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Abstract

e proposea metricfor surfaceparameterizatiorspecializedo its signalthatcanbeusedto createmore ef cient,
high-qualitytexture maps.Derivedfrom Taylor expansionof signal error, our metric predictsthe signal approxi-
mationerror - the differencebetweerthe original surfacesignalandits reconstructiorfromthe sampledexture.
Unlike previousmethodspur metricassumegpieceavise-linearreconstructionandthusmalesa goodapproxima-
tion to bilinear reconstructioremployedn graphicshardware. e achieve signi cant savingsin texture areafor
a desiedsignal accuracy compaedto the signal-specializegharameterizatiormetric proposedby Sanderet al.

in the 2002Eurographics\Workshopon Rendering

CatgoriesandSubjectDescriptorgaccordingo ACM CCS) 1.3.7[ComputerGraphics]:Color, shadingshadeving

andtexture

1. Intr oduction

Texture mappingfeaturesn graphicshardwarearebeingin-
creasinglyusedin real-timerendering.Surfacesignalsplay
animportantrolein achiering anumberof renderingeffects.
While theserenderingeffects canalsobe storedper vertex
on a high resolutionmesh,using a coarsemeshwith tex-
turesis generallymoreef cient [COM98§.

Texture mappingrequiresa surfaceto be parameterized
ontoatexturedomainby assigningexture coordinatego its
vertices.Given this parameterizationthe surface signalis
samplednto a texture imageof a givenresolution.Texture
memory can becomea scarceresourcein complex scenes
with mary texturedobjectsn this papemwe examinehow to
construct parameterizatioto bestrepresena givensurface
signal using texturesas compactas possible We construct
suchaparameterizatioasanoff-line, automatiqreprocess.

Themajority of surfaceparameterizatioachemesassume
noa priori knowledgeof thesignalandinsteadminimizefor
variousgeometricdistortionmeasuresuchaspreseration
of areaandangles.Sandert al. build a surfaceparameteri-
zationoptimizedfor aspeci ¢ signalby trying to reducethe
signal approximationerror - the differencebetweenthe re-
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constructedsignalandthe original signal[SGSHO02. While

their approachalreadyproducesnoreef cient texture maps
than signal-independenparameterizationsi is basedon

theassumptiorthatthereconstructioris piecavise constant.
Theintegratedmetrictensosin theirsignal-specializethet-

ric distinguishbetweerconstanandlinearsignalsbut donot

differentiatebetweeninearandhigherordersignals.Given

thatgraphicshardwareemplaoys bilinear interpolation,their

metriccouldleadto overor undersamplingdependingipon
thesurfacesignal.

In this paper we examineminimizing the signal approx-
imationerror with the assumptiorthatthe reconstructiors
piecavise linear. Basedon Taylor polynomialexpansionof
signalerrorour metricconsistof aweightedsumof squares
of secondderivativesof the mappingh from the texture do-
main(s;t) to ann dimensionakurfacesignal. Thesesecond
derivatives allow our metric to distinguishbetweenlinear
andhigherordersignalsandthusprovide greatersensitvity
to signaldetail. This resultsin reducedsignalapproximation
errorfor agiventexturesize(seeFig. 7).

Thespeci ¢ contritutionsof this paperare:

A novel errormetricthatintegratessignalapproximation
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erroroverthesurface It is derivedusingTaylor expansion
of signalerrorwith theassumptiorthatthereconstruction
is piecaviselinear

A methodto computeHessianssecondlerivativesof the
mappingh betweenthe texture domainand the surface
signal, using a leastsquarestting methodin order to
evaluatethe termsof the metric. Thesetermsareprecom-
putedandintegratedover eachface.

An afne transformatiorrule for ef cient evaluationof
themetricduringthe parameterizatioprocess.

We implementanef cient algorithmthatminimizesthesig-
nal error over the parameterizationwhile maintainingan
embeddingOur optimizationalgorithmincorporates mul-
tiresolutionhierarcly [SGSHO2 to propagite metric infor-
mationfrom ne-to-coarseandcreateghe parameterization
in acoarse-to- nemannerin Section6 we comparehesig-
nal approximationerror of texture mapscreatedusing our
metric with that of Sanderet al., and shav that our metric
achievessigni cant savingsin texture areafor a desiredsig-
nalaccurag.

