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Abstract
Weproposea metricfor surfaceparameterizationspecializedto its signalthatcanbeusedto createmoreef�cient,
high-qualitytexture maps.DerivedfromTaylor expansionof signalerror, our metricpredictsthesignalapproxi-
mationerror - thedifferencebetweentheoriginal surfacesignalandits reconstructionfromthesampledtexture.
Unlikepreviousmethods,our metricassumespiecewise-linearreconstruction,andthusmakesa goodapproxima-
tion to bilinear reconstructionemployedin graphicshardware. We achievesigni�cant savingsin texture areafor
a desiredsignalaccuracycomparedto thesignal-specializedparameterizationmetricproposedby Sanderet al.
in the2002EurographicsWorkshoponRendering.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.7[ComputerGraphics]:Color, shading,shadowing
andtexture

1. Intr oduction

Texturemappingfeaturesin graphicshardwarearebeingin-
creasinglyusedin real-timerendering.Surfacesignalsplay
animportantrolein achieving anumberof renderingeffects.
While theserenderingeffectscanalsobe storedper vertex
on a high resolutionmesh,usinga coarsermeshwith tex-
turesis generallymoreef�cient [COM98].

Texture mappingrequiresa surfaceto be parameterized
ontoa texturedomainby assigningtexturecoordinatesto its
vertices.Given this parameterization,the surfacesignal is
sampledinto a texture imageof a given resolution.Texture
memorycan becomea scarceresourcein complex scenes
with many texturedobjects.In thispaperweexaminehow to
constructaparameterizationto bestrepresentagivensurface
signalusingtexturesascompactaspossible.We construct
suchaparameterizationasanoff-line, automaticpreprocess.

Themajorityof surfaceparameterizationschemesassume
noa priori knowledgeof thesignalandinsteadminimizefor
variousgeometricdistortionmeasuressuchaspreservation
of areaandangles.Sanderet al. build a surfaceparameteri-
zationoptimizedfor aspeci�c signalby trying to reducethe
signalapproximationerror - thedifferencebetweenthe re-

constructedsignalandtheoriginal signal[SGSH02]. While
their approachalreadyproducesmoreef�cient texturemaps
than signal-independentparameterizations,it is basedon
theassumptionthatthereconstructionis piecewiseconstant.
Theintegratedmetrictensorsin theirsignal-specializedmet-
ric distinguishbetweenconstantandlinearsignalsbut donot
differentiatebetweenlinearandhigher-ordersignals.Given
thatgraphicshardwareemploys bilinear interpolation,their
metriccouldleadto overor undersampling,dependingupon
thesurfacesignal.

In this paper, we examineminimizing thesignalapprox-
imationerror with theassumptionthat thereconstructionis
piecewise linear. Basedon Taylor polynomialexpansionof
signalerrorourmetricconsistsof aweightedsumof squares
of secondderivativesof themappingh from thetexturedo-
main(s;t) to ann dimensionalsurfacesignal.Thesesecond
derivatives allow our metric to distinguishbetweenlinear
andhigherordersignalsandthusprovide greatersensitivity
to signaldetail.Thisresultsin reducedsignalapproximation
errorfor agiventexturesize(seeFig. 7).

Thespeci�c contributionsof thispaperare:

� A novel errormetric that integratessignalapproximation
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erroroverthesurface.It is derivedusingTaylorexpansion
of signalerrorwith theassumptionthatthereconstruction
is piecewiselinear.

� A methodto computeHessians,secondderivativesof the
mappingh betweenthe texture domainand the surface
signal, using a least squares�tting methodin order to
evaluatethetermsof themetric.Thesetermsareprecom-
putedandintegratedovereachface.

� An af�ne transformationrule for ef�cient evaluationof
themetricduringtheparameterizationprocess.

We implementanef�cient algorithmthatminimizesthesig-
nal error over the parameterization,while maintainingan
embedding.Our optimizationalgorithmincorporatesa mul-
tiresolutionhierarchy [SGSH02] to propagatemetric infor-
mationfrom �ne-to-coarseandcreatestheparameterization
in acoarse-to-�nemanner. In Section6 wecomparethesig-
nal approximationerror of texture mapscreatedusingour
metric with that of Sanderet al., andshow that our metric
achievessigni�cant savingsin textureareafor adesiredsig-
nalaccuracy.

2. PreviousWork

Signal Independent Parameterizations The problem of
minimizing distortion while �attening a surfacechart into
2D hasbeenstudiedin greatdetail since1995asnotedin
thesurvey by FloaterandHormann[FH04].

