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Summary

In this thesis we carry out a detailed study of the (propositional) intuitionistic fragment of Girard’s
linear logic (ILL). Firstly we give sequent calculus, natural deduction and axiomatic formulations of
ILL. In particular our natural deduction is different from others and has important properties, such
as closure under substitution, which others lack. We also study the process of reduction in all three
logical formulations, including a detailed proof of cut elimination. Finally, we consider translations
between Intuitionistic Logic (IL) and ILL.

We then consider the linear term calculus, which arises from applying the Curry-Howard corre-
spondence to the natural deduction formulation. We show how the various proof theoretic formula-
tions suggest reductions at the level of terms. The properties of strong normalization and confluence
are proved for these reduction rules. We also consider mappings between the extended A-calculus
and the linear term calculus.

Next we consider a categorical model for ILL. We show how by considering the linear term cal-
culus as an equational logic, we can derive a model: a Linear category. We consider two alternative
models: firstly, one due to Seely and then one due to Lafont. Surprisingly, we find that Seely’s
model is not sound, in that equal terms are not modelled with equal morphisms. We show how after
adapting Seely’s model (by viewing it in a more abstract setting) it becomes a particular instance
of a linear category. We show how Lafont’s model can also be seen as another particular instance
of a linear category. Finally we consider various categories of coalgebras, whose construction can be
seen as a categorical equivalent of the translation of IL into ILL.
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Chapter 1

Introduction

1 Background

An important problem in theoretical computer science is discovering logical foundations of pro-
gramming languages. Such foundations provide programmers with techniques for reasoning logically
rather than informally about their programs and not only tells implementors precisely what they are
trying to implement but also enables them to reason formally about possible optimizations. One of
the most fruitful methods used to explore such logical foundations has been to utilize a fascinating
relationship between various typed A-calculi, constructive logics and structures, or models, from
category theory. Despite their apparent independence, various work has shown how these areas are
related.

Logic with typed A-calculi. Curry [23, Section 9E] and Howard [41] noticed that an axiomatic
formulation of Intuitionistic Logic (IL) corresponds to the type scheme for (S,K) combinatory
logic. It was also noted that the natural deduction formulation for the (D, A)-fragment of
minimal logic corresponds to the typing rules for the simply typed A-calculus with pairs.
More importantly, the notion of normalization for minimal logic corresponds to the notion of
reduction of the A-terms. This relationship is known as the ‘propositions-as-types analogy’ or
the Curry-Howard correspondence.

Category theory with logic. Lambek [48, 49, 50] first showed how formal deductions for propo-
sitional logics could be given in a categorical framework. In particular he considered the
relationship between intuitionistic (propositional) logic and cartesian closed categories. Law-
vere [54] showed how these techniques could be extended to handle predicate logics by consid-
ering more powerful categorical structures.

Category theory with typed A-calculi. Given the relationship between logic and typed M-
calculi, Lambek was able to show how category theory could give a semantics for typed A-
calculi; this is demonstrated for various calculi in his book with Scott [52]. Curien, along with
co-workers, has shown how this semantics can be seen to suggest an abstract machine: the
categorical abstract machine [21]. This idea has been used to provide a complete compiler for
a dialect of ML [72].

These relationships can be pictured as

Typed A-calculus Constructive Logic

Categorical Model.

The exciting aspect of these relationships is not just that the three areas are related but that certain
concepts within them are related also, as shown below.

Logic | Typed A-calculus | Categorical Model
Proposition Type Object
Proof Term Morphism
Normalization Reduction Equality of morphisms
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These relationships have been used to study various systems. Some examples are listed below.

Logic Typed Calculus Categorical Model
Intuitionistic Logic Simply Typed Cartesian Closed
A-calculus Categories
Second Order System F [32] Hyperdoctrines [68]

Intuitionistic Logic

Higher Order Higher Order Toposes [52]
Intuitionistic Logic | Typed A-calculus

This thesis explores these three relationships and related concepts with respect to Intuitionistic
Linear Logic (ILL) (in fact, just the propositional part). We take ILL as described by Girard and
after producing natural deduction, sequent calculus and axiomatic presentations we consider the
corresponding term calculus (the linear term calculus) and categorical model (a linear category).

2 Overview of Logical Systems and The Curry-Howard Correspondence

In this thesis we shall consider three logical systems in which to formulate ILL: natural deduction,
sequent calculus and axiomatic system. Let us briefly consider these systems in turn.

Natural deduction was originally proposed by Gentzen [73]. Deductions proceed in a tree-like
manner where a conclusion is derived from a finite number of assumption packets, using a predefined
set of inference rules. More specifically these packets contain a multiset of propositions and may be
empty. Within a deduction we may ‘discharge’ any number of assumption packets. This discharging
of packets can be recorded in one of two ways. Gentzen proposed annotating assumption packets
with labels (natural numbers). Occurrences of inference rules which discharge packets are then
annotated with the labels of the packets they discharge. For example the inference rule for the
introduction of an implication is as follows:

[A7]
B
ADB

(DI)m

The square brackets identify that the packet (with label ) has been discharged. Typically we provide
rules for the introduction and elimination of the logical connectives. For example, we provide the
following elimination rule for the implication connective.

ASB A

5 (De)

The second alternative for annotations is to place at every stage of the deduction tree a complete list
of the undischarged assumption packets. This we shall refer to as natural deduction in a ‘sequent-
style’. Deductions are trees whose nodes are decorated with sequents of the form I' + A, where
I" represents the undischarged assumption packets and A the deduction so far. The first method
is probably the more intuitive whereas the second has a more mathematical feel. Of course, both
approaches are equivalent and we shall present both when considering natural deduction formulations
of ILL.

The Curry-Howard correspondence simply annotates the deduction with a ‘term’;, which rep-
resents an encoding of the deduction so far. Thus for each inference rule, we introduce a unique
piece of syntax to represent an application of it. For example, the rule for implication introduction
becomes encoded as
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147]

M:B
Me: AM:ADB

It is common to annotate assumption packets with alphabetic identifiers rather than natural num-
bers. Thus we have a system for term formation, where the terms have the property that they
uniquely encode the deduction.

Although natural deduction has many compelling qualities, it has several disadvantages of which
we shall mention just two (Girard [34, Page 74] gives a fuller criticism). Firstly it is distinctly
asymmetric; there is always a single deduction from a number of assumptions.! Secondly, some
connectives can only be formulated in an unsatisfactory way. Consider the rule for eliminating a
disjunction

(DI)a:~

47 [BY

AV B C C
c
The deduction C' really has nothing to do with the connective being eliminated at all: it is often
dubbed parasitic.
The second system we consider is the sequent calculus, again introduced by Gentzen [73]. De-
ductions consist of trees of sequents of the form I' — A, where both I" and A represent collections
of propositions. Inference rules introduce connectives on the right and on the left of the ‘turnstile’

and rules have a more symmetric feel to them. For example the rules for introducing an implication
are

(\/E)m,y~

I' - A A BT/ A A+ AB
(Dg), and

, , A Or)
[LA> BT A A I'A>BA

In this thesis we will be concerned only with intuitionistic logics. These can be obtained by re-
stricting the sequents to at most a single proposition on the right of the turnstile, I' + A. There
are other, less restrictive ways of formulating intuitionistic logics but we shall not consider them
here. (For example, Hyland and de Paiva [43] have proposed a less restrictive (but more powerful)
formulation of ILL.)