2. Previous Work

Signal Independent Parameterizations The problem of
minimizing distortion while attening a surfacechartinto
2D hasbeenstudiedin greatdetail since1995asnotedin
thesurwey by FloaterandHormann[FHO04].

Pinkall and Polthier rst introducethe notion of using
cotangentweights as a discretemeasuremensf Dirichlet
enepgy with theaim of computingminimal surlaceg PP93.
Eck etal. proposethe useof Dirichlet enegy minimization
to parameterizin@ meshusingharmonicmaps[EDD 95|.
The texture coordinatesfor boundary vertices, however,
mustbe x eda priori andharmonicmapsmay containface
ips (adjacentfacesin texture spacewith oppositeorien-
tation) which violate the bijectivity of a parameterization.
Duchampetal. investigatemultiresolutionmethodgor com-
puting harmonicmaps[DCDA97]. Basedon earlier work
by Tutte [Tut6(], Floater[Flo97] proposes differentsetof
weightsfor theedgespringmodelthatguaranteeanembed-
ding if the texture coordinatesof the boundaryare x edto
acorvex polygon.Desbruretal. de ne aspaceof measures
spannedy a discreteversionof the Dirichlet enegy, anda
discreteauthalicenegy [DMAOQ2].

HormannandGreinerproposehe MIPS parameterization
[HGOQ, whichmaximizeghe conformalityof the piecavise
linear mappingwithout demandingthe meshboundaryto
be mappedonto a x ed shape Anotherapproachto mini-
mizeangulardistortionis proposedy Shefer andde Sturler
[SAdSO0]. They de ne anon-linearenegy in termsof thecor
ner anglesof the meshin texture spacelevy et al. formu-
late the discreteconformality problemasa quadraticmini-
mizationproblemandprove theuniquenesandexistenceof
its solution[LPRMO0Z]. Using standarchumericalconjucate

gradientsolver they are ableto computeleastsquaresap-
proximationsto continuousconformalmapsvery ef ciently
withoutrequiring x edboundarytexture coordinates.

There are somemethodsto computeparameterizations
over a non-planardomain. Haker et al. compute confor
mal mapsfrom a sphericaldomain onto a three dimen-
sionalsurface[HAT 0Q]. Leeetal. usemeshsimpli cation
to parameterize surfaceover a basemesh[LSS 98]. Kho-
dalovsky etal. employ asimilarapproactbut with emphasis
on globally smoothderivatives[KLS03]. Praunet al. intro-
ducea rohusttechniquefor directly parametrizinga genus-
zerosurfaceonto a sphericaldomainemplo/ing minimiza-
tion of a stretch-basedneasureto reducescale-distortion
and thereby prevent undersamplingdPHO03. Gu and Yau
solwve directly for global" o w elds" over a meshof arbi-
trary genus that canbe "integrated"to obtainparamterized
charts|GYO03].

Few approachesxplicitly optimizeglobalareaor global
length distortion. Maillot et al. minimize an edge length
distortion, but cannotguaranteethe absenceof face ips
[MYV93]. They alsoproposeanareapreservingenegy and
combineboth enegiesin a corvex combination.Levy and
Mallet usea metricthatcombinesrthogonalityandisopara-
metricterms[LM98]. Sanderetal. minimizethe averageor
maximumsingularvalue of the Jacobiarto preventunder
samplingof the surface[SSGHO]. To optimizefor a uni-
form sampling,Sorkineetal. minimizethe maximumof the
maximumsingularvalueandtheinverseof theminimal sin-
gularvalue,which penalizesoth under and oversampling
[SCOGLO02.

Signal-specialized parameterizations Until recently
therehasbeenlittle emphasison exploiting knowledge of
thesurfacesignalin optimizingthe parameterization.

Given an existing parameterizatiorSloanet al. warp the
texture domainontoitself to moreevenly distribute a scalar
importance eld [SWB9§. Unlike importance,our metric
is derived directly from signal approximationerror, andis
integratedover the surface. Terzopoulosand Vasilescuap-
proximatea 2D imageusingawarpedgrid of samplevalues
[TV91]. The warpingis achiezed usinga dynamicsimula-
tion wheregrid edgeweightsaresetaccordingo localimage
content.We considersignalsmappedonto surfacesin 3D,
de ne the parameterizatioon a coarseyirregularmesh and
storethesignalin atextureimagemappedntothis mesh.