Pinkall and Polthier �rst introducethe notion of using
cotangentweightsas a discretemeasurementof Dirichlet
energy with theaim of computingminimal surfaces[PP93].
Eck et al. proposetheuseof Dirichlet energy minimization
to parameterizinga meshusingharmonicmaps[EDD� 95].
The texture coordinatesfor boundaryvertices, however,
mustbe�x eda priori andharmonicmapsmaycontainface
�ips (adjacentfacesin texture spacewith oppositeorien-
tation) which violate the bijectivity of a parameterization.
Duchampetal. investigatemultiresolutionmethodsfor com-
puting harmonicmaps[DCDA97]. Basedon earlier work
by Tutte[Tut60], Floater[Flo97] proposesa differentsetof
weightsfor theedgespringmodelthatguaranteesanembed-
ding if the texture coordinatesof the boundaryare�x ed to
aconvex polygon.Desbrunetal. de�ne aspaceof measures
spannedby a discreteversionof theDirichlet energy, anda
discreteauthalicenergy [DMA02].

HormannandGreinerproposetheMIPSparameterization
[HG00], whichmaximizestheconformalityof thepiecewise
linear mappingwithout demandingthe meshboundaryto
be mappedonto a �x ed shape.Anotherapproachto mini-
mizeangulardistortionis proposedby Sheffer anddeSturler
[SdS01]. They de�ne anon-linearenergy in termsof thecor-
ner anglesof the meshin texture space.Levy et al. formu-
late the discreteconformalityproblemasa quadraticmini-
mizationproblemandprovetheuniquenessandexistenceof
its solution[LPRM02]. Usingstandardnumericalconjugate

gradientsolver they are able to computeleastsquaresap-
proximationsto continuousconformalmapsvery ef�ciently
without requiring�x edboundarytexturecoordinates.

There are somemethodsto computeparameterizations
over a non-planardomain. Haker et al. computeconfor-
mal maps from a sphericaldomain onto a three dimen-
sionalsurface[HAT� 00]. Leeet al. usemeshsimpli�cation
to parameterizea surfaceover a basemesh[LSS� 98]. Kho-
dakovsky etal.employ asimilarapproachbut with emphasis
on globally smoothderivatives[KLS03]. Praunet al. intro-
ducea robust techniquefor directly parametrizinga genus-
zerosurfaceonto a sphericaldomainemploying minimiza-
tion of a stretch-basedmeasure,to reducescale-distortion
and therebyprevent undersampling[PH03]. Gu and Yau
solve directly for global "�o w �elds" over a meshof arbi-
trary genus,thatcanbe"integrated"to obtainparamterized
charts[GY03].

Few approachesexplicitly optimizeglobalareaor global
length distortion. Maillot et al. minimize an edge length
distortion, but cannotguaranteethe absenceof face �ips
[MYV93]. They alsoproposeanareapreservingenergy and
combineboth energies in a convex combination.Levy and
Mallet useametricthatcombinesorthogonalityandisopara-
metricterms[LM98]. Sanderet al. minimizetheaverageor
maximumsingularvalueof the Jacobianto prevent under-
samplingof the surface[SSGH01]. To optimize for a uni-
form sampling,Sorkineetal. minimizethemaximumof the
maximumsingularvalueandtheinverseof theminimalsin-
gular value,which penalizesbothunder- andoversampling
[SCOGL02].

Signal-specialized parameterizations Until recently,
therehasbeenlittle emphasison exploiting knowledgeof
thesurfacesignalin optimizingtheparameterization.

Givenanexisting parameterization,Sloanet al. warp the
texturedomainontoitself to moreevenly distributea scalar
importance�eld [SWB98]. Unlike importance,our metric
is derived directly from signalapproximationerror, and is
integratedover the surface.TerzopoulosandVasilescuap-
proximatea2D imageusingawarpedgrid of samplevalues
[TV91]. The warpingis achieved usinga dynamicsimula-
tionwheregridedgeweightsaresetaccordingto localimage
content.We considersignalsmappedonto surfacesin 3D,
de�ne theparameterizationonacoarser, irregularmesh,and
storethesignalin a textureimagemappedontothismesh.