Let us consider the form of T' in a sequent I' -+ A. We have a choice as to whether it represents
a set, multiset or sequence of propositions. Recall that in the natural deduction system, we had
multisets of assumptions, which could be empty. As the sequent calculus is an equivalent logical
system it must offer similar manipulations of its assumptions. These manipulations are provided by
so-called structural rules.? The structural rules needed depends on the chosen form of contexts and
on the way the inference rules are devised (as they can have the effect of structural rules ‘built-in’).
Generally we take the contexts to be multisets and then we have two structural rules?

I'-B I''A/Aw+B

——— Weakening, and —— Contraction.
I''Aw+r B I'NAw B

1A number of multiple conclusion formulations of natural deduction have been proposed, but they invariably
introduce more problems than they solve.

2These rules really exist in the natural deduction formulation as well but they are often either embedded in informal
conditions concerning the assumption packets or built into the inference rules.

3Were we interested in the order in which assumptions were used, then we would take contexts to be sequences of
assumptions and have an explicit Exchange rule:
I'ABwC
——  Ezchange
I''B,AwC
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The Weakening rule allows for the fact that a multiset can be empty and the Contraction rule allows
for the fact that many packets can have the same label. We shall see later that these rules play a
crucial role in formulating linear logic.

The sequent calculus has one main defect which is that it distinguishes between many equivalent
proofs. For example consider the following two proofs which only differ in the order in which the
inference rules are applied.

A,CI—D( ) ACw D (Ac)
—® — (A
Ar-CcoD © AANB,Cr+D °©
(Az) (Or)
ANBwCDD ANBwCDD

When we come to relate the sequent calculus and natural deduction formulations it is clear that
these two sequent derivations actually represent the same natural deduction derivation. Of course,
this means that a Curry-Howard correspondence is not as simple to devise for a sequent calculus
formulation. We shall return to this point in Chapter 2.

A third system is an axiomatic formulation (or Hilbert system). With this formulation there
are a collection of ‘axioms’ and rules for combining these axioms. Deductions proceed in a tree-
like fashion from a collection of assumptions or axioms to a conclusion. This style of formulation
was used to great effect by Russell and Whitehead in their Principia Mathematica [65]. The main
advantage of an axiomatic formulation is its simplicity. We shall discuss this sort of formulation in
more detail in Chapter 2.

3 Overview of Linear Logic

Linear Logic is often described as a ‘resource-conscious’ logic. In the context of mathematical logic,
we can consider a proposition to represent a resource of some kind. As we noted earlier, logical
formulations provide structural rules to manipulate assumptions: the Weakening and Contraction
rules. The Weakening rule says that if from a collection of assumptions I we can conclude B, then
certainly from the assumptions I and A we can conclude B. The Contraction rule says that if we
need an assumption A twice to conclude B, then we can simplify this to A, as A and A is morally
the same as A.

However, if we take a resource view of these rules they seem slightly strange. The Weakening rule
amounts to saying that we might not need a resource after all; and the Contraction rule tells us that
we might need a resource any number of times. Linear Logic is the logic obtained by removing these
two rules from the formulation of the logic. (There are both intuitionistic and classical formulations
of linear logic; this thesis is concerned with the intuitionistic fragment.) As we shall see later, an
immediate consequence is to divide the inference rules into two distinct kinds.

Of course, the logic which remains is terribly weak; Girard’s innovation was to reintroduce the
two rules in a controlled way by introducing a new unary connective (the so-called exponential,
‘1"). Thus we can only weaken or contract a proposition, A, if it is of the form !A. It is this which
distinguishes linear logic from other ‘sub-structural’ logics. Although logicians had conceived many
years ago relevance logic (no Weakening) and affine logic (no Contraction), they appeared to have
little interest other than as weak forms of logic. The recapturing of logical power by use of the
exponential enables us to consider linear logic as a refinement of traditional logics.

4 Outline of Thesis

The structure of this thesis follows the triangle of relationships given in §1. Hence there are three
chapters corresponding to each vertex of the triangle.

e Chapter 2 considers the proof theory of ILL. After giving a sequent calculus formulation, a
proof of cut elimination is detailed. Then we show how a natural deduction formulation can
be derived and also how other proposals fail to have certain desirable properties. We consider
reduction in the natural deduction formulation, first by eliminating ‘detours’ in a proof and
then by consideration of the subformula property, from which we find the commuting conver-
sions necessary to ensure that this property holds. Next we consider an axiomatic formulation.
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We show how all three formulations are equivalent by giving translation procedures between
them. Finally we consider how IL can be embedded into ILL via a translation due to Girard.

Chapter 3 considers the theory of the linear term calculus. We give the term formation rules as
well as the reduction rules which are derived by applying the Curry-Howard correspondence
to the reduction rules from the proof theory. Having considered term assignment for the
sequent calculus formulation, we reconsider the cut elimination process in the light of the
reduction rules it generates on terms. By applying a Curry-Howard-like correspondence to
the axiomatic formulation we obtain a linear combinatory logic. We explore reduction within
this combinatory formulation. Proofs of strong normalization and confluence are given for a
fragment of the reduction rules (the S-reductions). We then consider how linear terms can be
translated into linear combinators, before considering and comparing their respective reduction
behaviour. Finally we show how terms from the extended A-calculus can be translated into
linear terms and vice versa. We briefly mention some properties of this translation.

Chapter 4 considers a categorical analysis of ILL. We start by viewing the linear term calculus
as a (linear) equational logic, which is then analysed to derive a categorical model. After
concluding with a notion of a linear category we study some of its properties. We then consider
two alternative models: firstly one due to Seely and then one due to Lafont. Surprisingly we
find that Seely’s model does not model all reductions with equal morphisms. In other words
it is not sound. We show how after adapting Seely’s model using a more abstract setting, it
becomes a particular instance of a linear category. We also show how a Lafont model is another
particular instance of a linear category. Finally we consider various categories of coalgebras,
including some proposed by Hyland. The construction of these categories can be seen as a
categorical equivalent to the embedding of IL into ILL.

Chapter 5 completes the dissertation by drawing some conclusions and suggesting further
work. We consider an alternative natural deduction formulation proposed by Troelstra and in
particular some of its categorical consequences.

5 Results

The main contribution of this dissertation is to examine the known relationship between constructive
logic, typed A-calculus and categorical models in the context of ILL. Here are some specific original
results:

A proof of cut elimination is given for the sequent calculus formulation of ILL.*

A natural deduction formulation is given which is shown to be closed under substitution.
Other formulations do not have this fundamental property.

Reduction in all three systems are compared and contrasted.
A detailed proof of the subformula property for the natural deduction formulation is given.

The sequent calculus, natural deduction and axiomatic formulations are shown to be equivalent
by giving procedures for mapping proofs in one system to another.

A proof of Girard’s translation function from IL to ILL is given for the natural deduction
formulation.

A term assignment system is given for ILL. Proofs of strong normalization and confluence are
given.

A procedure for ‘compiling’ linear terms into linear combinators is given. The question of
respective reduction behaviour is addressed.

4Girard gave a proof based on proof nets for classical linear logic (CLL).
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A method for considering the linear term calculus as an equational logic is developed. This
results in a general categorical model for ILL.

e Seely’s model is shown to be unsound. An alternative definition of a Seely-style model is
shown to be sound.

e Lafont’s model is proved to be sound.

e Proofs are given for Hyland’s constructions concerning the category of coalgebras of a linear
category.

e A proof is given that an alternative natural deduction formulation of Troelstra, analysed at a
categorical level, suggests a model with an idempotent comonad.