Sandeetal. build asignal-specializegarameterizatiom
amutigrid hierarcty andminimizethe signalapproximation
error, theerrorbetweertheoriginal surfacesignalandits re-
constructionfrom the sampledtexture with the assumption
that the reconstructioris piecavise constanf SGSHO02. In
contrastour metricis dervedassuminghatour reconstruc-
tion methodis piecevise linear This more closelymatches
texture reconstructiorhardware which doesbilinear inter-
polation.This alsoholdstrueif the parameterizatiois used
for remeshingsincethe outputremeshis typically madeup
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of triangleswhich linearly interpolatethe vertices.In Sec-
tion 6 we demonstratsigni cantimprovementin thequality
of texture mapsobtainedfor a desiredlevel of signalaccu-
ragy overavarietyof differentmodels.

Balmelli et al. createspace-etient texture mapsby dis-
tributing frequeny contentuniformly acrossanimageusing
awaveletpacletdecompositionechniqueanddenoisingl-
ter[BBT02]. Thefrequeny mapcapturesherelativeimpor
tanceof differentregionsin theimage,andcausesheimage
to bestretchedn highfrequeny areasandcontractedn low
frequeny areasTherearetwo maindifferencebetweerour
approachandthatadoptedby Balmelli et al. First, our met-
ric isderivedspeci cally to reducereconstructiorerrors It is
ableto differentiatedirectionaldifferencesn the variability
of the signal,andit agreeswith optimality resultsfrom ap-
proximationtheory Secondgivensomesignalover amesh,
our methodsimply solvesfor a parametrizatiomf themesh,
andthensamplesand storesthat signalas a singletexture.
In contrastBalmelli et al. begin with the signalrepresented
asaninput texture andwith associatedexture coordinates.
They warptheimagein orderto moreef ciently usethetex-
ture spaceand subsequentlyipdatethe texture coordinates
to accountfor the warping. However, sincethe warpingis
performedon a differentgrid thanthe triangulationof the
mesh,this necessarilycreatessomeslipping of the texture
overthesurface.

3. Signalsover Meshes

Let thesurfacesignalbe denotedoy thefunctiong: S!' Q,
wherethe signal-space&Q can be vectorvalued (e.g. RGB
coloris a3-vectorin Q).

Figure 1: We examinethemappingh= g f.

Therearea numberof waysa surfacesignalmay be de-
ned over the mesh.For example,a signalmay resultfrom
the evaluationof a proceduraltexture computation.n this
context, we wish to parameterizeS and samplethis signal
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over the domainD. One also may begin with a signal de-

ned by a high-resolutionimage-teture and a given map-
pingontoS. In this casewe maywish to parameteriz&, and
resamplehe original signalat somelower resolution.

Onecanalsode ne asignaloveralow resolutionmeshS,
usinga highresolutionmeshof thesamemodel.If attributes
(e.g.RGB color, or normals)arespeci ed at eachvertex of
this high resolutionmesh,linear interpolationthen de nes
a signalat eachpoint on the high resolutionmesh.Normal
shooting[SGG 00] canthenbe usedto createa correspon-
dancebetweerSandthe high resolutionmesh thusde ning
asignalover S All of our examplesareof this type.

Normal shootinginvolves interpolatingsurface normals
of the faceon which a sulvertex lies on the low resolution
meshS and shootingrays in the direction of theseinter-
polatednormalsto the high resolutionmesh.During ray-
shooting,a ray mayfail to hit the high resolutionmodel,in
which casewe usethe nearesthigh resolutionmeshvertex
to the subvertex to estimatéts signal.

4. Signal-SpecializedParameterization Metric
4.1. Metric Derivation

To nd thesurfaceparameterizatior, we examinehow well
the functionh = g f (from the texture domainD to the
signal-spac®)) is approximatedvhenreconstructedrom a
discretesamplingover D (seeFig. 1).