Sanderetal.build asignal-specializedparameterizationin
amutigridhierarchy andminimizethesignalapproximation
error, theerrorbetweentheoriginalsurfacesignalandits re-
constructionfrom the sampledtexture with the assumption
that the reconstructionis piecewise constant[SGSH02]. In
contrast,ourmetricis derivedassumingthatour reconstruc-
tion methodis piecewise linear. This morecloselymatches
texture reconstructionhardware which doesbilinear inter-
polation.This alsoholdstrueif theparameterizationis used
for remeshingsincetheoutputremeshis typically madeup
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of triangleswhich linearly interpolatethe vertices.In Sec-
tion 6 wedemonstratesigni�cant improvementin thequality
of texturemapsobtainedfor a desiredlevel of signalaccu-
racy overavarietyof differentmodels.

Balmelli et al. createspace-ef�cient texturemapsby dis-
tributingfrequency contentuniformly acrossanimageusing
awaveletpacketdecompositiontechniqueanddenoising�l-
ter[BBT02]. Thefrequency mapcapturestherelativeimpor-
tanceof differentregionsin theimage,andcausestheimage
to bestretchedin highfrequency areas,andcontractedin low
frequency areas.Therearetwo maindifferencesbetweenour
approachandthatadoptedby Balmelli et al. First, our met-
ric isderivedspeci�cally to reducereconstructionerrors.It is
ableto differentiatedirectionaldifferencesin thevariability
of thesignal,andit agreeswith optimality resultsfrom ap-
proximationtheory. Second,givensomesignaloveramesh,
ourmethodsimplysolvesfor aparametrizationof themesh,
andthensamplesandstoresthat signalasa singletexture.
In contrast,Balmelli et al. begin with thesignalrepresented
asan input textureandwith associatedtexturecoordinates.
They warptheimagein orderto moreef�ciently usethetex-
ture spaceandsubsequentlyupdatethe texture coordinates
to accountfor the warping.However, sincethe warping is
performedon a differentgrid than the triangulationof the
mesh,this necessarilycreatessomeslipping of the texture
over thesurface.

3. Signalsover Meshes

Let thesurfacesignalbedenotedby thefunctiong : S! Q,
wherethe signal-spaceQ can be vector-valued(e.g. RGB
color is a3-vectorin Q).

�
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Figure1: Weexaminethemappingh = g� f .

Therearea numberof waysa surfacesignalmay bede-
�ned over themesh.For example,a signalmayresultfrom
the evaluationof a proceduraltexture computation.In this
context, we wish to parameterizeS andsamplethis signal

over the domainD. Onealsomay begin with a signalde-
�ned by a high-resolutionimage-texture anda given map-
pingontoS. In thiscasewemaywishto parameterizeS, and
resampletheoriginal signalat somelower resolution.

Onecanalsode�ne asignalovera low resolutionmeshS,
usingahighresolutionmeshof thesamemodel.If attributes
(e.g.RGB color, or normals)arespeci�ed at eachvertex of
this high resolutionmesh,linear interpolationthende�nes
a signalat eachpoint on the high resolutionmesh.Normal
shooting[SGG� 00] canthenbeusedto createa correspon-
dancebetweenSandthehighresolutionmesh,thusde�ning
asignaloverS. All of ourexamplesareof this type.

Normal shootinginvolves interpolatingsurfacenormals
of the faceon which a subvertex lies on the low resolution
meshS, and shootingrays in the direction of theseinter-
polatednormalsto the high resolutionmesh.During ray-
shooting,a ray mayfail to hit thehigh resolutionmodel,in
which casewe usethe nearesthigh resolutionmeshvertex
to thesubvertex to estimateits signal.

4. Signal-SpecializedParameterization Metric

4.1. Metric Derivation

To �nd thesurfaceparameterizationf , weexaminehow well
the function h = g � f (from the texture domainD to the
signal-spaceQ) is approximatedwhenreconstructedfrom a
discretesamplingoverD (seeFig. 1).

In this sectionwe derive a metric for signalapproxima-
tion error, Eh(s;t), de�ned asthe differencebetweenh and
its reconstruction̂h from a discretesamplingwith spacingd
in D with theassumptions:(1) ĥ is apiecewiselinearrecon-
struction,and(2) thesamplingis asymptoticallydense.