6 Prerequisites and Notation

This thesis is intended to be reasonably self-contained. However, the reader is assumed to be familiar
with notions of propositional logic and the A-calculus to the level of a good undergraduate course.
Troelstra’s recent book on linear logic [75] covers both intuitionistic and classical fragments. The
approach to logic taken in this thesis is probably best covered by the book by Girard, Lafont and
Taylor [34]. Barendregt’s book [8] is essential reading for those interested in the A-calculus; Hindley
and Seldin’s book [39] provides a useful alternative view.

The chapter on a categorical model for ILL assumes some knowledge of basic category theory.
However categorical notions which are particular to the linear set-up of this thesis are defined in the
chapter. In accordance with the fact that this is a computer science thesis, we shall write function
composition in a sequential, left-to-right manner, i.e. f;g, rather than the mathematical tradition
of go f.

On the whole this thesis follows the notation originally used by Girard [31]. However, there are
some minor differences with the symbols for the units.

This thesis | Girard

1 1
f 0
t T

We have followed Gallier [29] in a systematic use of various symbols to represent differing notions
of deduction, rather than a notational abuse of a single turnstile symbol. Thus we use the symbol
‘+ for a turnstile in a logical deduction® (i.e. the sequent calculus, natural deduction or axiomatic
formulations), ‘>’ for a turnstile in a term assignment system and ‘=’ for a turnstile in a combinatory
derivation. The ‘-’ symbol is used to denote provability (thus we shall write - T' + A rather than
the uninformative - T' - A). We shall often annotate the ‘+’ to qualify the logical system in question
when it is not obvious by context.

5This symbol is often dubbed a Girardian turnstile.



Chapter 2
Proof Theory

1 Sequent Calculus

As explained in Chapter 1, ILL arises from removing the structural rules of Weakening and
Contraction. This has the effect of distinguishing between different formulations of the familiar
connectives of IL. For example, in IL, we might formulate the Ag rule in one of two ways.
A I'-B re-A4A AwB
/

"
R

AR
I'-AAB I''Aw+-AAB

However, we can see that with rules of Weakening and Contraction with can simulate one with the
other.

'rA I'+B 'eA A+ B
N —— Weakening* —— Weakening”
I''+-AAB IAr A I''A+B
—— Contraction” Np
I'-AAB I'A+-AAB

In ILL since we do not have the structural rules these two possible formulations become distinct
connectives. We shall use the terminology of Girard to describe these connectives: those where the
upper sequent contexts are disjoint (as in (A%)) are known as the multiplicatives and those where
the upper sequent contexts must be the same (as in (A% )) are known as the additives. Thus for
ILL we shall consider the following connectives:

Connective | Symbol
Multiplicative Implication | —o  “Linear Implication”
Conjunction | ®  “Tensor”
Additive Conjunction | &  “With”
Disjunction | &  “Sum”

It can be seen that there are some obvious omissions from this table, namely multiplicative disjunc-
tion and additive implication. Multiplicative disjunction (% or “Par”) requires multiple conclusions
which is beyond the scope of this thesis. (It was thought that it only made sense as a classical
connective, but recent work by Hyland and de Paiva [43] shows how it can be considered as a
intuitionistic connective.) The additive implication, o—, can be formulated as follows.

' A BT +C I''A+r B

o — (o
I'NA—B + C (o=e) T |—A<>—B( =)

However, this connective is generally ignored as its computational content seems minimal.! We shall
do likewise and not consider this connective further.

We have units for the two conjunctions and the (additive) disjunction. I is the unit for the
tensor, t is the unit for the With, and f is the unit for the Sum.

Of course the logic so far is extremely weak. Girard’s innovation was to introduce a new unary
connective, !, (the so-called ‘exponential’) to regain the logical power. The exponential allows a

ITroelstra [75, Chapter 4] considers briefly additive implication in the context of a logic with just two implications.
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formula to be weakened or multiple occurrences to be contracted. Thus we have the structural rules
reinstated, but in a controlled way.

I'-B I''A'JA v+ B
— Weakening —— Contraction
I'''Aw+ B I'''"Aw+B

However, we need to be able to introduce this new connective, and so we have a rule for introducing
it on the left (Dereliction) and on the right (Promotion).? (These are reminiscent of those for the
O connective for modal logics and so are sometimes called the ‘modality rules’.)

I'Awv B TrA
—— Dereliction —— Promotion
I'''Awr B T'+—14

In the Promotion rule, IT" is taken to mean that every formula in the context is of the form !A;.
We shall see later, in §5, how introducing this new connective regains the logical power of IL. We
assume a countably infinite set of propositional symbols (atomic formulae), elements of which we
denote with the letters a,b,.... A linear formula, A, is then given by the grammar

A == alt|f]|T]
ARA| A—oA|A&B|Aq A|!A.
We give the sequent calculus formulation in Figure 2.1, which is originally due to Girard [33].
Although we have given the Exchange rule explicitly, for the rest of this thesis we shall consider this

rule to be implicit, whence the convention that I', A, © denote multisets rather than sequences.
Let us state some provable sequents for ILL.

Proposition 1. The following are all provable in ILL.

A®B v+ BRA

AR + A and A + ARQI

A&B v+ B&A

A&t - A and A v A&t
A®BrBagA
Aofr-rAand A Aaf
A®(B&C) + (A®B)&(AxC)
A(B® C) v+ (A®B) ® (ARC)
(A®B) @ (A®C) + A®(B @ C)
'AQ!B + |(A®B) and I + !T
A - T&AS(VARIA)

. IA®!B + (A& B) and (A& B) + |AQ!B
13. I +tand!t w1

© 0N o WD

= = =

Before considering the sequent calculus formulation in more detail let us fix some standard termi-
nology.

Definition 1.

1. In an instance of a Cut rule
'A AA+ B

I''Aw+B
the formula A is called the Cut Formula.

Cut

2Girard, Scedrov and Scott [35] call this rule Storage in their work on Bounded Linear Logic.
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Identity
Ar A

I'A,B,A v+ C
——— Faxchange
I''B,AA+C

I'-B B,AwC

IAwvC

Cut
R — (f
Tt ®) rrea
A

I — (Ir)
rreale -1

I'NA,B+C A A+ B
—(®
I A@B+—C  © [A 1 A9B

r-A A,B+C I''Aw B
—0 -
I''\,A—-oB + C I' - A-oB

rAwvC r'Bw+C

T (& 7 (&,
nﬂwkc(ﬁﬂ nﬂwkc(ﬁﬂ

I'rA '~ B
T~ A&B

INAvC I'Bw+rC
INAeBwC

(&r)

(®c)

'A I'-B

(R " (on
I AeB orY IrAep R

I'-B I''AJ'JA - B
———— Weakening ———  Contraction
I'''"Aw+B I''Aw B

I''AwB TrA
—— Dereliction

Promotion
I'N'Aw B ' 14

Figure 2.1: Sequent Calculus Formulation of ILL
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I'rA B,AwC

- )
I AoB. A+ C (oc)
A—oB is the principal formula, as is !A in the rule
Tr A
Promotion.
'+ 1A
. In a proof 7 of the form
R1 7. RQ
'-A AA+B
Cut,
I''AwB

we shall refer to the application of the Cut rule as a (Ry, Rz)-cut.

