o.



K3 = K\(K1UKy3). The following inequality holds, where \1 is the smallest
eigenvalue of A :

2v/Aoe
Fla)dz > Y% ning [ F(x)ds, / Flo)dz)  (4)
K3 \/7_" Ky K>
Proof. Again, with the Localization Lemma, we can reduce it to the one
dimensional case. Let v be the direction of this [a b], then

F(t) = ef(a+tv)A(a+tv)Tg(a+tU)

= e*(t2”1+t“2+”3)g(a + tv)

where o1 = vAvT > \, 09 = aAv? + vAaT and o3 = aAa”. Note that g is
again log-concave. By following the same procedure as in the proof of the
last Theorem, we can see that it suffices to prove the following

v+ao 2 /)\ —0? v
/ e gy > VATE min{/ e 1P gy, / e*‘”tzdt}
v \/7_7' —00 v+o
With a simple variable substitution © = /o1t and (3), as well as the fact
that o1 > A1 we can derive (4). This completes the proof.

3 Rapid Mixing
3.1 Local conductance, step size and conductance

A central quantity of interest in rapid mixing proofs is the notion of con-
ductance introduced by Jerrum and Sinclair. Suppose we have a Markov
Chain in K with steady state probability density m(-). The conductance of
the chain is defined as the infimum over all (measurable) partitions of K
into two sets S1,S2 of the quantity below :

szS1 nySQ 7T(37)ny dy dz
min{ fg, m(z)dz, [q,7(y)dy}

If 7(S1) < 1/2, then quantity is the conditional probability of going
from S; to Sy in one step conditioned on starting in the steady state in S;.
The central result of Jerrum and Sinclair is that under mild conditions on
the chain (which hold for us), high conductance implies rapid convergence.
Below we will use a more directly relevant version of this from [14].

(5)



In the analysis of convergence rates of geometric random walks, a lower
bound on conductance has often been proved using an Isoperimetric Inequal-
ity. (See [7], [14],[3].) The connection between conductance and Isoperime-
try is intuitively not difficult to see. But to carry out the argument, we need
another quantity, namely the local conductance.

The local conductance at a point z in space is defined as the probability
of making a proper move from z in one step. For example, if only an expo-
nentially small volume of the ¢ ball around z is contained in the convex set,
then the local conductance of the Metropolis random walk is exponentially
small. In this case, we have to make exponentially many steps before moving
away from z, so we cannot guarantee rapid convergence. [In a sense, one
may view local conductance as conductance specialized to single element
sets.]

We establish the following result about the conductance in terms of local
conductance and step size. In a manner similar to the proof of Theorem 3.2
in [14], we relate conductance to Isoperimetric Inequality, but in order to
achieve better coefficient, we will carry out the estimation more carefully.
Then we use our Isoperimetric Inequality (Theorem 2.3 ). The full proof is
deferred to the final paper.

Theorem 3.1 Suppose
F(z) = e Ag(a),

where g is a log-concave function and A is a positive definite matriz with
least eigenvalue Ai. Suppose we are doing Metropolis random walk with
respect to F(x). Also, suppose the step size is 6 and the local conductance
everywhere is at least a certain [ > 0. Then the conductance is at least

1263/

o > .
= 24/nmw

3.2 M-distance

Now we relate conductance to convergence. To do so, we use a quantity
called the “M-distance” which measures how far apart two distributions
are. The M-distance between two distributions P and @ is defined as (it is
really not a distance, but is however a convenient measure of the difference)

|P(S) —Q(S)]
M(P = —_—
(FQ) s:o<cszl(lsl’))51/2 Q(5)



See [13] for a note about why the M distance is convenient to use. The
more common measure used is the total variation distance between P and
@ which is denoted |P — Q|ty and defined as

sup |[P(S) — Q(S)|-
S

Clearly the M-distance is an upper bound on the total variation distance.