We assumethat the domainD containsa regular grid of
samplepoints(si ; t j ), spaced2d aparton eachaxisasillus-
tratedin Fig.2. Let (ŝ; t̂) 2 [� d;+ d]� [� d;+ d] bealocalco-
ordinatesystemwithin thegrid square2 i j abouteachsam-
ple,suchthat(s;t) = (si + ŝ;t j + t̂) 2 2 i j. Giventhattexture

s

t

�

�

ij

si

tj

ŝŝ

t̂t̂

Figure 2: A regular grid of samplepointsin thetexture do-
main.

mappingin hardwareemploys bilinear interpolation,a po-
tentialreconstructionfunctionĥ in theneighborhood2 i j of
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eachsampleis givenby a functionwith a constantandlin-

eartermin it: ĥi j (s;t) = h(si ; t j ) + [hs(si ; t j );ht (si ; t j )]
�

ŝ
t̂

�
.

With thisreconstructionfunctionthepointwisesquarederror
canbeexpressedas:

Ei j (s;t) = jj h(s;t) � ĥi j (s;t)jj
2

=

�
�
�
�h(si + ŝ;t j + t̂) � h(si ; t j ) � [hs(si ; t j ) ht (si ; t j )]

�
ŝ
t̂

� �
�
�
�

2

Using a Taylor expansionabout(si ; t j ), this canbe written
as

Ei j (s;t) = Êi j (ŝ; t̂) + O(d5)

where the error term from the squaredTaylor expansion
gives rise to termsof orderO(d5), which are insigni�cant
comparedto the �rst term of orderd4 asd ! 0. The �rst
term, correspondingto the third term of the Taylor expan-
sion,is de�ned via

Êi j (ŝ; t̂) =
1
4

�
�

ŝ t̂
�
�

hss(si ; t j ) hst (si ; t j )
hst (si ; t j ) htt (si ; t j )

� �
ŝ
t̂

� � 2

To �nd the sumof squarederror over all componentsof a
vectorfunction,weobtain

Êi j (ŝ; t̂) =
1
4

n

å
k= 1

�
�

ŝ t̂
�
�

hk
ss(si ; t j ) hk

st (si ; t j )
hk

st (si ; t j ) hk
tt (si ; t j )

� �
ŝ
t̂

� � 2

=
1
4

(a(si ; t j )ŝ
4 + 4b(si ; t j )ŝ

3t̂ + (4t (si ; t j ) + 2c(si ; t j )) ŝ2t̂2

+ 4e(si ; t j )ŝt̂
3 + f (si ; t j )ŝ

4)

wheren is the dimensionalityof the signal function h (for
instancen = 3 for RGBcolor),andhk is thek-th component
of h, and

2

4
a(si ; t j ) b(si ; t j ) c(si ; t j )
b(si ; t j ) t (si ; t j ) e(si ; t j )
c(si ; t j ) e(si ; t j ) f (si ; t j )

3

5

=
n

å
k= 1

2

4
hk

ss(si ; t j )
hk

st (si ; t j )
hk

tt (si ; t j )

3

5 [hk
ss(si ; t j ) hk

st (si ; t j ) hk
tt (si ; t j )]

� H(s;t)

We canintegrateÊi j (ŝ; t̂) over 2 = [� d;+ d] � [� d;+ d] to
obtain

Ẽi j (2 ) �
Âi j

4
d4

�
a
5

+
(4t + 2c)

9
+

f
5

�

whereÂi j is the 3D surfaceareacorrespondingto this grid
square.Odd powers of ŝ or t̂ vanishafter integration with
symmetriclimits i.e., [� d, + d]. Thetotal errorover all grid
cellsis

Ẽd(S) = å
i j

Âi j

4
d4

�
a
5

+
(4t + 2c)

9
+

f
5

�

andits limit asd ! 0 is givenby

lim
d! 0

(Ẽd(S))

= lim
d! 0

1
4d4 s

(s;t)2 S

�
a(s;t)

5 + (4t (s;t)+ 2c(s;t))
9 + f (s;t)

5

�
dA(s;t)

wheredA(s;t) is thedifferentialsurfacearea.Evidently the
errorconvergesto 0 ata rateof O(d4). Therefore,ameasure
of asymptoticapproximationerrorwith piecewiselinearre-
constructionover the entiresurfaceS is to �nd the rateof
convergence,

R̃(S) � lim
d! 0

(
Ẽd(S)

d4 )

=
1
4

x

(s;t)2 S

�
a(s;t)

5
+

(4t (s;t) + 2c(s;t))
9

+
f (s;t)

5

�
dA(s;t)

Thiscanbeexpressedas:

R̃(S) =
1
4

welsum(H̃(S))

where

H̃(S) =

2

4
ã b̃ c̃
b̃ t̃ ẽ
c̃ ẽ f̃

3

5 =
x

(s;t)2 S

H(s;t)dÂ(s;t)

is the integrated H of the signal function h, and welsum
(weightedelementsum)is de�ned via

welsum

0

@

2

4
ã b̃ c̃
b̃ t̃ ẽ
c̃ ẽ f̃

3

5

1

A =
1
5

ã +
2
9

c̃ +
4
9

t̃ +
1
5

f̃

Reducingthis integral to asumoverdomaintriangles,T, we
obtain

H̃(S) = å
i2 T

H̃(4 i)

where

H̃(4 i) =
x

(s;t)24 i

H(s;t)dÂ(s;t)

With very similar analysisit is possibleto derive a mea-
surefor bilinear reconstruction.For the sake of simplicity,
we choseto implementthe metric for piecewise-linearre-
construction.

4.2. Propertiesof our Metric

Theapproximationtheory/�nite elementliteratureprovides
variousasymptoticresultson optimal triangulationsof the
plane. In particular, supposeone wishes to approximate
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somebivariatescalarfunction g(x;y) using linear interpo-
lation with a givennumberof trianglesover the(x;y) plane.
If approximationerror is measuredin theL2 sensethen,ac-
cordingto Nadler, asthenumberof trianglesgoesto in�nity ,
anoptimaltriangle'sorientationis givenby theeigenvectors
of theHessianof g andits aspectratioby

�
�
�
�
l max

l min

�
�
�
�

1
2

wherel max andl min areeigenvaluesof the Hessianof the
approximationfunction[Nad86]. It hasalsobeenshown that
ameshbestapproximatesasmoothsurfaceif theanisotropy
of the meshfollows (in non-hyperbolicregions) the eigen-
valuesandeigenvectorsof thecurvaturetensorof thesmooth
surfaceregions[Sim94].

q
s

t

w

q
s

t

w

q
s

t

w

Figure3: A rectangleRof widthw rotatedbyq.

It can be shown that, at least locally, our metric agrees
with Nadler's result.Assumethat our surfaceS is the unit
squareonthex;y plane,andthatthesignalis somequadratic
function g(x;y) = Ax2 + By2 + F for which jAj > jBj. This
considersquadraticsin normalform; ageneralquadraticcan
alwaysbereducedto normalform by a translationandrota-
tion of the x;y domain.It is easyto seethat 2A and2B are
eigenvaluesof theHessianof g

�
2A 0
0 2B

�

In thiscase,Nadler'sresultimpliesthattheoptimalsampling
on a uniform grid will beaxisalignedandhave aspectratio
of

�
�
�
�
A
B

�
�
�
�

1
2

Now, assumethat we parameterizeS over the (s;t) tex-
turedomain,usinga singleaf�ne mapfrom Sto a rectangle
R of width w, height 1

w , andorientationq (seeFig. 3). Over
thesetwo degreesof freedom,(w;q), weminimizedourdef-
inition of signal error in closedform and veri�ed that the
following areindeedlocal minimaaspredictedby [Nad86]:
q an integer multiple of p

2 , andw = j B
A j

1
4 . Thusour metric

alsoobtainstheoptimalorientation(axis-aligned)andopti-
malaspectratio (w=h = w2 = j B

A j
1
2 ).

Nadler further identi�es a one degreeof freedomfam-
ily of optimal solutionsfor the casein which the Hessian

hasa negative eigenvalue(i.e, the surfaceis locally hyper-
bolic) [Nad86]. It remainsfor futurework to show that this
entirefamily minimizesour metric,andthatour metricad-
mitsnominimaoutsideNadler's set.

4.3. Af�ne Transformation Rule for H̃

During optimization,we needto repeatedlymodify the pa-
rameterizationsof meshverticesandcomputethe resulting
changein the signalerror. RecomputingH̃ matricesbased
on the modi�ed parameterizationis undesirablesincethis
involvesexpensive numericalintegrationaswell asrecom-
putingsecondderivativesof h.

Sincemodi�cation of the parameterizationis simply an
af�ne transformationof eachmeshtriangle,we canexactly
computeH̃ of a transformedtriangle from its original H
withouthaving to do thecomputationexplicitly.

