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Abstract An important class of functions that arise in statistics and other areas are
the log-concave functions. We give an algorithm for sampling according to log-concave
functions. We prove fast convergence of our algorithm using the theory of rapidly mixing
Markov chains. We use sampling to develop an algorithm for integrating such functions.
Our algorithms work for all functions that assume only positive real values; the running
time depends on a natural parameter that measures how close they are to being log-concave.
As one application, we are able to develop an algorithm for approximating the volume of
convex bodies given by an oracle; we do so by enclosing the given body in a cube, defining a
log-concave function that is 1 on the body and exponentially falls off outside and integrating
this function. The running time of our algorithm is better than previous algorithms.

1 Introduction

Suppose F(+) is a real positive valued function defined on the cube A = {z e R" : 0 < z; < d}
in Euclidean n—space (where d is some positive integer.) Let v be a (small) positive real
and L the grid of points

L ={z:z; = an integer multiple of v for i =1,2,...n}.
We consider the following three fundamental problems :

1. Sampling according to F' Pick a (random) point of L N A such that the probability
p(z) of picking point z is proportional to F'(xz). The problem we solve here is the
following approximate version : given a positive constant €, p(z) must satisfy

Ip(z) —cF(z)|<e VzxeLNA.
for some constant ¢ independent of zx.

2. Integration Find the integral of F'(z) over A. In the approximate version we solve,
we are given an € > ( which is an upper bound on the relative error allowed. Since
we will give a probabilistic algorithm, we are also given an upper bound € on the
probability with which our algorithm is allowed to fail.

3. Volume of convex bodies Given a convex body in Euclidean n—space by a mem-
bership oracle, find its volume with relative error at most €; the algorithm should have
failure probability at most €.

Our algorithm for the third problem will be based on our solution of the first two prob-
lems, so we discuss them first. It is known that for functions F' satisfying certain special
conditions, these problems can be solved efficiently, i.e., with running times polynomially



bounded in certain parameters of the problem. In particular, for concave functions F', this
is true by the results of Dyer, Frieze and Kannan (1989); they gave the first polynomial time
algorithm for solving problem 3) and as well problems 1) and 2) in the case of concave func-
tions. A very important class of functions that occurs in practice are log-concave (which
is a weaker condition than concavity - it is easy to see that a positive concave function is
also log-concave ) : i.e,. their logarithms are concave, but not necessarily the function itself.
Most of the important distributions in statistics have this property : for example, the nor-
mal, exponential, gamma and many others. In fact, the statistical applications provided
our initial motivation. The class of log-concave functions has another important property :
it is closed under multiplications.

In this paper, we describe a general random walk and use it to solve problems 1) and 2)
efficiently for “smooth” log-concave functions. Our algorithms work in fact for any general
function F', but the running times depend upon two parameters o and (3, the first of which
measures how smooth F'is and the second how close it is to being log-concave.

Here are the definitions of o and 3. First we let

f(z) =In F(x).

Since F' is strictly positive on A, f is defined throughout the cube A. Then o and S are any
real numbers satisfying :

£@) = f@)| < @ (whx o - yl) Vo€ A,
fOz+ (1 =Ny) > Af(z)+(1—-Nfly)—B Vz,ye Aand VA€ [0 1].

Note that o may be taken to be the Lipschitz constant of f with respect to the infinity
norm. Since A can be zero, § must be nonnegative. If f is concave, 8 can be taken to be
zero. If f is sufficiently differentiable, we can also take a to be v/n times any upper bound on
the length of the gradient vector of f at all points of A. Similarly S can be defined in terms
of the the maximum value of the second derivative of f over all directions and all points of
A. These considerations are not used in the rest of the paper.

Our algorithm solves problem 1) (namely, draws one sample) in time

1 1
O(n*d*o*e* (log — + log ——)).
( ( € Q(l“o)))

We use our sampling algorithm in a straightforward way to solve the problem of integra-

tion in time s J .
n° 5 9 a8 n «
O(e_zd a‘e” log g(n log - + log m))

We use the algorithms for the first two problems to solve problem 3). This is done by
enclosing the given convex body K in a cube A. Then we define a log-concave function F
which is 1 everywhere on K and falls off exponentially outside K. This enables us to argue
that the integral of F' over A is at least the volume of K and at most a constant times the
volume of K. We compute this integral using our solution to problem 2) and then sample



using our solution to problem 1) to find the ratio of the volume of K to the integral. Our
algorithm has running time :

nlo 1 1 1
O(—(log n)?(log g)z(log ) (loglog ).