In this sectionwe derive a metric for signalapproxima-
tion error, Ep(s;t), de ned asthe differencebetweenh and
its reconstructiorh from adiscretesamplingwith spacingd
in D with theassumptions(1) h is a piecaviselinearrecon-
struction,and(2) the samplingis asymptoticallydense.

We assumehat the domainD containsa regular grid of
samplepoints(s;tj), spaced2d aparton eachaxis asillus-
tratedin Fig. 2. Let(§f) 2 [ d;+d] [ d;+d]bealocalco-
ordinatesystemwithin the grid square? i j abouteachsam-
ple,suchthat(s;t) = (s + §t; + f) 2 2ij. Giventhattexture

Figure 2: Aregular grid of samplepointsin the texture do-
main.

mappingin hardware employs bilinear interpolation,a po-
tentialreconstructiorfunctionh in the neighborhoo@ i j of
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eachsampleis given by a functionwith a constantandlin-
earterminiit: hyj(s;t) = h(s;;t) + [hs(s;tj); e(si5 )]

With thisreconstructiorunctionthepointwisesquarecerror
canbeexpresseds:

Eij(st) = jih(st)  hij(st)jj?

-+ U

A 2
= h(s+§tj+©) h(s;tj) [hs(s;t) he(s;t))] ts

Using a Taylor expansionabout(s;;t;), this canbe written
as

Eij(st) = Eij($) + o)

where the error term from the squaredTaylor expansion
givesrise to termsof orderO(ds), which areinsigni cant
comparedo the rst term of orderd* asd! 0. The rst
term, correspondingo the third term of the Taylor expan-
sion,is de ned via
A 2
¢ hsdsit)  ha(sit) s

he(sit)  he(sit)) t
To nd the sumof squarederror over all componentof a
vectorfunction,we obtain

¢ hdsit) hs(sit) 8
; h§(sit)  hi(sit)

AL 1 R
Eij(5f) = 2 °

SHE

w Qo5
»

1
4

= %(a(s;tj)§4+ 4b(S;tj)é3f+ (4t(s;t)) + ZC(s;tj))§2f2
+4e(s ) €3+ £ (s5))8)
wheren is the dimensionalityof the signalfunction h (for
instancen = 3 for RGBcolor), andh® is thek-th component
of h, and
2
a(s;tj)
4 b(s;ty)  t(sit))
CZ(S;tj) &(s;;tj)
po s ) )
= 4 4 nli(s;tj) SThsds;ty) ha(sity) hi(s:t))]
1 hf(sit)
H(st)
We canintegrateE;j(§) over2 = [ d;+d]
obtain

b(s;tj) c(sst))
e(sitj) O

f(sit))

[ d;+d]to

- Aj a4 a, (4+2) f
. 1 ~+ + —

Bi(2) 29 5 9 5

WhGI'EAij is the 3D surfaceareacorrespondingdo this grid

square.Odd powers of § or f vanishafter integration with

symmetriclimits i.e.,[ d, +d]. Thetotal errorover all grid

cellsis

(4t + 2c) +

= _ s Ajg a f
RO =a5d gt gt

- Qo

andits limit asd! Ois givenby

lim (Eq(9)

s
— i 144
= lim zd

it At (st)+ 2c(sit f(st .
lim Fat " a0, (D20, TE dast)
' (st)2S

wheredA(s;t) is the differentialsurfacearea.Evidently the
errorcorvergesto O atarateof O(d4). Thereforeameasure
of asymptoticapproximatiorerrorwith pieceviselinearre-
constructionover the entire surfaceSis to nd the rate of
corvergence,

R m (5D
1 X a(st) , (4(st+2c(st)
T4 9
(st)2S

This canbeexpresseds:

R(S = %welsurr(ﬂ(s»

where
.~ .3
. a b ¢ X .
HEO=4b t &5= H(si)dA(s:1)
¢ e f (st)2s

is the integrated H of the signal function h, and welsum
(weightedelementsum)is de ned via

02
welsum@4

31
1., 2. 4
5A = 25+ Z¢+ Zt+ =

za+ ot gf f

O Tt
M O
—h Dt O

Reducinghisintegralto asumoverdomaintriangles,T, we
obtain
H(9=a A4

i2T

where

X
H(4 ) = H(s t)dA(s 1)

(st)24

With very similar analysisit is possibleto derive a mea-
surefor bilinear reconstructionFor the sale of simplicity,
we choseto implementthe metric for piecevise-linearre-
construction.