Let e : D ! D : (s0; t0) ! (s;t) bea localaf�ne transform
from thenew triangleparameterizationto theold, resulting
in thenew maph0 = h� e. Let J(s;t) betheJacobianof the
mappinge

J(s;t) =

"
¶e1
¶s

¶e1
¶t

¶e2
¶s

¶e2
¶t

#

=
�

p(s;t) q(s;t)
r(s;t) s(s;t)

�

wheree1 denotesthe�rst coordinateof e ande2 thesecond
andwherethecoordinates(s,t)now parameterizethedomain
of e andthush0. Thusthetransformedsecondderivativesof
ascalarfunctionh0 aregivenby

�
h0

ss h0
st

h0
st h0

tt

�
= JT

�
hss hst
hst htt

�
J

=
�

p(s;t) r(s;t)
q(s;t) s(s;t)

� �
hss hst
hst htt

� �
p(s;t) q(s;t)
r(s;t) s(s;t)

�

Expressingthis asa linearsystemin theuntransformedsec-
ondderivatives:
2

4
h0

ss
h0

st
h0

tt

3

5 =

2

4
p2 2pr r2

pq (ps+ qr) rs
q2 2qs s2

3

5

2

4
hss
hst
htt

3

5 = Q

2

4
hss
hst
htt

3

5

ThusH canbetransformedvia

Q

2

4
a b c
b t e
c e f

3

5 QT = Q

2

4
hi

ss
hi

st
hi

tt

3

5 [hi
sshi

st hi
tt ]Q

T

yielding H0 = QHQT . In the caseof a vector function h,
we canabsorbthesumover componentsinsidetheH term.
Integrating,weobtain:

H̃0(di) =
x

(s;t)2 A

QHQTdÂ(s;t)

whereQ is a functionof theJacobianasde�ned above,and
di is the ith triangle over the surface.Since the Jacobian
is constant within each triangle di , we can factor out
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the multiplication by Q in the above integral yielding a
transformationrule for H̃(S)

H̃0(S) = QH̃(S)QT

Therefore

R̃0(S) =
1
4

welsum(H̃0(S))

4.4. Numerical Computation of H̃

Wedescribedhow to applytheaf�ne transformationruleon
the H̃ matricesto quickly evaluatethe signalerror metric.
However, in orderto usetheaf�ne transformationrule dur-
ing theparameterizationprocess,we needto have initial H̃
matricesstoredon theoriginalmeshfaces.

At the outset,we do not have a parameterizationof the
originalmeshthatwecoulduseto computetheinitial H̃ ma-
trices.Thus,for eachface,wecreateacanonicalparameter-
izationbasedon a local isometric�attening of thatfaceand
its threeneighboringfaces.As describedbelow, wewill also
needto sampletheseneighboringfacesin orderto accurately
computetheH̃ matrices.

Duringtheoptimizationprocess,theaf�ne transformation
rule is usedto transformtheH̃ matricesfrom theircanonical
parametrizationto thecurrentparameterizationthatis being
evaluated.In thissectionwedescribehow to pre-computeH̃
matricesontheoriginalmeshfaceswith respectto canonical
faceparameterizations.

We assumethat a continuoussignal(e.g.normalmapas
shown in Fig. 4) existsover thesurface.Ourmethodof com-
putingH̃(4 i), is basedonanumericalintegrationapproach.
Speci�cally we apply a numberof regular 1-to-4 subdivi-
sionsto afaceandobtainsubfacesandsubvertices. Wecom-
puteH at all thesubfaces,sumall of theseup,andmultiply
by thegeometricareaof theface,in orderto obtainH̃(4 i).
The level of subdivision dependson thedetail of themesh.
For all examplesin this paper, we subdividedeachfaceinto
64subfaces(3 subdivisions)to computeH.

surface mesh chart

(1316 vertices)

normal-field signal

(RGB=nx,ny,nz)

shaded surface

Figure 4: Our input consistsof surfacemeshand an asso-
ciatedsurfacesignal.Here theinput is a singlechart of the
fandiskmeshwhere thenormal(nx;ny;nz) is thesignal.

To computeH at a subface,we samplethesignalat some
numberof neighboringsubvertices.In our examples,we se-
lected the 15 closestsubverticesafter the 3 regular 1-to-
4 subdivisions.We thenestimatethe secondderivativesof
themappingh by �nding thebest�tting quadraticsignalto
thesesamples(the coef�cients A; B; C; D; E andF of the
quadraticf = As2 + Bt2 + Cst + Ds+ Et + F). We thenuse
thesecondderivativesof thisquadraticapproximation.