The paper of Dyer, Frieze, and Kannan was the first to give a polynomial time algorithm.
Their running time was O(n*¥(logn)®¢=?log(1/¢)log(1/¢')). The running time’s dependence
on n was improved by Lovész and Simonovits (1990) to O(n'(logn)®log(n/¢)log(n/€)e*).
The proof of convergence of all our algorithms uses a generalization of a lemma in the Lovész
and Simonovits paper. This lemma asserted a lower bound on the surface area of a film inside
a convex set in terms of the minimum of the volumes on the two sides of the film in the
convex set. Our lemma considers the weighted surface area of the film versus the weighted
volume of the two parts - the weight used is the function F.

2 The basic Random Walk

The sampling algorithm is based on the following simple random walk.

We divide the cube A into small cubes of side §, where § will be 1/[«] . The states
of our random walk will be the set of these small cubes. We call this set V. We call the
cube of side § with x as center C,. We interchangeably say the random walk is in = or C.
The random walk will start in some point in V' to be specified later. At a general time,
the random walk is in some x € V . With probability 1/2, it decides to stay where it is;
otherwise, with probability 1/(2n) each it picks one of the 2n coordinate directions. If the
adjacent cube in that direction is not in A, the walk stays where it is. Otherwise, it moves
to that adjacent cube with probability

F(y)

min{1, —==}

F(x)
where 3 is the center of the adjacent cube. More precisely, for any centers x, y of two different
cubes in A, p,, the probability of going from z to y is defined by :
® p, = 0 if they do not share a facet

* Doy = () (min{1, £8})  if they do .

Further, the probability p,, of staying in z is 1 — 37, ., Dy

Proposition The Markov Chain is connected and aperiodic, i.e., it is ergodic.
Proof Follows since F' is positive on A.

Lemma The stationary distribution of the Markov chain {q(x) : © € V'} satisfies :

q(z) = F(z)/ 3_ F(y).

yev

Proof It suffices to check that for each z, we have

F(2) = peaF(2) + D> F(y)pyo-
y£zT



We have ¥, ., F(y)pye = (1/(4n)) X, min{F(y), F(x)}, where the last sum is over y such
that Cy is adjacent to Cp. Now py, = 1 — (1/(4n)) 3, min{1, F(y)/F(z)}. So the lemma
follows

3 The basic random walk mixes rapidly

The proof of rapid mixing of the basic random walk is based on the notion of conductance
and its relation to the rate of convergence proved by Sinclair and Jerrum (1988). Informally,
their notion of conductance of a subset of states measures the “escape probability” from
the subset. Their theorem stated below says that if this escape probability is high for each
subset of states, then the Markov chain approaches the steady state fast. Here are the precise
definitions.

A Markov chain is said to be “time-reversible” if for every pair of states x, y of the chain,
we have ¢(%)pzy = q(y)pys. This is clearly true for our Markov chain, where both the above
quantities are either zero or

(1/(4n)) min{F(z), F(y)}/ ZF

Henceforth, when we say Markov chain, we will mean a time-reversible Markov chain.
Definition Suppose a Markov chain has a finite set of states V' and S is subset of V.
The conductance of S is defined to be

> q(@)pay

z€S,YeV\S
min{> q(z), > q(y)}
€S yeV\S

The conductance of the Markov chain, denoted ¢ henceforth is defined to be the minimum
conductance of a subset S of states.

Theorem: (Sinclair and Jerrum) If the basic random walk is started in state x,, then
after t steps, the probability distribution p,(-) satisfies

n@) - a(o)] < “”(L_ﬁf Vo eV

q(z,) 2

We will also use the following corollary :
Corollary : If we start the random walk in a state x, with vq(z,) > ¢(z)Vz, then we
have

@m><n<f@—ﬁy

In order to prove that the conductance of the basic random walk is not too small, we
need following generalization of a theorem from Lovész and Simonovits:



Theorem: (weighted isoperimetry) Let K be a convex set in Euclidean n— space with
l diameter (the maximum [, distance between any pair of points) d. Let K; U BU K, be
a decomposition of K into three closed parts such that the [, distance between any point
of K; and any point of K, is at least t. Then

min{u(K0), u(K2)} < 9 u(B)

where p is the measure with weight function F. (i.e., u(T) = [, F for any measurable subset
T of K.)