4.2. Propertiesof our Metric

The approximatiortheory/ nite elementiteratureprovides
variousasymptoticresultson optimal triangulationsof the
plane. In particular supposeone wishesto approximate
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f(st) .
z dA(s;t)
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somebivariate scalarfunction g(x;y) using linear interpo-
lation with a givennumberof trianglesover the (x;y) plane.
If approximatiorerroris measuredn the L? sensehen,ac-
cordingto Nadler asthenumberof trianglesgoesto in nity ,

anoptimaltriangle’s orientationis givenby theeigervectors
of theHessiarof g andits aspectatio by

|max 2

|'min
wherel max and| min are eigervaluesof the Hessianof the
approximatiorfunction[Nad8§. It hasalsobeenshavn that
ameshbestapproximates smoothsurfaceif theanisotroy
of the meshfollows (in non-typerbolicregions)the eigen-
valuesandeigervectorsof thecurvaturetensorof thesmooth
surfaceregions[Sim94.

I s”

Figure 3: A rectangleR of widthw rotatedby g.

It canbe shavn that, at leastlocally, our metric agrees
with Nadler's result. Assumethat our surfaceS is the unit
squareonthex;y plane,andthatthesignalis somequadratic
functiong(xy) = A%+ By? + F for which jAj > jBj. This
considersjuadraticsn normalform; ageneraljuadraticcan
alwaysbereducedo normalform by atranslationandrota-
tion of the x;y domain.It is easyto seethat 2A and2B are
eigemvaluesof theHessiarof g

2A 0
0 2B

In thiscaseNadlersresultimpliesthattheoptimalsampling
on auniform grid will be axisalignedandhave aspectatio
of

Wl >
Nl

Now, assumehat we parameterizeS over the (s;t) tex-
turedomain,usingasingleaf ne mapfrom Sto arectangle
R of width w, heightvlv, andorientationq (seeFig. 3). Over
thesetwo degreesof freedom(w; g), we minimizedour def-
inition of signalerrorin closedform andveri ed that the
following areindeedlocal minimaaspredictedoy [Nad8§:
g aninteger multiple of %, andw = j%j%. Thusour metric
alsoobtainsthe optimal orientation(axis-aligned)andopti-
mal aspectatio (w=h = w? = jBj3),

Nadler further identi es a one degree of freedomfam-
ily of optimal solutionsfor the casein which the Hessian
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hasa negative eigervalue (i.e, the surfaceis locally hyper
bolic) [Nad8§. It remainsfor future work to shav thatthis
entirefamily minimizesour metric, andthat our metric ad-
mits no minimaoutsideNadler's set.

4.3. Afne Transformation Rule for H

During optimization,we needto repeatedlymodify the pa-
rameterization®f meshverticesand computethe resulting
changein the signalerror RecomputingH matricesbased
on the modi ed parameterizations undesirablesincethis
involves expensve numericalintegrationaswell asrecom-
putingsecondderivativesof h.

Sincemodi cation of the parameterizatiors simply an
afne transformatiorof eachmeshtriangle,we canexactly
computeH of a transformedtriangle from its original H
without having to do the computatiorexplicitly.

Lete:D! D:(s>t)! (st)bealocalafne transform
from the new triangle parameterizatiomo the old, resulting
in the new maph°= h e LetJ(s;t) betheJacobiarof the
mappinge

#

3%1 *&1—? _p(st) q(si)

B % r(st) s(sit)
wheree; denoteghe rst coordinateof e ande, thesecond
andwherethecoordinategs,t)now parameterizéhedomain

of e andthush®. Thusthetransformedseconderivativesof
ascalarfunctionh® aregivenby

hgs hg " hss hg J

R h he  hit

p(sit) r(s;t) hss hg p(st) q(st)
q(s;t)  s(s;t) he by rist) s(sit)

J(sit) =

Expressinghis asalinearsystemin the untransformedec-
ondderiatives:

2 43 2 , , 32 3 2 3
hgs p 2pr r hss hss
4 hg 5:4 pq (ps+ qr) rs 54 hg 5:Q4 hg 5
he o? 2qs & hie hit
ThusH canbetransformedria
3 2 ;3
a b c hss
Q4 b t e5Q =Q4 hy 5[hishy hi]Q"
c e f hit

yielding H®= QHQ'. In the caseof a vector function h,
we canabsorbthe sumover componenténsidethe H term.
Integrating,we obtain:
X
HYd)=  QHQTdA(s1)
(st)2A

whereQ is afunction of the Jacobiarasde ned above, and
d;i is the ith triangle over the surface. Since the Jacobian
is constantwithin each triangle d;, we can factor out
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the multiplication by Q in the abore integral yielding a
transformatiorrule for H(S)

HY = QH(9Q"
Therefore

Ry = %welsun(l—TO(S))

4.4. Numerical Computation of H

We describechow to applytheaf ne transformatiorrule on
the H matricesto quickly evaluatethe signal error metric.
However, in orderto usethe afne transformatiorrule dur
ing the parameterizatioprocessyve needto have initial H
matricesstoredon the original meshfaces.

At the outset,we do not have a parameterizatiomf the
original meshthatwe coulduseto computetheinitial H ma-
trices.Thus,for eachface we createa canonicalparameter
izationbasedon alocalisometric attening of thatfaceand
its threeneighboringfaces As describedelow, we will also
needo sampleheseneighboringacesn orderto accurately
computethe H matrices.

Duringtheoptimizationprocesstheaf ne transformation
ruleis usedto transformthe H matricesfrom their canonical
parametrizatiorio the currentparameterizatiothatis being
evaluatedln this sectionwe describenow to pre-computed
matricesontheoriginalmeshfaceswith respecto canonical
faceparameterizations.

We assumehat a continuoussignal (e.g.normalmapas
shavnin Fig. 4) existsoverthesurface.Our methodof com-
putingH (4 ;), is basecbnanumericalintegration approach.
Speci cally we apply a numberof regular 1-to-4 subdvi-
sionsto afaceandobtainsubfacesndsubverticesWe com-
puteH atall thesubficessumall of theseup, andmultiply
by the geometricareaof the face,in orderto obtainH (4 ;).
The level of subdvision depend®n the detail of the mesh.
For all examplesin this paperwe subdvided eachfaceinto
64 subficeq(3 subdvisions)to computeH.

surface mesh chart
(1316 vertices)

normal-field signal
(RGB=ny,ny,n;)

Figure 4: Our input consistsof surfacemeshand an asso-
ciatedsurfacesignal.Here theinputis a singlechart of the
fandiskmeshwhetre the normal (nx; ny; nz) is thesignal.

To computeH ata subfice we samplethesignalatsome
numberof neighboringsubvertices.In our exampleswe se-
lectedthe 15 closestsubverticesafter the 3 regular 1-to-
4 subdvisions. We then estimatethe secondderivatives of
the mappingh by nding thebest tting quadraticsignalto
thesesampleqthe coefcients A; B; C; D; E andF of the
quadraticf = A+ Bt?+ Cst + Ds+ Et+ F). Wethenuse
the secondderivativesof this quadraticapproximation.

It is possibl€for oursignalsto vary linearly within two ad-
jacentmeshfacesbut have dramaticallydifferentderivatives
acrosghe sharededge.Unlessthe subverticesusedto com-
putethe secondderivativesof h over a faceincludesubver
ticesfrom adjacentfaces,the secondderiatives estimated
by our LeastSquaresolver alongthe boundaryof the face
will be inaccurateThis could leadto high signal approxi-
mationerror. In orderto preventthis problem,asdescribed
above, we alsoincludesubverticesfrom thethreeneighbor
ing facesusingthe faces local isometricparameterization.
During numericalintegration,whenselectingthe 15 closest
subvertices,we also allow thesesubverticesto comefrom
theseneighboringfaces.

5. Chart parameterization algorithm

Thegoalof theoptimizationprocedurés to minimizesignal
errorover the parameterizationsf the meshvertices,while
maintainingan embedding.Our optimizationalgorithm is
basedon thatof Sanderetal. [SSGHO0J]. For completeness
we summarizehis algorithm.