It is possiblefor oursignalsto varylinearlywithin two ad-
jacentmeshfacesbut havedramaticallydifferentderivatives
acrossthesharededge.Unlessthesubverticesusedto com-
putethesecondderivativesof h over a faceincludesubver-
tices from adjacentfaces,the secondderivativesestimated
by our LeastSquaressolver alongtheboundaryof the face
will be inaccurate.This could lead to high signalapproxi-
mationerror. In orderto prevent this problem,asdescribed
above,we alsoincludesubverticesfrom thethreeneighbor-
ing facesusingthe face's local isometricparameterization.
During numericalintegration,whenselectingthe15 closest
subvertices,we alsoallow thesesubverticesto comefrom
theseneighboringfaces.

5. Chart parameterization algorithm

Thegoalof theoptimizationprocedureis to minimizesignal
errorover theparameterizationsof themeshvertices,while
maintainingan embedding.Our optimizationalgorithm is
basedon thatof Sanderet al. [SSGH01]. For completeness
wesummarizethisalgorithm.

After obtainingan initial parameterization,we minimize
thesignalerrorby repeatedlyperturbingeachvertex within
thekernelof thepolygonformedby its neighboringvertices.
To improve the speedand result of the optimizationswe
adoptthe multiresolutionoptimizationschemeadaptedby
Sanderet al. [SGSH02]. We usea multiresolutionprogres-
sive mesh[Hop96] sequenceto propagateH̃ �ne-to-coarse
(FTC) from theoriginal meshto all coarsermeshesandap-
ply a coarse-to-�ne(CTF) parameterizationalgorithmthat
usestheseH̃s.During FTC we redistributetheH̃ according
to Sanderet al.'s schemeof redistributing integratedmetric
tensors (IMTs) [SGSH02]. We usea CTF optimizationwith
the geometricstretchmetric [SSGH01] to obtainan initial
parameterizationin orderto transformthe H̃s on the �nest
level mesh,andthusbootstraptheiterativeoptimizationpro-
cess.

This parameterizationalgorithmallows chartboundaryver-
ticesto move in the texturedomainat all levelsof theCTF
optimizationalgorithm.Our errormetric is not scaleinvari-
ant,andthusthesignalerrorcouldgoto zeroasthechartbe-
comesin�nitely large.We achieve scale-invarianceby mul-
tiplying signalerrorby thesquareof thetotal chartarea.

The high-level algorithm can be summarized as:
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function OptimizeChartParameterization
Pre-computecanonicalH̃son �ne meshfaces
Constructprogressivemeshof chart
//Createan initial parameterization
Do CTFusinggeometric-stretch.
//Iterativelyoptimizeusingerror metric:
for n iterations

Transform�ne meshH̃susingcurrentparam.
FTCpropagateH̃s to all PM meshes.
CTFoptimizesignalerrorusingH̃s.

6. Results

We have createdsignal-specializedparameterizationsfor
several modelsandcomparedthemboth quantitatively and
qualitatively againstthesignal-specializedparameterization
metricof Sanderetal. Thecomparisonsareshown in Fig. 7-
Fig 11. All modelsoriginatedfrom 3D scanning.Thesignals
on theparasaur, fandisk,andcatareper-vertex normalsona
high resolutionmesh,mappedto a low resolutionmeshus-
ing normal-shooting.Thesignalon thefacein Fig. 11 is de-
�ned usingpervertex color dataon a high resolutionmesh,
mappedto alow resolutionmeshusingnormal-shooting.For
thefandiskmodelin Fig.9wemanuallypartitionedthemesh
into 4 charts.Table1 shows a comparisonbetweentherun-
ning time of our metricwith thatof Sanderet al. on several
models.Ourparameterizationschemetakesafew minutesto
runpermodel.

To quantify parameterizationquality, we measuresignal
approximationerror(SAE) asrmsdifferenceon a denseset
of surfacepoints,distributeduniformly accordingto surface
area.For eachpoint we computethedifferencebetweenthe
original signalandthebilinear interpolationof the four ad-
jacenttexturesamples.For vector-valuedsignalswe usethe
L2 norm.

In Fig. 5- 6 wecomparethereductionin SAEby ourmet-
ric with that of Sanderet al. We refer to the former assig-
nal errorwith piecewiselinearreconstruction,andthelatter
assignalerror with piecewise constantreconstruction.The
graphsshow thesignalerrorasa functionof thenumberof
texturesamplesfor two parameterizations.

To preventtheformationof degeneratetriangleswhenthe
signalis locally constanton a region of thesurface,Sander

Table1: A comparisonof runningtimein seconds.