Proof: Let 7 be an arbitrarily small positive real. Let E be the Lowner-John ellipsoid
of K. The reduction to the “needle-like” case, where all but one of the axes of E are shorter
than 7 follows that of Lovasz and Simonovits, except that one uses the weighted Ham-
Sandwich theorem to bisect the weighted K; and K, and uses F(z) > 0 for all z € K, a
bounded closed set, to get a non-zero lower bound on F(z) to guarantee that the repeated
bisection of the largest two axis of the Lowner-John ellipsoid results in a “needle-like” body.
The details are simple and are deferred to the final version.

Now, for the “needle-like” case: Let a; and as be the endpoints of the projection of K
onto the longest axis of E. Let r = |ag — 1|0, € = (ag —a1)/r, and let H, be the hyperplane
through a; + ue orthogonal to this axis.

Assume that a; € K;. Assume that (moving from a; toward as) u, is the last u for which
H, contains a point in K; and us is the first one for which H,, contains a point in K. Then
[ug — U1|oo >t — T/n.

Let s(u) be the (n — 1)-dimensional volume of H, N K. We know from the Brunn-
Minkowski theorem (see e.g. Bonnesen and Fenchel (1934)) that s/~ is a concave func-
tion, from this it follows that Ins is a concave function. Let G(u) = s(u)F(a; + ue). Let
G(z) = mingepu, uy) G(), and G(y) = MaXyeq;,0,) G(¢). By symmetry we may assume that
Yy 2>z

Let € [a;,u;]. We show that G(z) < G(2)e?:

Case 1: G(y) < G(2)e?. Since G(y) = maxye[a, 0, G(2), G(z) < G(y) < G(2)€P.

Case 2: G(y) > G(z)e?. With suitable 0 < A < 1 we have:

f(2) 2 Af(2) + (1 =N f(y) - 8

Ins(z) > Ans(z) + (1 — \) Ins(y)

Adding and noting that In G(y) > In G(z)+ S we must have In G(z) < InG(z)+ . Therefore,

since every point x on H, has e~V <L F(f l(f_)ue) < V™ we have that

w(Ky) < G(2)refe®™™  and  pu(B) > G(z)(t — Ty/n)e V"

r
Th K)) < —— e ™VeB 1 (B).
US,/,L( 1)_(t—’7'\/ﬁ)e C/L( )

Since this is true for each positive 7, we have the theorem.



Theorem 3: The conductance ¢ of the random walk satisfies

6> 1
4e2nd[a e

Proof : Let S be a subset states. The conductance ¢g of S is

> a(@)pay > min{F(z), F(y)}/4n

_ 2€S,ydS ::zGSﬂQS
%= min(y ao) et} min{y (). 3 F@)

The sum in the last numerator is only over adjacent z,y. Using « to bound how much F
varies within a small cube gives:

p(S) >3 F(z)e ™™ and p(A\S) > F(z)e *6™.

€S ¢S

Let B be the t/2-neighborhood of SN (A\ S). Then B is made up of facets shared by cubes
in Sand A\ S, and
W(B) < Y min{F(z), F(y)herss 't

z€S, Y¢S
Finally, weighted isoperimetry with K; =S\ B and Ky, = A\ (S U B) yields
p(B) St
min{u(S), W(A\ §)} — de’
wu(B) J J 1

h > 2 = '
and thus, ¢g > Anmin{u(S), (A \ S)} te2ed = dndePe2a® = 4e2nd[a]eP

(The last inequality uses the fact that 6 = 1/[«].)

4 Sampling according to F

To sample according to F', we start at some point g, perform the basic random walk until
it has “mixed” to get a random point z, and then use rejection sampling to pick a point z
from within L N C,. More precisely, the sampling algorithm to generate a random sample z
from AN L according to F' with error € is:

1. Run the basic random walk for 16e*n?d?a?e? (log < + log 1)) steps. Let a be final

q(o)
state of the walk.
2. Pick a point z uniformly from L N C,.