. In a proof 7 of the form

Rla
' A

we shall write Ist(7) to denote the last rule used in the proof (= Ry).

. If a proof 7 is of the form

1 2

'A

Chapter 2. Proof Theory

. In a rule the formula being formed is called the principal formula, for example in the rule

we shall say that the rule, R, is a binary rule. (We shall often refer to the upper proofs as m;

and mo.) If a proof 7 is the form
1

I'A

)

we shall say that R is a unary rule. (Again, we shall often refer to the upper proof as 7.)

1.1 Cut Elimination

The Cut rule enables us to join two proofs together. Gentzen discovered that applications of the Cut
rule could be eliminated from a proof. Thus given a proof containing applications of the Cut rule,
a cut-free version could be found, which can be thought of as its normal form. Gentzen’s analysis
not only showed that the occurrences of the Cut rule could be eliminated, but also gave a simple
procedure for doing so.

We shall carry out a similar programme for ILL. The proof given here is adapted from that for

IL given by Gallier [29]. First we shall define some measures which we shall use in the proof.

Definition 2.

1. The rank of a formula A, is defined as

| Al def 0 A is an atomic formula
def
1], [t 1f[ = 0
|A—B| ¥ 14|+ |B|+1
A®B| ¥ |A|+ Bl +1
|A&B| ¥ |A|+|B|+1
AeB| ¥ |4 +|B|+1

Al LA+
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2. The cut rank of a proof m, is defined as

0 If Ist(7)=1Identity
ot e(m) If Ist(w)=Unary rule
c(r) = ¢ max{c(m), c(m2)} If Ist(w)=Binary rule
max{|A| + 1, ¢(m),e(me)} If Ist(m)=Cut

with Cut formula A.

3. The depth of a proof =, is defined as

0 If Ist(m)=Identity
dim) = < d(m)+1 If Ist(m)=Unary rule
max{d(m),d(m2)} +1 If Ist(m)=Binary rule.

To facilitate the proof of cut-elimination® we find it convenient to replace the Cut rule with an
indexed cut rule

/—/nh
' A A ..., A A+ B
r,....,'’° A+~ B
N——

Cut,.

n

It is clear that this is a derived rule* as it represents the sequence of Cut rules

/—’L
' A AA ..., AL A+ B
NA,...,.A/ A+ B

Cut

I A IT,....AA B

I,T,...I A+ B
——

n

Cut.

Of course when n = 1 this rule is just the familiar Cut rule as before. It is clear that if we can
prove a cut elimination theorem for this more powerful cut rule, then we have as a corollary the cut
elimination theorem for the standard unary rule. (In what follows we shall use the abbreviation A™
to represent the sequence A, ..., A.)

————

n

Lemma 1. Let II; be a proof of I' + A and II; be a proof of A, A" + B and assume that
c(Ily), c(Tlz) < |A]. A proof, II, of T, A + B can be constructed such that ¢(IT) < |A|.

Proof. We proceed by induction on the sum of the depths of the two proofs, i.e. on d(IT;) + d(I1),
where II; and Il; are the immediate subtrees of the proof
L 11,
'-A A" A+ B
I'"'AwB

Cut,,.

There are numerous cases depending on the structure of II; and I,.

1. When the principal formula in the proofs II; and Il is the cut formula, A.

3In particular, without this trick of taking a multi-cut rule it seems difficult to find an inductive count that
decreases if we keep a ‘single’ cut rule. It should be possible but, as far as my research has found, it seems to have
eluded proof theorists so far.

4As it is a derived rule, it is simple to extend the notion of cut rank to handle an occurrence of the Cut, rule.
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(a) (Igr,Ic)-cut.
T
S I"T+ B
() "' T+ B
I'-B

(Ic)

Cutn+1

Let II by the proof obtained by applying the induction hypothesis to the proof
1
— (I
7 I"T+ B

I' - B

Cut,,.

By assumption ¢(Ily), c(m1) < |I|, then ¢(II) < |I| and we are done.

(b) (—ogr,—or)-cut.

st T2 T3
I'NAw B (AoB)", A+ A B,(A—-B)",0 + B
I e p— (—oz)
I' — A—-oB (A—B) A0 -C

CUtn,+m+1

A e - C

Let II' be the proof obtained by applying the induction hypothesis to the proof

1
I'NAw B T2
——— (—°r)
I' - A—oB (AoB)", A+ A
Cut,,.
I'"'Ar A
By assumption that ¢(IIy), c(ms) < |A—oB| and hence ¢(I') < |A—B|. Let II” be the
proof
HI 1
I Ar A I''Awv B C
uty .
™A v B '

Since we have by assumption that ¢(m;) < |A—oB]| then by definition ¢(I") < max{(|A|+
1),|A—B|,|A—oB]|}; hence ¢(II") < |A—oB].

Let I be the proof obtained by applying the induction hypothesis to the proof

1
P,A + B T3
—— (-or)
I' - A-oB B,(A—-oB)",0 + C
Cut,,.
BT O+ C

Since ¢(I1y), ¢(m3) < |A—oB| by assumption, we have that ¢(II"") < |A—oB|. Finally, we
can form the proof, II,
H// H///
"' A+ B B,I"™ O+ C

A0 - C cutr

Thus by definition ¢(II) < max{(|B|+ 1),|A—oB|,|A—oB|}; hence ¢(II) < |A—oB| and

we are done.
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(c) (®Rr,®c)-cut.

1 9 3
A AI—B( ) A, B, (A®B)",0 |—C( )
® ®
T.A — A®B ® (AeB)" 0 C =

AT e - O Gl

Let IT' be the proof obtained by applying the inductive hypothesis to the proof
T 2
' A A+ B T3
(®r) N
A+ A®B A, B, (A®B)",0 v+ C

A, B,T",A",0 I C

Cut,.

We have by assumption ¢(Il1), ¢(r3) < |A®B| and hence ¢(Il') < |A®B|. Now let II” be
the proof
™ Hl
A A, B,T" A", 0+ C
B, T"™1 A" ©  C

Cut1 .

Since we have by assumption that ¢(m;) < |A®B], then by definition ¢(Il") < max{(|A|+
1),]A®B|,|A®B|}. Finally, we can form the following proof, II,

o 1
A+ B B, I A" © + C
"t A" e - O
Thus by definition ¢(II) < max{(|B| + 1), |A®B|,|A®B|}; hence ¢(II) < |AQB| and we

C’utl .

are done.
(d) (&R,&L,l)—cut.
st Uy} 3
-4 I'-B A, (A&B)", A+ C
&R 1 &Efl
I' — A&B A, (A&B)"Jr —C c

uty,

"t AwrC i

Let IT" be the proof obtained by applying the inductive hypothesis to the proof
1 9
'A I'+-B 3
(&r)
'~ A&B A (A&B)", A+ C

" A C

Cut,.

We have by assumption that ¢(I1;), ¢(m3) < |A&B| and hence ¢(Il'|) < |A&B|. We can
form the following proof, II,

1 H/
' A F",Al—(]c
uty .
"t A-C '

Thus by definition ¢(II') < max{|A| + 1,|A&B|,|A&B|}; hence ¢(Il) < |A&B| and we

are done.
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(e) (&g, & —_2)-cut. Similar to case above.
(f) (Pr-1,Dr)-cut.