Model #Vertices #Charts Sanderetal. Ours

Figure8 Parasaurhead 3; 800 1 50 100

Figure11 Face 5; 000 1 120 200

Figure10 Cat 1; 000 1 10 25

Figure9 Fandisk 6; 475 4 170 210
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Parasaur's head: 3,870 vertex parameterization

Figure 5: Comparisonof signalapproximationerror (SAE)
asa functionof texturesizefor twoparameterizationsof the
parasaur'sheadmodel(3,870-vertex mesh).
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Fandisk: 6,475 vertex parameterization

 

Figure 6: Comparisonof signalapproximationerror (SAE)
asa functionof texturesizefor twoparameterizationsof the
fandiskmodel(6,475-vertex mesh).

et al. adda tiny fractionof geometricstretchto their energy
functional[SGSH02]. For our metricwe �nd it necessaryto
dothisaswell onmodelssuchasthefandisk.Empiricalanal-
ysis shows that the fraction of geometricstretchcan have
a signi�cant impact in reducingthe SAE of the parameter-
ization. Furthermore,it seemsthat the amountof geomet-
ric stretchneededis dependentuponthe scaleof the error
functionalandvariesfrom modelto model.Therefore,in or-
der to ensurefairnessin our experimentalcomparisonsin
Fig. 6, we only addsuf�cient geometricstretchto allow the
parameterizationalgorithmto converge to an optimal solu-
tion for bothmetrics.Empiricalanalysisalsoshows thatfor
eachmodel thereis somevalueof the fraction of geomet-
ric stretchthatproducesa parameterizationwith the lowest
SAE. For experimentswith the modelsin Fig. 10-Fig. 11
wecompareparameterizationscreatedby ourmetricandthe
metricby Sanderetal. combinedwith theiroptimalgeomet-
ric stretchvaluethatis predeterminedexperimentally.

Bothgraphsin Fig.5- 6 show asigni�cant reductionin er-
ror from thesignalerrorwith piecewiseconstantreconstruc-
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tion to thesignalerrorwith piecewiselinearreconstruction.
In particularFig. 5 shows thatusingour metric,a givensig-
nal approximationerrorcanbeobtainedwith up to a factor
of 4 savings in texture size.Fig. 7 illustratesthe parame-
terizationsof thetwo metricsfor theparasaurmodelusedin
Fig.5 for speci�c textureresolutions.Fig.6 comparesthere-
sultsof thetwo metricsonthefandiskmodelandalsoshows
savingsin texturesizefor agivenlevel of signalapproxima-
tion error. The texturesand texture mappedfandiskcorre-
spondingto atextureresolutionof 128x128areillustratedin
Fig. 9. Fig. 10 and11 areadditionalexamplesthat illustrate
thedifferencebetweenourmetricandthatof Sanderetal.

Texture 256x256; SAE=5.5 Texture 128x128; SAE=5.2

Signal Error - Piecewise 
Constant Reconstruction

Signal Error - Piecewise 
Linear Reconstruction

Figure 7: Our parameterizationalgorithm can reducetex-
turesizebymore thana factorof 4.

7. Summary and futur ework

Motivatedby the needto reducethe size of texture maps
usedin real-timerenderingsystems,weintroducedaparam-
eterizationmetric that is derived from a Taylor expansion
of signalapproximationerror. Unlike formermethods,ours
assumespiecewise linear reconstructionandis thusa good
approximationto bilinearreconstructionemployedin graph-
icshardware.In orderto empiricallyevaluateourmetric,we
have implementeda multiresolutionparameterizationalgo-
rithm thatminimizesthesignalerrorde�ned by ourmetric.

Our signal-specializedparameterizationmetric allocates
more texture samplesto meshregions with greatersignal
variation. In particular, the integrated H̃ term in our met-
ric allows it to distinguishbetweenlinear andhigherorder
signalsandallocatemoretexelsto thelatterthantheformer.
As shown in Fig. 5- 6, a factor of 4 of savings in texture
spaceis possibleusingour signal-specializedparameteriza-
tion method.

Thereareseveralareasof relatedwork that couldbeex-
ploredin thefuture.Ourmetricdoesnotplaceany restriction
on thedimensionalityof thesignal.It is possibleto special-
ize a parameterizationto a combinationof signals,suchas
normalsandcolors.Anotherareafor future work is to ex-
plore perceptualmeasuresin additionto signalapproxima-
tion errorandpropagatethesemeasuresthroughtherender-
ing process.
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