3. With probability F'(z)/(eF(z)) output z. Otherwise, start the random walk over again.



Proposition : The sampling algorithm terminates in time

1
O(n*d*a*e* (log - + log ) + nlog g))
€ Y

q(x0)

Proof : The first term is the time needed to do the basic random walk. The second term
is the time to generate the nlog(d/v) bits that describe a point of AN L. The probability
of accepting is > 1/e? since § = 1/[a], so we expect to reject O(1) times before we accept
a sample.

Proposition : There exists a ¢ such that for any z € L N A the probability Pr[z] that
the sampling algorithm picks z satisfies | Pr[z] — cF'(z)] < e.

Proof : The proposition follows directly from the conductance of the basic random walk
and the choice of §. Details are contained in the Appendix.

Corollary : Let S C LN A. Then | > ,esPriz] — X.esq(z)] < €lLN A

Remark : The algorithm can actually sample according to F' over any rectangle, in
which case d is the length of the longest side.

Remark : The algorithm as stated is expected to stop after a constant number of
repetitions, but has no worst case bound. To make the algorithm fully polynomially time-
bounded, if the algorithm has not accepted after log1/e repetitions, terminate and output
x. The probability of this happening is < e.

5 Integration of F

To integrate F', we divide the cube in half. Samples according to F' will then lie on one half
with probability equal to that half’s integral divided by the total integral. We sample to
determine that ratio, and recursively compute the integral of the larger half, to determine
the whole integral. We end the recursion when the cube has become small enough that the
value at its center point is close to its value over the entire cube. In this situation, uniform
sampling is sufficient to approximate the volume.

In more detail, the algorithm to integrate F' over a cube A with relative error ¢ and
failure probability € is:

an’

1. Let v = 55—, and let L be the corresponding grid of points. Let N = [LN A| = (%)n

2. If d < 1/[a], let X be a set of i—z log 2 points picked uniformly at random from AN L.

Return
> F(z)
reX
——Vol(A
X (A4)

JoF

3. Otherwise, compute a cube A’ C A of side d/2, for which we know R = G to within
Al

a relative error of €/4. To do this:



(a) Start with the rectangle A° = A and the ratio R® = 1.

(b) Fori=1,...,n split A~ ! into A% and A® by splitting A*! in half along the i-th
dimension.

(c) Let X! be a set of (24”)2 log 2 pomts picked according to F' from A™"' N L by

3iNm
(d) Either |A! N X! or |AL N X"!| will be at least |X*~!|/2. Let |A?| be that half
of A”!and let R* = R X" !|/|A* N X!

(e) Let A= A™ and R = R"™.

4. Recursively compute the integral of F' over A’ to within a relative error of ¢/ V2 and
failure probability %’, and return the product R [, F

Proposition : The integration algorithm takes time

1
q(o)

Proof : Step 2) takes time O(Z log(% )nlog ) and only gets executed once. Step 3c)
takes time O(% log(2)(n?d?a2e? (log ¢ S+log ))—i—n log 9)) = O(n* 3d’a’¢* log & (n log %+
log@) and gets executed n times. Thus, T(n,d, e, €) = O(n*%5d*a*e*’ (nlog do‘—i—log (wo))-i-

T(n, g, \L@, 62—') and the result follows.

1 da
O(n5—2d2a262ﬂ log (n log +log ——))
€

Proposition : With probability > 1 — ¢ the integration algorithm’s result V' satisfies:
1-g [ F<v<@+e[F
1-¢q [ F<V<(+e

Proof : This follows from the following theorem from statistics on large deviations (see
for example Theorem 1 of Hoeffding (1963)). Details of the proof are contained in the
Appendix.