T 2 3
A A (A B)",ArC A (AeB)",B+C
— " e - (@)
'-AeB A(AeB)" v C

Cut,
A - C A

Let II' be the proof obtained by applying the induction hypothesis to the proof

T
' A T2
——— ®r-1
'-AeB A(AeB)",ArC
Cut,.
"'AwcC

We have by assumption that ¢(Il1), ¢(m2) < |A @ B| and hence ¢(II') < |A & B|. We can
form the following proof, II,

1 HI
r-A I AA-C
"t ArC

Thus by definition ¢(IT) < max{|A| + 1,|A ® B|,|A @ B|}; hence ¢(II) < |A @ B| and we
are done.

C’ut1 .

(g) (@r—2,®c)-cut. Similar to case above.
(h) (Promotion, Dereliction)-cut.
st 2
TrA AJNA" A+ B
Promotion ————  Dereliction
T 1A A" A+~ B

"t A+ B

Cutn+1

Let IT" be the proof obtained by applying the inductive hypothesis to the proof

1
TrA T2
——— Promotion
T 1A AVA" A+~ B
Cut,,.
AT A v+ B
We have by assumption that ¢(IIy), c¢(m2) < |!A| and hence ¢(IT") < |!A]. Now let IT be
the proof
1 Hl
TrA A,!I‘”,Al—BC
T A+ B uh-

Thus by definition ¢(II) < max{|A4| + 1, |!A], |!A|}; hence ¢(II) < |!A] and we are done.

(i) (Promotion, Weakening)-cut.

1 T2
T A A" A+ B

Promotion —— Weakening
T 14 A" A+ B

" A v B Crtnta
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Let IT' be the proof obtained by applying the inductive hypothesis to the proof

US|
TrA T2
——— Promotion
T 1A A", A v+ B
Cut,,.
T A+ B
We have by assumption that ¢(I1 ), ¢(m2) < |!A| and hence ¢(Il') < |!A]. Finally take the
proof, II,
H/
T A+ B Weabening
——— Weakening".
"' A+ B

Hence by definition ¢(IT) < |'A| and we are done.

(j) (Promotion, Contraction)-cut.

T 2
TrA 1AAJA" A + B
—— Promotion T Contraction
I'r1'4 !A”*,Al—BC
tn
T A v B it

Let IT' be the proof obtained by applying the inductive hypothesis to the proof

1
T'rA T2
— Promotion
T 14 1A"2 A v+ B o
"2 A« B W2

We have by assumption that ¢(Il1), ¢(m2) < |!A| and hence ¢(Il') < |!A|. Finally, let II
be the proof
H/
r"*2 A+ B
———— Contraction”.
" A+ B

Hence by definition ¢(IT) < |'A| and we are done.

2. When in the proof Iy the cut formula, A, is a minor formula. We shall consider each case of

the last rule applied in II;. The case where the cut formula, A, is a minor formula in proof
IT; is symmetric (and omitted).

(a) tR.
. (t=)
'r-A A" A -t ®
Cut,
I'Art
We can form the (cut-free) proof
— (tr),
I At (b)

which has a cut-rank of 0 and so we are done.
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(b) fc
. (£c)
T A A"Afr-B -
Cut,
I'" Af+—B
We can form the (cut-free) proof
— (fr),
" Af+ B (£2)
which has a cut-rank of 0 and so we are done.
(C) IL.
2
II; A" A+ B
—— (Iz)
' A A" I, A+ B
Cut,,
I I,A+B

Let II’ be the proof obtained by applying the induction hypothesis to the proof

H1 T2
'rA A" A+ B
Cut,,.

I'" Aw+B
We have by assumption that ¢(I1y), ¢(m2) < |A| and hence ¢(IT') < |A]. We can then form
the proof, II,

H/
I'"'AwB (Ic)
" IA-B

Hence by definition ¢(IT) < |A] and we are done.

(d) ®c.
T2
IT, A" B,C,A v+ D
(®c)
A A" BRC,A v+ D
Cut,

', BRC,A v+ D
Let II' be the proof obtained by applying the induction hypothesis to the proof
H1 T2
A A" B,C,A v+ D
" B,C,A v+ D

Cut,,.

We have by assumption that ¢(I1), ¢(m2) < |A] and hence ¢(IT") < |A]. We can form the
proof, 11,
H/
" B,C,A — D
", BoC,A + D

(®c).

We have by definition that ¢(IT) < |A| and we are done.
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(e) ®r.
Up) T3
11 AAY v+ B 0,A™ +C
- (®r)
'r-A A0, A"™ +— BC
Cutn+m

r"+m A,0 + BC
Let II’ be the proof obtained by applying the induction hypothesis to the proof
1, 2
'A AA" - B

Cut,,.
I'" Aw+B

We have by assumption that ¢(I1y), c(m) < |A| and hence ¢(IT") < |A|. Let II” be the
proof obtained by applying the induction hypothesis to the proof

H1 T3
A 0,A™ + C
Cut,,.
revcC

We have by assumption that ¢(I1), ¢(73) < |A| and hence ¢(IT") < |A|. We can form the
proof, II,

H/ H//

" AwvnB rmercC

®%).
"t AL O - BeC =)

We have by definition ¢(II) < max{|A4|,|A|}; thus ¢(II) < |A| and we are done.
(f) —Or.

2 3
I AA" v B C,A™. 0+ D
- (—or)
r~A AT B—oC,A,© v D
CUthrm

"+tm B—oC,A,0 + D
Let TI' be the proof obtained by applying the induction hypothesis to the proof
IT, T
' A AA" - B
I'" A+B

Cut,,.

We have by assumption that ¢(Il1),c(m2) < |A| and hence ¢(I') < |A|. Let II” be the
proof obtained by applying the inductive hypothesis to the proof

H1 3
'r4A C, A", O v+ D
Cut,,.
cC,T™ O w D

We have by assumption that ¢(Ily), e(ms) < |A| and hence ¢(II”) < |A|. We can form the
proof, II,

H/ H/I

' AvB c,I'", 0 D

n+m _O‘C)'
r ,A,B—oC,0 v+ D

We have by definition ¢(II) < max{|A|, |A|}; thus ¢(II) < |A| and we are done.
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(8) —or.
2
I A" A,B+C
— L (—or)
'—A A", A + B—oC
Cut,,
I'" A v B—oC

Let II' be the proof obtained by applying the induction hypothesis to the proof

I T2
r-A A" A,B v+ C

Cut,,.
I'",ABw+C

We have by assumption that ¢(I1y), ¢(m2) < |A| and hence ¢(IT') < |A]. We can then form
the proof, II,

G
I ABwC
I'",A + B—oC ~oc).
Hence by definition ¢(IT) < |A] and we are done.
(h) &r-1.
T2
I AAY B+ D
r~A AJAY B&C v+ D

Cut,

", A, B&C v+ D
Let II’ be the proof obtained by applying the induction hypothesis to the proof

H1 )
' A AA" B v+ D
I'" A,Bw+ D

Cut,,.