In the context of this paper, we run a Markov chain starting from dis-
tribution @)y and achieve distribution Q) at step k. Our steady state distri-
bution is denoted @. Therefore we want to know the bound for M (Qg, Q).
Our main tool is the following theorem from [14].

Theorem 3.2 Suppose @ is the conductance of the Markov chain, we have

o\ k
M@k, Q) < M(Q0, Q) (1 - %) (6
In many contexts, it is not sufficient to get one sample. We like many
independent samples all from (nearly) the same distribution Q. To get this,
one may of course restart the random walk from a different (independently
chosen) point. We will see that this is not necessary. In fact, in general, for
geometric chains as in this paper, it turns out that it is easy to start from
distributions Qo which have M(Qq, Q) < €?"(™ (as we show later) and so
applying the above Theorem, one sees that in O*(nlog(1/¢)/®?) steps, we
can get a sample from a distribution with M-distance at most £ from the
desired Q). Intuitively, now for the second sample, it is better to start from
the sample we already have, but this introduces dependence. However, we
will argue below that after O(1/®?%) steps, we will have a second sample
which is “nearly” independent of the first and is from a distribution with
M-distance at most ¢ again to (). This improves steps needed for subsequent
samples by a factor of O*(n). Something akin to this happens for general
Markov Chains, as first pointed out in [1] for discrete chains. Here, we will
follow the simple proof in [13]. First, we need a definition of a particular
weak form of independence that turns out to be sufficient for us.
Definition : Suppose X,Y are two random variables (with values in
two possibly different o— algebras) and ¢ any positive real. We say that
X,Y are e—independent if

|Prob(X € A, Y € B) — Prob(X € A)Prob(Y € B)| <¢

for all measurable sets A, B.



Corollary 3.3 Suppose we start from a point wy drawn according to dis-
tribution Qo and run the Metropolis random walk with conductance ® for
t steps to get a point w,. Then w, and w; are T—independent where T =

2M(Qo, Q) +1] (1- 35 ).

Proof. To see the 7-independence, we argue as follows. Let A, B be any
two measurable sets. Let f(A, B) be defined as

[|Prob(wy € A,w; € B) — Prob(wy € A)Prob(w; € B)|
= Qo(A)[Prob(w; € B [ wy € A) — Qu(B)| (7)

Let Qf be the distribution of wy conditioned on it being in A4, i.e., Q((S) =
Qo(SNA)/Qo(A) for any measurable S. Then, Prob(w; € Blwy € A) is
the distribution of wy if we start with wy drawn from Q. So, applying the
theorem above, we get

|Prob(w; € B | wg € A) — Q(B)|
t
<\aBM@Q) (1- 5) - ®)

For any measurable S,

1 1
QS) = 5@ N 4~ (G —1) S N4 + Qs \ ),
and hence
, 1
()~ Q)| < Gl QSN 4) - (s )
1
+ (—Qo(A) ~1)Q(SN4) +Q(S\ A)

and the theorem, we get the claimed 7-independence.

In the rest of this write-up, we will make assertions of the form “each
subsequent nearly independent sample takes ..... number of steps”. The
specifications of how nearly independent are postponed to the final paper.
But such assertions will all be based on the Corollary above and indepen-
dence will mean the ¢ independence we have above.

So, we have M(Qy,Q) < WIE[M(QO’Q) + 1] and now using (7) and (8),



4 The standard normal density case

Now we consider the case: sampling according to the standard normal den-
sity e 1*” in a convex set K with B(0,1) C K. This is split to several
steps: penalty function, step size and local conductance, conductance and
sampling.

4.1 Penalty function

If we run the Metropolis random walk in K, according to just F, we run
into the following problem : K may have very sharp corners and the local
conductance may be exponentially small in such a corner.

One way to handle sharp boundary is introducing penalty function of
the convex set as used in [3],[14] etc. The idea is: instead of restricting
the random walk to K, we allow it to go outside of K, but “dampen” the
probability outside more as we go away from K . We dampen by using some
appropriate penalty function to penalize being outside.