Proposition : Let S, = X; + --- + X,,, where the X, are independent, identically
distributed simple random variables with mean m and standard deviation o. Then

g

S —2m2n
= _—m Zem]SQe 202
n

Corollary : Let S, = X; + --- + X,,, where the X, are simple Bernoulli trials with
probability p. Then

—e2pn

S,
Pr[——p‘zep]SZe

n




6 Computing the volume

For computing the volume of a convex body K, given by a “weak-membership oracle”, we
proceed as follows : Just as in Dyer, Frieze and Kannan, we also first make the body well-
rounded. We, however, make one observation that saves us some running time : since we
are finally going to subdivide into cubes, it will be better to get a pair of “concentric” cubes
one inside the body and one outside after applying a linear transformation to it, rather than
get a pair of such spheres. More precisely, we do the following :

e Find n + 1 points vy, vy, ...v, in K such that the volume of the simplex with these
n points as vertices is at least 1/2 of the maximum volume of any simplex with all
vertices points of K. Lenstra (1983) gives an algorithm to accomplish this using the
ellipsoid algorithm.

e Apply an affine transformation to space that makes vy into the origin and the n vectors
V1, Vg, ... into the n unit vectors ey, es, . ..e, respectively; this changes the volume of
K by a factor equal to the determinant of the transformation which we remember.

We see that now K must be contained in the cube
Al={r:-2<z;<2 Vi}

for otherwise, we may more than double the volume of the simplex by taking a point that
violates one of these inequalities. Also, since the origin and the unit vectors are in K, we see
that the cube B of side 1/(2n) with center p = (1/(2n),1/(2n),...1/(2n)) is contained in
K. For convenience, we apply an affine transformation that sends p to the origin and B to
a cube of side 2 (so, now B is the unit ball of the [, metric). Thus we have that K contains
the unit ball of the /o, metric and is contained in a ball of () radius 4n + 1 which we call
A.
We now define the following real valued functions on A \ {0} :

t'(z) =inf{r >0:z/r e K} t(z)=max{0,t(z) —1} F(z)=e 2,

Note that F'is 1 on K and is positive everywhere on A.
Proposition : F'is log-concave and has o = 2n.
Proof The proof is straightforward and deferred to the final paper.
Lemma The integral of F' over A is at least the volume of K and at most twice the
volume of K.
Proof The first part is obvious. For the upper bound, we have [, F'— Vol(K) is at most
o

/Ooo [VOI((l +t4+ dt)K) - VO]((I + t)K)] 672nt < nVol(K) / (1 + t)nfleantdt.

0

Noting that 1 + ¢ < e, we have the required bound.



We estimate the integral of F' over A using the algorithm of the last section. We start
at a state that has ¢(z,) at least 1/2 the maximum value of ¢(z), this is possible, since
there is a polynomial time algorithm to (nearly) maximize a concave function over a convex
set. The details are given in Grétschel, Lovasz and Schrijver (1988). For the basic random
walk, we would take § = 1/(2n). In doing the random walk, we must evaluate F(z)/F(y)
for pairs of points z,y that are 6 apart. We can only do this with some relative error. We
argue in the Appendix that it suffices to make the relative error O(e°® /(n®M(log1/€'))).
To evaluate F(z)/F(y) with relative error £ we proceed as follows: we first find (by a simple
binary search procedure using queries to the oracle for K) t(x) and t(y) each with absolute
error at most O(&). This takes time O(log(n/€)). Thus we will then know their difference
with absolute error at most O(£). We find the exponential of this by power series, noting
that since the difference is not more than O(1) in absolute value , we need only O(log(1/¢))
terms of the power series to approximate F'(z)/F(y) to relative error at most O(). So, each
step of the random walk takes times O(logn + log(1/£)); the same argument gives a similar
bound on the time required to do the rejection sampling to pick a point of the finer grid of
side . Using the proposition of the last section that gives the time required for integration,
and substituting d = O(n),a = O(n),1/q(z,) = O((d/8)™) = O(n*"), we have that the time
required to find the integral of F' over A with relative error O(e) is

0 () tog 10 1?1 ) ogtog 1) ).

Finally, we let v = O(¢/n). Let L be as usual the grid of side 7. Let N = |[L N A|. We
have log N = n(logn — loge) . With these parameters, we solve problem 1) of sampling in
L N A according to the function F' where we take the error allowed (the € in the definition
of problem 1) to be O(¢/N). For z € L N A, let Pr[z] be the probability of picking z. Let
Pr[K] be 3 ,crnx Prlz]. Finally, let X = 3,744 F(2). Then by the corollary in section 4,
we have

[PriK] — LN K|/X] < O(e).

