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The Weingarten Map
The Weingarten map, also called the shape operator, is a linear map from the tangent space of a surface at a point  to that same tangent space.  It is defined as the negative of the directional derivative of the unit surface normal  at :
	
	


where  is a tangent vector on the surface at .  
[bookmark: NumberRef7055475116]The Weingarten map is fundamental in analyzing the surface’s curvature.  For a 3D surface, given an orthonormal basis for the tangent space at ,  can be represented as a 2×2 symmetric matrix, whose components involve second (and possibly first) derivatives of that surface.  This brief note describes how to calculate it for parametric (Equations (7) and (8)) and implicit (Equation (10)) surfaces.  
Because the unit normal satisfies , we have

which shows that the directional derivative of the unit normal always lies in the tangent space (since it is always perpendicular to the normal), and thus that the output of  indeed lies in that space.
The Weingarten map is a self-adjoint operator:

This means that its 2×2 matrix representation in an orthonormal basis is symmetric.  See [Thorpe, pages 58-59] for a proof, as well as extensive discussion and proofs of many other of its properties.   I mention briefly that its eigenvalues are the principal curvatures of the surface, and its corresponding eigenvectors are the principal curvature directions.  It is trivial to derive Gaussian and mean curvature from these eigenvalues, making the Weingarten map invaluable for all sorts of geometric analysis.  
Perhaps the most fundamental property of the Weingarten map is that for any curve  on the surface passing through  at , the normal component of its acceleration at  depends only on the curve’s velocity vector, , and on the Weingarten map there, , via

This is true because 

Parametric Surfaces
A 3D parametric surface is represented as the function  from  to .   The unit normal to the surface  is 
	
	


i.e., the normalized cross product of the surface’s two tangent vectors in the parametric directions  and .
We begin by defining the coefficients of inner products of these tangent vectors with each other:
	
	


and inner products of second derivative vectors with the unit normal:
	
	


Identities like  are easily derived since the parametric tangent vectors remain perpendicular to the surface normal, e.g. .
We next define an orthonormal basis for the (2D, linear) tangent space given by the tangent vectors  and .   Note that the parametric tangent vectors  and  are neither unit-length nor perpendicular in general; using them as a basis complicates the derivation.  We choose a coordinate frame for the tangent space which first normalizes  and then takes the perpendicular projection of   onto it, via

It is easily seen from the above formulas that these vectors can be expressed in terms of the original parametric tangent vectors and the coefficients , , and  from Equation (3) via

where 

Note that  always, since   and  for any vectors  and , so there is no difficulty with the square roots above. 
Expressing this basis in terms of the original tangent vectors, we have[footnoteRef:1] [1:  I take the notational liberty of using vectors like , , and  as either rows or columns in various matrices, without explicitly transposing them when they are used as matrix rows.  The meaning should be clear from the context.] 

	
	


where

Going in the opposite direction, we can also express any linear combination over this basis, , in terms of a linear combination of parametric tangent vectors, , via
	
	


where

Note that the above matrix  is the transpose of the one from Equation (5).
We’re now in a position to derive the Weingarten map, based on Equation (1).  We start with a tangent vector expressed in the orthonormal basis, in terms of .  We then convert that to the parametric basis  yielding the derivative operator , apply this operator to take the directional derivative of the normal , and finally project the resulting 3D vector back to the original orthonormal basis.    The derivation below assumes our input tangent vector  appears on the right, represented as the following column vector in the orthonormal 2D coordinate frame: 

We thus obtain

where  is defined in Equation (6).  Multiplying the middle two matrices yields the negative of the  coefficients defined previously in Equation (4); i.e.,

where

So the final result is

or
	
	



Coordinate systems other than the one chosen here can be used.  If they are orthonormal, they will simply cause a 2×2 rotation matrix to be multiplied on the right in the above, and its corresponding inverse (which is equal to its transpose for a rotation) multiplied on the left.  This operation of course does not alter the eigenvalues or destroy the matrix’s symmetry.  
We can also convert the above matrix into the non-orthonormal coordinate basis of the parametric tangent vectors, via

yielding the final matrix (compare the Wikipedia formula):
	
	



In general, this matrix isn’t symmetric since the parametric tangent basis is not orthonormal, implying .[footnoteRef:2]  It has the same eigenvalues as .  This is true because  and for any matrices  and ,  is an eigenvalue of  implies it is also an eigenvalue of  since  [2:  The fact that the standard formula in terms of the parametric tangents (i.e., Equation (5)) disguises the symmetric nature of the underlying operator prompted my writing of this note. ] 

I also include the following useful formulas for the trace and determinant of the Weingarten operator:

from which its eigenvalues (principal curvatures) can be calculated via

The value  is equal to the Gaussian curvature, while  is twice the mean curvature at .
Implicit Surfaces
Implicit surfaces are represented as the solution to the equation .  The unit surface normal at any solution point  is determined by the gradient of  via
	
	


Calculating the Weingarten map in this case is considerably simpler than for parametric surfaces.  We first must chose some orthonormal basis for the tangent space, denoted as before with the vectors  and .  We then obtain
	
	



As before in the parametric case, this clearly yields a 2×2 symmetric matrix.  It is less obvious how to choose the tangent space basis vectors.  One simple method is to pick the coordinate axis  that is most perpendicular to  and then find its perpendicular projection onto :

which then determines the second basis vector . 
I omit a detailed derivation of Equation (10), which is included in [Thorpe] and easily follows from Equations (1) and (9).  My formula differs from [Thorpe] in its use of an explicit tangent space basis to obtain a 2×2 matrix.
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