After obtaininganinitial parameterizationye minimize
the signalerror by repeatedlyperturbingeachvertex within
thekernelof thepolygonformedby its neighboringvertices.
To improve the speedand result of the optimizationswe
adoptthe multiresolutionoptimization schemeadaptedby
Sanderet al. [SGSHO02. We usea multiresolutionprogres-
sive mesh[Hop9§ sequenceo propagite H ne-to-coarse
(FTC) from the original meshto all coarsemeshesandap-
ply a coarse-to- ne(CTF) parameterizatioralgorithmthat
usesthesefis. During FTC we redistritute the H according
to Sanderet al's schemeof redistriluting integrated metric
tensos (IMTs) [SGSHO02. We usea CTF optimizationwith
the geometricstretchmetric [SSGHO] to obtainan initial
parameterizatioin orderto transformthe Hs on the nest
level mesh andthusbootstragheiterative optimizationpro-
cess.

This parameterizatioalgorithmallows chartboundaryer
ticesto move in the texture domainat all levels of the CTF
optimizationalgorithm.Our error metricis not scaleinvari-
ant,andthusthesignalerrorcouldgoto zeroasthechartbe-
comesin nitely large.We achieve scale-ivarianceby mul-
tiplying signalerrorby the squareof thetotal chartarea.

The high-level algorithm can be summarized as:
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function OptimizeChartBrameterization
Pre-computeanonicaHs on ne meshfaces
Constructprogressie meshof chart
/[Createaninitial parameterization
Do CTF usinggeometric-stretch.
/lIteratively optimizeusingerror metric:
for niterations
Transform ne meshHs usingcurrentparam.
FTC propagiteHsto all PM meshes.
CTF optimizesignalerrorusingHs.

6. Results

We have createdsignal-specializecharameterizationgor
several modelsand comparedhemboth quantitatvely and

qualitatively againstthe signal-specializegparameterization

metricof Sanderetal. Thecomparisongareshavn in Fig. 7-

Fig 11. All modelsoriginatedfrom 3D scanningThesignals
ontheparasaurfandisk,andcatarepervertex normalsona
high resolutionmesh,mappedo a low resolutionmeshus-
ing normal-shootingThe signalonthefacein Fig. 11is de-
ned usingpervertex color dataon a high resolutionmesh,
mappedo alow resolutionrmeshusingnormal-shootingkor

thefandiskmodelin Fig. 9 we manuallypartitionecthemesh
into 4 charts.Table 1 shavs a comparisorbetweerthe run-
ning time of our metricwith thatof Sanderet al. on several
models Our parameterizatioachemedakesafew minutesto

run permodel.

To quantify parameterizatiomuality, we measuresignal
approximatiorerror (SAE) asrmsdifferenceon a denseset
of surfacepoints,distributeduniformly accordingto surface
area.For eachpoint we computethe differencebetweerthe
original signalandthe bilinear interpolationof the four ad-
jacenttexture samplesFor vectorvaluedsignalswe usethe
L, norm.

In Fig. 5- 6 we comparehereductionin SAE by our met-
ric with that of Sanderet al. We refer to the former assig-
nal errorwith piecevise linearreconstructionandthe latter
assignalerror with piecavise constantreconstructionThe
graphsshaow the signalerrorasa function of the numberof
texture sampledor two parameterizations.

To preventtheformationof degenerateriangleswhenthe
signalis locally constanion a region of the surface,Sander

Table 1: A comparisorof runningtimein seconds

Model #Vertices  #Charts  Sandeetal. Ours

Figure8 Parasaurhead  3;800 1 50 100
Figurell Face 5;000 1 120 200
Figure10 Cat 1,000 1 10 25
Figure9 Fandisk 6,475 4 170 210

¢ TheEurographic#Association2004.

100

Parasaur's head: 3,870 vertex parameterization

10 A

Signal approx. error

—— Signal Error - Piecewise Constant Reconstruction
= Signal Error - Piecewise Linear Reconstruction

1 T T T =
1.E+02 1.E+03 1.E+04 1.E+05 1.E+06

Texture size (texels)
Figure 5: Comparisorof signalapproximationerror (SAE)

asa functionof texture sizefor two parameterizationsf the
parasaur's headmodel(3,870-vertg mesh).