So, by doing O((1/€?)(log %)) trials, we may estimate |L N K|/X to relative error O(e)
with failure probability €¢’. (The proof of this fact uses the same result on large deviations
as in section 5 and we defer this proof to the final paper.) To finish the proof, we need two
facts : "X is close to the integral of F' over A which follows easily and secondly we prove
below that v*|L N K| is close to the volume of K :

If K intersects any cube of side 7, then (1 4+ 7) K contains the center and conversely, if
K contains the center, but not the whole cube, then (1 — v) K misses the cube. So we have

(1 —=7)"Vol(K) <A"|LNK| < (1+v)"Vol(K).

The time for the sampling part does not change the total time since it is easily seen to
be at most a constant times the time for the integration.
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Appendix

Proposition : There exists a ¢ such that for any z € L N A the probability Pr[z] that
the sampling algorithm picks z satisfies | Pr[z] — cF'(z)| < e.

Proof : The probability that a pass picks the point z is equal to the probability that it
picks the square C, containing z, and picks z from within that square, and accepts z, or

1 F(z)
|C, N L| eF(x)

Pr[z on this pass| = p;(z)

From the conductance of the basic random walk, we have

T 2 2 o2
i) —aw) < VL g Py L P detin) o €
\/4(xo) 2 q(z0) 2 €
: F(x) € 1 F(z) 1 €
so Pr[z on this pass] < (—=———+ ) < F(z) + =
F(y) €*|CoNL|eF(x) C.NLled F(y) €
yev yev
1 €
and similarly, Pr|z on this pass| > F'(z - —
y, Pl pas] 2 F(&) e
yev
. Pr[z on this pass|
S Prz] = h
e tlz] Pr[somebody on this pass] we Have
Prl] — F(2) Pr[somebody on this pass|

ICeNLle)” Fy)

yev

prj[somebody on this pass]

This finishes the proof, with ¢ = CanLle S, oy F)

Proposition : With probability > 1 — ¢ the integration algorithm’s result V' satisfies:

G—QAF§V§U+QAF

Proof : If d < 1/[a], V is determined by step 2). In that case, each F(z) is an indepen-
dent random variable with mean m = 3 ;4 F(y)/N and variance 0% = ¥, c1q4 F(y)?/N —
m? < Yyerna m2e2% /N — m? < e?m?2. Thus

F _62m2|X|
X 2

Yaerna Flz) y JaF Yzerna F()
e AT Ve L < ay 1,
N SVl S N ¢ We 8e

and since
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V—/F‘ze/F]ge’
A A

If d > 1/[a], V is determined by step 3) and the recursive call. We will show that for

. / . . i F
each ¢, with probability at least 1 — 7~ the relative difference between IAKTII nd L= 1F
Al
is less than . This will mean that with probability at least 1 — the relative error in R

will be less than 5 and the result follows.

At each 1, each point x € X! can be viewed as a Bernoulli trial, where a success is when
x € A'. Thus, letting p(A*) denote the probability that the sampling algorithm selected a
point in A%, we have

. € . —2p(at)xi-1) €
—p(AY)| > —p(AH)]| <2 2n2 < —
) 2 o) < 27 HET <

| XN A
Pr||————
I H |X171‘

since we chose A* so that p(A*) > 1/2.
Now, by the corollary to the sampling theorem, we know that p(A’) has relative error

< - from M, and by our choice of v, we know that this has relative error < -
n z€ A= 1F(z) n
) F
from fff” FF Combining these all, we find that ﬁ approximates ff = with a relative
Ai—1 Al—1

error < & with probability of failure < 26—

The following proposition can be directly used to show that it suffices to estimate
F(z)/F(y) for the random walk in section 6 to relative error O(e?™ /(n°M(log(1/¢'))°W)).
To derive this, we just substitute ¢ = number of steps for which the random walk is executed
= 0(e9°M /(n®M (log(1/€'))°M)) into the proposition.

Proposition : Suppose P is the transition matrix of a Markov chain (with row sums
= 1) with column sums at most ¢. Suppose P; is another transition matrix of a Markov chain
on the same states with |P; — P|s, < €. Then for any natural number ¢, |P} — P'|,, < cte;.

Proof : By induction on t.
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