We have by assumption that ¢(Il1), ¢(m2) < |A| and hence ¢(II') < |A|. We can form the
proof, I,

H/
" A,B+ D
&ro1.
" A,B&C v+ D
Hence by definition ¢(IT) < |A] and we are done.
(i) &g—2. Similar to case above.
() &=
T2 T3
II; AA" + B AA" - C
(&r)
A A A" v+ B&C
Cut,

" A v B&C
Let IT' be the proof obtained by applying the induction hypothesis to the proof

H1 )
' A AA" - B

Cut,,.
I'" A+ B
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We have by assumption that ¢(I1y), c(m) < |A| and hence ¢(IT") < |A|. Let II” be the
proof obtained by applying the induction hypothesis to the proof
H1 T3
'A AA"Y - C

Cut,,.
I'"'AwrC

We have by assumption that ¢(IIy), ¢(m3) < |A| and hence ¢(IT') < |A|]. We can form the
proof, II,

H/ H//
I'"'AwB I'"'AvC
&r).

' A v+ B&C
Hence by definition ¢(IT) < |A] and we are done.
De.

2 3
11y AA" Bv D AA*C D
(®c)
' A AA" BeC v+ D
Cut,

" A,BeCwv D
Let IT' be the proof obtained by applying the induction hypothesis to the proof

H1 )
' A AAY" B v+ D
I'" A,Bw+ D

Cut,,.

We have by assumption that ¢(Il1),c(m2) < |A| and hence ¢(I') < |A|. Let II” be the
proof obtained by applying the induction hypothesis to the proof
Hl T3
r~A AAY. C D

Cut,,.
I'ACwD

We have by assumption that ¢(Ily), e(ms) < |A| and hence ¢(II”) < |A|. We can form the
proof, II,
H/ HI/
I'"A,BwD " A,CwD
" A,BeCwD

(®r)-

Hence by definition ¢(IT) < |A] and we are done.
OR-1-
2
IT, AA" - B
'rA m
I'"'Av+BaoC

Cut,,

Let II’ be the proof obtained by applying the induction hypothesis to the proof
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H1 T2
' A AA" - B
I'" Aw+B

We have by assumption that ¢(II;), ¢(m2) < |A| and hence ¢(II') < |A|. We can then form
the proof, II,

Cut,,.

H/
I'"' A+ B
_—
I"AvBaC
Hence by definition ¢(IT) < |A] and we are done.

®r_o. Similar to case above.

R—1-

Dereliction.
Up)
II; A" BAwC
——— Dereliction
A A" IBJA v+ C
Cut,
" !B,AwC
Let II’ be the proof obtained by applying the induction hypothesis to the proof
1y o
r-A A" BA v+ C
Cut,,.
I'",B,A +C

We have by assumption that ¢(Il1), ¢(m2) < |A| and hence ¢(II') < |A|. We can form the
proof

H/
I'",B,A +C
" 'B,A+C
We have by definition that ¢(IT) < |A| and we are done.
Weakening.

Dereliction.

Up)
114 A" A+ C
A A" IBJA v+ C
" !'B,Aw+C
Let II be the proof obtained by applying the induction hypothesis to the proof

Weakening
Cut,

Hl )
'-A A" A+ C
I'"AvrC

We have by assumption that ¢(Il;), ¢(m2) < |A| and hence ¢(II') < |A|. We can then form
the proof, II,

Cut,,.

H/
I'"AvC
B, AwC
By definition ¢(II) < |A| and we are done.

Weakening.
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(p) Contraction.

2
II; A" 'B!B,A v+ C
Contraction
r-A A" \B,A v+ C
Cut,,
' B,Aw+C

Let II’ be the proof obtained by applying the induction hypothesis to the proof

IT, T2
' A A" \B,!\B;A v C

Cut,,.
I'",'B,'B,A v+ C

We have by assumption that ¢(Ily), c(m2) < |A| and hence ¢(II') < |A|. We can form the

proof, II,
H/
" IB,!B,A v+ C
Contraction.
" IB,Aw+C
By definition ¢(II) < |A| and we are done.
(q) Promotion.
T2
1T, IA"IA + B
—— Promotion
T 1A A" IA + B
Cut,

T !IA + !B
Let II’ be the proof obtained by applying the induction hypothesis to the proof

H1 Up)
T 14 IA"IA + B
Cut,.
T !A+B
We have by assumption that ¢(Ily),c(m2) < |!A| and hence ¢(Il') < |!A]. We can form
the proof, II,
HI

T !A+B

——— Promotion.

I IA + !B

By definition ¢(IT) < |!A| and we are done.

3. When either II; or II, is an instance of the Identity rule. Firstly

I
Identity
r~A4A Ar A
Cut,
r—A
which is replaced by
L
' A

And similarly the proof
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IT,
Identity
ArH A I''Aw+B
Cutl,
I'Awv B
is replaced by
11,
I'Aw+ B.

In both cases the assumption that ¢(II ), ¢(Ilz) < |A| ensures that ¢(II) < |A|.

Lemma 2. Let m be a proof, ' + A, with cut rank ¢(7). If ¢(7) > 0 then we can construct a proof
7' of ' I A such that ¢(n") < ¢(n).

Proof. By inspection of the last rule of proof 7. If it is not an instance of the Cut rule then we
simply apply induction on the subproofs of 7. If the last rule in 7 is a Cut then 7 is of the form
™ T2
'-A AA" + B

Cut,,.
I'"'AwB

If ¢(m) > |A|+1 then we can apply induction on the subproofs 7, w2 and we are done. If ¢(7) = |A|+1
then we can apply Lemma 1 to get a proof n’ where ¢(n’) < |A|; hence ¢(n') < |A| + 1 = ¢(n) and
we are done. m

Theorem 1. Let 7 be a proof of I' — A with cut rank ¢(7). A cut free proof 7’ of I' + A can be
constructed.

Proof. By induction on ¢(7) and Lemma 2. [ |

1.2 Cut Elimination and The Additive Units

It seems appropriate to mention here a small problem with the process of cut elimination and the
additive units. Consider the following proof which contains one instance of the Cut rule.

—(f —(t
I‘,f|—A(£) A,Al—t(R)

A f -t

Cut

The problem is to decide which axiom it is replaced by: isit f or tg? Of course, as far as proving the
cut elimination theorem it does not matter which is chosen, but there is little to guide us either way
(even the model theoretic viewpoint of the Chapter 4 says little). In the original treatise [31, Page
67], Girard rewrites the above to an instance of the fz rule. However, in personal communication,
Girard admits to this being a choice made for “...aesthetic reasons”. A more convincing explanation
of the proof theoretic role of the additive units remains an open problem.
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1.3 Subformula Property

An immediate consequence of the cut elimination theorem is the subformula property, which follows
from the simple observation that every rule except the Cut rule has the property that the premises
are made up of subformulae of the conclusion.’

Definition 3. The subformulae of a formula A are defined by the following clauses.

e If A is atomic then its subformula is A.

e The subformulae of AR B are the subformulae of A and the subformulae of B and A®B itself.
e The subformulae of A—oB are the subformulae of A and the subformulae of B and A—oB itself.
e The subformulae of A& B are the subformulae of A and the subformulae of B and A& B itself.
e The subformulae of A@® B are the subformulae of A and the subformulae of B and A ® B itself.

e The subformulae of 'A are the subformulae of A and !A itself.

Theorem 2. In a cut-free proof of I' — A all the formulae which occur within it are contained in
the set of subformulae of I and A.

Proof. By a simple induction on the structure of the proof I' + A. [ ]

There are many other consequences to having a cut elimination theorem for a given logic and
these have been studied by Schwichtenberg [67]. An example is Craig’s Interpolation Lemma which
has been studied for some fragments of (classical) linear logic by Roorda [64]. We leave further
investigation of this and other properties for future work.