Definition 4.1 Given a convex set K with the origin in its interior , the
gauge function of it is defined as follows:

-1 if & € K;
P =Y min{t:z € tK} ifz ¢ K.

It is well-known that g(z) = e~¢(¢x(@)~1 is a log-concave function for
any positive constant ¢. We use this as the penalty function.
We will do a Metropolis random walk in all of R" according to the

function

for a certain number of steps to be specified and reject if the resulting sample
is not in K. We will choose ¢ big enough to guarantee that the probability of
being outside of K is small, so that we do not reject too many times before
we accept a sample.

It can be shown that with ¢ = %n, the probability outside is at most
3 times of that of inside. [This is shown by showing that it holds in every
infinitismal pointed cone emanating from the origin.] The proof is deferred
to the final paper.

From now on, we sample in the whole of R" according to the following
function:



Proposition 4.2 The probability inside K of distribution defined by (9) is
at least 0.25.

4.2 Step size and local conductance

Choosing appropriate step size is tricky. Usually, small step size gives large
local conductance. But if it is too small, it lowers the lower bound on
conductance that we use (namely from Theorem 3.1). So, there is a balance
between small and large step size. Here it turns out that we want to choose
step size with order % In order to achieve the best bound for conductance,
we use a parameter 1 < ¢ < 3, and choose % as the step size. ¢ will be
identified when we discuss conductance. We prove in the final paper that :

Lemma 4.3 With step size 6 = -, the local conductance at every point is

cn’
at least

4.3 Conductance and convergence rate

We can plug in the above value for [ (and 6 = 1/(cn)) into Theorem 3.1 and
1

choose the best value for c¢. It is convenient to ignore the e <2»2 term and
then to differentiate with respect to a new variable A = 1/c. This tells us to
choose ¢ = 3.

Now to describe the random walk, one only needs to specify the starting
distribution, for which we just use the uniform distribution over the unit
ball. Then we get the following :

Algorithm Starting from a point wq picked according to the uniform
density from the unit ball, do the Metropolis random walk in all of R"
according to the function F'(z) defined in (9) using step size d = 1/(3n).
[We do the walk for a number of steps chosen to ensure that the M distance
to the steady state is within a desired bound (see below); if the resulting
point is not in K, we reject and repeat.]

In the final paper, we show the following facts about this walk.

Theorem 4.4 The conductance of the above Markov chain is at least

1

20e+/mn3/? (10

Proposition 4.5
M(Qo, Q) < 1+ ex™/?nl.



From (10) and (6), we get that we can get the first sample in number of
steps
O*(n*).
Also, from Corollary 3.3 the number of steps for each subsequent (nearly
independent) sample is

O*(n3).

5 Orthant case with general normal distribution

Now we consider the general normal distribution f(z) = e~ AT in the
orthant Q@ ={z:x; > 0,i =1,2,...,n}. A is a positive definite matrix with
eigenvalues 0 < A\; < Ap < -+ < A\ Let A=A, /A

5.1 Penalty function

Again we introduce a penalty function to overcome the sharp boundary
problem. It is :

Definition 5.1 Function o(x) is defined as follows:

(z) = 0 if xz; > 0 for each i;
v = max{—zj\/n: z; <0} otherwise.

In other words, for z not in the orthant, if we draw a line starting from it
and along direction 7 = (ﬁ, ﬁ, vy ﬁ), then ¢(z) is the distance between
z and the intersecting point of this line with the boundary of the orthant.
It is easy to show that this function is convex.

The proof of the following proposition is technically complicated and
long and is deferred to the final paper.

Proposition 5.2 Suppose that ¢ = 4alp/n/v/A1 and o > 1. Then with
density function proportional to the following F' in all of R™, the probability
inside the orthant is at least 0.25.