100

Fandisk: 6,475 vertex parameterization

—+—Signal Error-Piecewise Constant Reconstruction

—#- Signal Error-Piecewise Linear Reconstruction

10 1

Signal approx. error

1 T T T
1.E+02 1.E+03 1.E+04 1.E+05 1.E+06 1.E+07

—

Texture size (texels)

Figure 6: Comparisorof signalapproximationerror (SAE)
asa functionof texture sizefor two parameterizationsf the
fandiskmodel(6,475-vert& mesh).

etal. addatiny fractionof geometricstretchto their enegy

functionalSGSHO032. For our metricwe nd it necessaryo

dothisaswell onmodelssuchasthefandisk Empiricalanal-
ysis shaws that the fraction of geometricstretchcan have

a signi cant impactin reducingthe SAE of the parameter
ization. Furthermorejt seemsthat the amountof geomet-
ric stretchneededs dependentiponthe scaleof the error
functionalandvariesfrom modelto model.Thereforejn or-

der to ensurefairnessin our experimentalcomparisonsn

Fig. 6, we only addsufcient geometricstretchto allow the
parameterizatiomlgorithmto converge to an optimal solu-
tion for bothmetrics.Empiricalanalysisalsoshavs thatfor

eachmodelthereis somevalue of the fraction of geomet-
ric stretchthat producesa parameterizatiomith the lowest
SAE. For experimentswith the modelsin Fig. 10-Fig. 11
we comparegparameterizationsreateddy our metricandthe
metricby Sandeetal. combinedwith their optimalgeomet-
ric stretchvaluethatis predeterminedxperimentally

Bothgraphsn Fig. 5- 6 shav asigni cant reductionin er
ror from thesignalerrorwith piecevise constanteconstruc-
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tion to the signalerrorwith piecavise linearreconstruction.
In particularFig. 5 shavs thatusingour metric,a givensig-
nal approximatiorerror canbe obtainedwith up to a factor
of 4 savings in texture size. Fig. 7 illustratesthe parame-
terizationsof thetwo metricsfor the parasaumodelusedin
Fig. 5 for speci c textureresolutionsFig. 6 compareshere-
sultsof thetwo metricsonthefandiskmodelandalsoshovs
savingsin texturesizefor agivenlevel of signalapproxima-
tion error. The texturesand texture mappedfandiskcorre-
spondingo atextureresolutionof 128x128areillustratedin
Fig. 9. Fig. 10and11 areadditionalexamplesthatillustrate
the differencebetweerour metricandthatof Sanderetal.

Signal Error - Piecewise
Constant Reconstruction

Signal Error - Piecewise
Linear Reconstruction

-
.
W~

Texture 256x256; SAE=5.5

Texture 128x128; SAE=5.2

Figure 7: Our parameterizatioralgorithm can reducetex-
ture sizeby more thana factor of 4.

7. Summary and futur e work

Motivated by the needto reducethe size of texture maps
usedin real-timerenderingsystemswe introduceda param-
eterizationmetric that is derived from a Taylor expansion
of signalapproximatiorerror. Unlike former methodspurs
assumegpiecavise linear reconstructiorandis thusa good
approximatiorto bilinearreconstructioemployedin graph-
icshardware.In orderto empirically evaluateour metric,we
have implementeda multiresolutionparameterizatiomlgo-
rithm thatminimizesthe signalerrorde ned by our metric.

Our signal-specializegharameterizatiometric allocates
more texture samplesto meshregions with greatersignal
variation. In particular the integrated H term in our met-
ric allows it to distinguishbetweenlinear and higherorder
signalsandallocatemoretexelsto thelatterthantheformer
As shavn in Fig. 5- 6, a factor of 4 of savings in texture
spaceis possibleusingour signal-specializegarameteriza-
tion method.

Thereare several areasof relatedwork that could be ex-
ploredin thefuture.Ourmetricdoesnotplaceary restriction
on the dimensionalityof the signal.It is possibleto special-
ize a parameterizatioto a combinationof signals,suchas
normalsand colors. Anotherareafor future work is to ex-
plore perceptuameasure$n additionto signalapproxima-
tion errorandpropagtethesemeasureshroughthe render
ing process.
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