2 Natural Deduction

As explained in Chapter 1, in a natural deduction formulation a deduction is a derivation of a
proposition from a finite set of assumption packets using some predefined set of inference rules.
More specifically, these packets consist of a multiset of propositions, which may be empty. This
flexibility is the equivalent of the Weakening and Contraction rules in the sequent calculus. Within
a deduction, we may ‘discharge’ any number of assumption packets. Assumption packets can be
given natural number labels and applications of inference rules can be annotated with the labels of
those packets which it discharges.

We might then ask what restrictions need we make to natural deduction to make it linear?
Clearly, we need to withdraw the concept of packets of assumptions. A packet must contain exactly
one proposition, i.e. a packet is now equivalent to a proposition. A rule which previously discharged
many packets of the same proposition, can now only discharge the one. Thus we can label every
proposition with a unique label.

Before considering the rules, we shall fix some (standard) notation.

Definition 4.

1. In a rule of the form

Ay ... A,
B )
the A; are known as premises and B as the conclusion.

2. In an elimination rule, the premise being eliminated is known as the major premise. Any other
premises are known as minor premises.

3. An assumption which has not been discharged will often be referred to as an open assumption.

5We shall prove a similar theorem for the natural deduction formulation in the next section.
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The Multiplicatives

The introduction rule for linear implication, —o, is as usual for IL; the restriction on packets means
that we can only discharge a single assumption. The elimination rule for —o is also as for IL. The
rules are

[47] : :
5 A—oB A

— (—o7)z, and
A—OB( 7) b

(—o¢).

We should note that in the elimination rule for —o the multiplicative nature is implicit in our
restriction that all assumptions have unique labels. Hence to bring two derivations together implies
that their contexts are disjoint.

The introduction rule for tensor, ®, is as usual for IL; with again the implicit multiplicative
nature. The elimination rule is slightly more surprising. In IL we are used to having two elimination
rules for the conjunction which enable one of the conjuncts to be ‘projected’ out of a conjunction,
ViZ.

ANDB ANB
1 (Ae_1), and

(/\5_2).

However ILL does not permit projection over multiplicative conjunction (as it would provide un-
restricted Weakening), but rather both components of the tensor should be used in the deduction.
Thus the elimination rule is of the form®

[A*] [BY]

A®B c

(®8)m,y'

The Exponential

The elimination rule, Dereliction, is easy to formulate, viz.

B
— Dereliction.
B

However it is surprising to note that other presentations [57, 55, 79] have adopted the following
slightly more verbose formulation
iy

\B
Dereliction],.

The Weakening rule allows a deduction whose conclusion is of the form !B to play no part in
another deduction, or in other words, it allows us to build dummy deductions. Again, the intuitive
formulation is

Weakening.

6Schroeder-Heister [66] has considered natural deduction formulations of connectives of this form (although for
IL).
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The Contraction rule allows the result of a deduction to be used twice as an assumption. This rule is
realized in IL by the implicit ability to give two assumptions the same label. We can then substitute
a deduction for this duplicated assumption by duplicating the deduction. Duplicating a deduction
is illegal in our linear system because we cannot have duplicated labels. We must formulate the rule
so that the deduction appears once and its conclusion appears twice with different labels, viz.

157 [1BY]

B

Contraction .

C

Now we come to the problematic rule of Promotion. This rule insists that all the assumptions at
the time of application are of the form !A;. Thus as a first attempt at a formulation we shall take
the following (as have all other proposals [7, 57, 55, 79, 75])

— Promotion.
'B
Let us consider a fundamental feature of any natural deduction formulation.

Definition 5. A natural deduction formulation is said to be closed under substitution if the following

is satisfied: if for any two valid deductions
r A A

- and :
A B

3 ?

the following is a valid deduction

B.
It is quite clear that the formulation for the Promotion rule given above is not closed under substi-
tution. For example consider substituting the deduction

C—olA, C( )
oA Y,
1A, ¢

for the assumption !A; in 2.1. We would arrive at the deduction

———(~°¢)
14, 14,

= Promotion.

This deduction is not wvalid, as the assumptions are not all of the form !4;. To gain a correct
formulation we need to make the substitutions explicit. In this thesis we shall use the following
formulation.
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LAy Az

1A, ... 1A, B
'B

Promotiongi,... zn

Some care needs to be taken with this rule. The semantic brackets [...] signify that to apply this
rule correctly, not only must all the assumptions be of the form !A;, but that they are all discharged
and re-introduced. It is obvious that this formulation will be closed under substitution. We shall
use the terminology that the !A; are called the minor premises of this rule.

The Additives

The additives seem to conflict with the notion of linearity which we have described so far. We have
seen that in the sequent calculus formulation they require the upper sequent contexts to be equal,
for example in the (&x) rule

'A I'-B
I' — A&B

(&R)-

In what we have done so far, contexts are implicitly disjoint, so it is clear that we have to get round
this restriction. Taking as an example the introduction rule for the With connective we can isolate
two distinct proposals.

1. Keep the implicit disjointness of contexts. Thus when the additive contexts are brought
together, we have to immediately discharge them both and reintroduce them once. Thus the
rule would be

5 I € S

A, A, B C
B&C

(&I)ml,...,mn,yl,...,yn-

This rule has the restriction that the two (discharged) contexts are equal. It should be noted
that this equality of the contexts only applies to the assumptions, not their labels.”

2. Extend the proof theory, so as to introduce seriously the notion of an additive context. This
extension allows us to bring together equal contexts and treat them as a single context. Thus
the (&z) rule would be

VRN

A B
A&B

(&z).

It should be noted that the labels in the contexts are required to be the same.

In some senses the second proposal can be seen as an implementation method for the first. Certainly
there does not appear to be any fundamental problem with either proposal (unlike the situation
with the Promotion rule). We then have a choice, and for this thesis we shall take the second

It should also be noted that this formulation corresponds to the additive boxes used by Girard [31] for the proof
net formulation of Classical Linear Logic.
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proposal. This proposal has the advantage of better proof-theoretic properties as well as a more
succinct syntax.
The elimination rules for With are simply the familiar projection rules from IL,

A&B A&B
T &g_l, and ? &5_2.

Thus the additive conjunction is like an external choice (as either conjunct can be extracted). The
introduction rules for additive disjunction are as for IL,

A B
— D11, and
AP B A®B

Dr—2.
The elimination rule for the additive disjunction is also as for IL,
/N
r [A*"] A A [BY]

A®B c c
c

(@E)m,y-

Thus the additive disjunction is like an internal choice (as the disjunct itself determines whether it
is an A or a B and to deal with it we need to provide a case for both possibilities).

The Additive Units

The additive units are simply the nullary formulations of the additive rules. Thus from the formu-
lation of the additives we can derive the formulation of the units. Firstly, the t7 rule which is the
nullary version of the &z rule,

A'l A'n

. (tz).

Next the fe rule, which is the nullary version of the ®¢ rule

A - A, £
B

(fe).

It should be noted that another formulation of the (fg) rule, namely

d (fe)’
— ),
A
would be an acceptable alternative (in that it is of equal expressive power).
For completeness we shall repeat the entire natural deduction formulation in Figure 2.2. The
advantage of this formulation over others is that it has the following property.