F(.’L‘) _ e—zAzT—cgo(m) (11)



5.2 Step size, local conductance and conductance
From now on, we sample in the whole R™ according to the following function:
F(z) = e—TATT —(40dnvn/VA1)(T)

The step size used is

__ VY
YAny/nInn

where v > 2 is a positive real. It can be proved that with this step size, the
local conductance is at least

(

]

1 1
2 4yy/nlnn

where w is a positive real. The proof involves many details, and thus will
be presented in the final paper.

We then optimize the parameters as in the other problem. Here is the
algorithm with the parameters chosen (nearly) optimally.

Algorithm Start at wy chosen according to the uniform density on
the unit ball intersected with the positive orthant. Then do the Metropolis
random walk in all of R™ according to the function

Jw

—zT Az—5.5Y2n
F(.’L‘) — e zt Ax—5.5 \/Xlnga(w)

and with step size
RN
~ 16\,y/nlogn’
We do the random walk for a number of steps dictated by the desired M
distance to steady state as determined by Proposition 5.3, Theorem 5.4 ,
Theorem 3.2 and Corollary 3.3.

We prove the following about this walk.

)

Proposition 5.3

An
M(Qo,Q) <1+ 2"6/\—7rn/2n!.
1

Theorem 5.4 The conductance of this chain is at least

1

—_. 12
900Anlogn (12)



Just like the standard normal case that we discussed in the last section,
we can give bounds for the first sample mixing time and the subsequent sam-
ple mixing time. The first sample takes O*(n3A3) steps. Each subsequent
(nearly independent) sample takes number of steps

O*(n*A?).

6 From Sampling to Integration

In this section we show how the ability to sample from R" according to
functions of the form e=%" 4% helps us estimate the integrals of such functions
over the orthant.

The connection between sampling and integration is in a sense a natural
and old one, but the point here is to describe a scheme which given a poly-
nomial time sampling algorithm, can estimate the integral in polynomial
time.

For p € [0 1], define

f(p)Z/R

where M = pA+ (1 — p)I is a positive definite matrix. f(0) is known and
we are interested in f(1).

Let X be a (n—vector) random variable with values in R" and with
density

—pxT Ap—(1— 2 _ T
e~ PT Az—(1—p)|z| d:II:/ e~ % Mz dz,

n n
+ RY

e P! Ar=(=p)lal® /£ ().

Let v be a positive real number to be chosen later. Let Y = e vXTAX+V|X|?

Then, clearly, we have
flp+v)
f(p)

We will use this to estimate f(;’;)”) and we will then find f(1)/f(0) as the
telescoping product of several such ratios. First, let us bound the number
of samples of X needed.

We have

E(Y) =

flp+2v)
f(»)

Var(Y) _ f(p)f(p+2v)
(E(Y))?2~ fe+v)f(p+v)

Var(Y) < E(Y?) =

So, we have




We will use the following Lemma to bound this ratio.
Lemma Assuming A\; = 1 after rescaling if necessary, we have

‘d(log f)
dp

n
< —=A .
‘ =ah W
Proof. We see by differentiating that

4 _ / [—zl Az + |:1:|2]e_‘”TM“” dz,
dp Jmrn

Since z1' Az < A\, |z|?, we have

‘ﬁ < )\n/ |w|26_wTMw dz.
dp R?

Define a function ¢ : Ry — R by
g(1) :/ et M gy
R}

Then with the change of variables y; = v/ix;, we see that g(t) = t~"/?¢g(1).
Differentiating we get dg/dt = —n/2 at t = 1. But differentiating under the
integral we get (noting that the eigenvalues of M are all also at least 1),

_d_g_/
dt_R

So we get

(Q:TMm)eftmTMw dr > / |267tmTMw dr.

|z
Rn

n
+ +

df
gy < AT W),

from which the lemma follows.
From the Lemma we get

o (i )| = [

The same bound holds for ‘log (f (fp(;)" )) ‘ So, choosing

d(log f)
dp

‘dq < nvA/2.

1
nA’

V=



we see that Var(Y
ar(Y) g

(E(Y)?> ~
Thus then the ratio f(p+v)/f(p) can be estimated to relative error at most
§ with O(1/6%) samples. Let m = nA.
We use the notation introduced in this section to describe the algorithm,
stating the number of samples used etc.
Algorithm to estimate the integral

e Given 4;0 < e <1/8 and d > 0, the algorithm will find a real number
T such that with probability at least 1 — §, we have :

Te * < / e~2" Az < Tée°.
Rn
+

e For p=10,v,2v,... (upto 1), we do the following :

— Draw s = 20m/(26) (pairwise nearly independent) samples X1, Xo, . .

(nearly) according to the density

epr" Ar=(1=p)lal’ ¢ ().

— Let
T =1 Zs U XT AKX 2
= — [ v .
Ts o

e Return the product of all the T}, ’s as T'.

Remark : The samples drawn for a particular value of p will be totally
independent of samples drawn for other values of p.

To give the essential idea of the analysis of the algorithm, we will assume
here that

(i) B(T,) = L85 and

(ii) Var(T,) < 25/(4m).

Both these are valid if the s samples used for finding 7}, are pairwise
completely independent (i.e., 0-independent) and each exactly according to
the desired density. This is not quite true, but the errors cause only minor
technical problems and the final paper will contain the full analysis. Under
the assumptions, we have first that

Prob(T}, < E(T})/V2) < 6/(16m).

X,



So with probability at least 1 — (6/16), we have that for every p : T, >
E(T,)/V/2. This technical fact is only used in the second case below.
Now, consider the random variable

T T,
t=log )~ 2 Ty

First consider the case when ¢t > 0. Since logz < z — 1 for all real z, we

have T T, B(T))
t=) log—2_< P_ PZ
zp: E(Tp) ; E(T})
The random variables %AE’) ; p=0,v,... are independent, so the vari-

ance of the sum above is just the sum of the variances. Thus we have by
Markov inequality that
Prob(t > €) < §/4.

The second case when ¢ < 0 is a little more complicated. In this case, we
use the inequality logz > (z — 1) — (z — 1)? which is valid for all z > 1//2.
We will defer the full argument to the final paper.

We saw that we can produce the first sample for each p in O*(A2%n3)
steps and subsequent samples in O*(A?n?) steps per sample. So the total
number of steps needed to estimate the integral to relative error e is at most

O*(A*n?).

7 Open Problems

Several interesting open problems remain. The first will be to improve the
number of steps needed. In this connection, it should be possible to use the
results of [13], especially the notion of proper moves. A proper move of the
Metropolis random walk is what the name indicates - it is a move where
we move from z to y # z. If the local conductance is low at a point, we
have to make many moves before we make a proper move. But in certain
situations, like sampling from the orthant, it may be easy to run a different
chain whose transition probability density function is :

1

: (y))
Py = ———— min (1, — .
Y fRim(xMB) F F(z)



In other words, we may be able to make proper moves with the correct
probabilities without having to “try” out (possibly) improper moves. In
[13], better convergence bounds are proved in such cases and it will be
interesting to exploit this. There is a hope that for such an improvement
for the case of the convex set containing the unit ball (as in section 4) may
help improve the volume algorithm.

Our arguments do not carry over for the case when the orthant is shifted
- i.e., when the region is of the form : {z : x; > p;} where not all the p;
are zero. The main difficulty is the cumbersome penalty function and the
argument that the positive orthant has sizable (here at least 1/4) measure.
Perhaps this can be overcome and a better penalty function or a better
argument can be found.

It is also possible that these methods here extend to other log-concave
densities.

Acknowledgements : We thank Persi Diaconis for bringing the prob-
lem to our attention. Thanks to Satish Iyengar for helpful discussions.
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