Theorem 3. The natural deduction formulation is closed under substitution.
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4] :
: A—oB A
—B (—o7)x B (=o¢)
A—oB
A A, ) A - A, f )
£ * B ¢
7 (I7) A I
(Ie)
A
| 47] [BY
A B (®1) A@.)B C
A®B c (®¢)ay
T A
r r r [A*] A A [BY]
A B A®e B C C
& @ T,
A&B () c (©e)ey
ALB ALB A B
— &g —— &e_o D1 Br_2
A®B A®B
i ['B*] ['BY]
B .
. 'B
Weakening Contraction y
C
Lap - 14z
!B . . .
— Dereliction 14, A, B Promotion
B B xl,...,xn

Figure 2.2: Natural Deduction Formulation of ILL
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It is possible to present natural deduction rules in a ‘sequent-style’, where given a sequent
I' + A, T represents all the undischarged assumptions so far in the deduction, and A represents
conclusion of the deduction. We can still label the undischarged assumptions with a unique natural
number, but we refrain from doing so. This formulation should not be confused with the sequent
calculus formulation given in §1, which differs by having operations which act on the left and right
of the turnstile, rather than rules for the introduction and elimination of logical connectives. The
‘sequent-style’ formulation of natural deduction is given in Figure 2.3.

2.1 (-Reductions

With a natural deduction formulation we can produce so-called ‘detours’ in a deduction, which arise
where we introduce a logical connective and then eliminate it immediately afterwards. We can define
the normalization procedure by considering each case of an introduction rule followed immediately
by a corresponding elimination rule in turn.

o (—o7) followed by (—o¢)

4]
& (—o1)
— (-0
AoB A
5 (—o¢)
normalizes to
4]
B.
o (Ir) followed by (I¢)
_u
e (I7)
e (le)
normalizes to
A.
o (®1) followed by (®¢)
: (4] [B]
A B :
— (®1)
A®B C (®e)
&
C £
normalizes to
[A]  [B]
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Identity
Ar A

-4 - Fnl—Ant) A - T, +A, Arf
ry,....,T, —t Iy,....T,,Ar A

I'AwB ' A—oB ArA
—or1) (—o¢)

I AoB IA+— B

I Ar1T 'rA
) (1)
L I'ArA

' A A+ B I' - A®B AA B C
(®1) (®e)
I'' A\~ A®B ILAwvC

T'r-A FI—B& I' '~ A&B F|—A&B(& )
I — A&B ’ re4 ' resn £

T'r-A I'-B

(@ " (@7
TrAep oY rrAeB o7

I'-A®B AJA-C A Bw+C
ILAwvC

(®e)

A 14 o A, A, 1A,... 1A, ~ B
Ai,...,A, !B

Promotion

I'r1A Aw B I'14 AVA A+ B
Weakening Contraction
I'Aw+B I''Aw+B

T'r!4
'A

Dereliction

Figure 2.3: Natural Deduction Formulation of ILL in Sequent-Style
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o (&) followed by (&g_1).

/ ' \\
T r
A B
&
B (&71)
e (&e-1)
normalizes to
L
A.
o (&) followed by (&g_2).
/ ' \
T r
A B
&
B (&1)
— (&e-2)
normalizes to
L
B.
o (Bz_1) followed by (®¢).
A
: @ y
A ( ) [A*] A A [BY]
— (D11 :
A B c o
C (@S)m,y
normalizes to
r
A A
C.
o (7o) followed by (b¢).
A
: x y
B 47 A A (B
ﬁ (Bz—2) .
© c c
(@5).7‘ Yy
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normalizes to

r
B A
C.
e Promotion followed by Dereliction
['A;...1A,]
1A, 1A, B
Promotion
'B
Dereliction
B
normalizes to
[A, ... 1A
B.
e Promotion with Weakening
['A;...1A,]
1A 1A, B
Promotion
'B
Weakening
C
normalizes to
A .. A,
Weakening”.
C
e Promotion with Contraction
['Ay...1A,]
: : . ['B] ['B]
14, ... 4, B :
Prom
'B
Cont
C
normalizes to
['A;..1A,] ['A;...1A,]
1AL [14,] B A1, [14,] B
Prom Prom
'B 'B
C 14, 1A
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(We have introduced a shorthand notation in the last two cases, where Weakening” and Contraction”
represent multiple applications of the Weakening and Contraction rule respectively.) The process
above gives rise to a relation which we shall denote by ~»3. We shall describe one of the steps as
a [-reduction rule and say that a deduction is G-reducible if we can apply one of the S-reduction
rules.

Definition 6. A deduction D is said to be in G-normal form if it is not S-reducible.

2.2 Subformula Property and Commuting Conversions

We have already considered the subformula property in §1.3, in the context of the sequent calculus
formulation. Whereas in that case the property held simply by inspection of the derivation rules,
things are more delicate in the natural deduction formulation. For example, consider a deduction
which ends with an application of the —og rule

b py
A—-oB A
B

(—o¢).

Even if the deduction is in S-normal form, it is not simply the case by inspection that the subformula
property holds, i.e. that A—oB is a subformula of I" or A (it is certainly not a subformula of B!).
We also note that for most of the elimination rules the conclusion is not a subformula of its major
premise.® These rules are (®¢), (Ig), (®g), (fe), Weakening and Contraction; which we shall refer
to collectively as bad eliminations, with those remaining being known as good eliminations.

We shall introduce the notion of a path through a deduction. The idea is that we trace downwards
through a deduction from an assumption, with the hope that each trace yields a path with the
property that the every formula is a subformula of either an open assumption or of the final formula
in the path. Our notion of a path is based on Prawitz’s treatment of IL [62], although he attributes
the idea to Martin-Lof.

Definition 7. A path in a S-normal deduction, D, is a sequence of formulae, Ay, ..., A,, such that

1. Ap is an open assumption or axiom; and
2. Ay follows A; if
(a) A;11 is the conclusion of an introduction rule (excluding (tz)) and A; is a premise of the
rule (if the rule is Promotion, then A; must not be a minor premise); or

(b) Aj41 is the conclusion of an elimination rule and A; is either the major premise of a good
elimination rule, or the minor premise of a bad elimination rule (excluding (f¢)); or

(c) Aj; is the major premise of a bad elimination rule (excluding (fg)) and A; 1 is an assumption
discharged by that application; or

(d) A; is the minor premise of an application of the Promotion rule and A;;1 is the corre-
sponding assumption discharged by that assumption; and

3. A, is either the conclusion of D, or the major premise of (I¢) or Weakening, or a premise of
(fe).

We shall identify a particular path as mentioned earlier.

Definition 8. A subformula path is a path in a deduction, D, such that every formula in it is either
a subformula of an assumption or of the final formula in the path.

Consider a B-normal deduction, D, of the form

8Girard [34] calls such conclusions parasitic formulae.
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4] [B]

A®B C
c

A path through D is of the form ..., A®B, A,...C,C (recall that as D is in S-normal form then
A®B cannot be the result of an introduction rule). As we have mentioned before, the problematic
feature of this deduction is the appearance of C' in the path. This formula need not have any relation
to the formula being eliminated (A®B). Importantly it may be that some of the formulae in the path
are subformulae of C rather than of any open assumption. If the conclusion of D is subsequently
used as the major premise of another elimination rule, it is easy to see that the resulting path may
not be a subformula path. Consider the deduction

(®¢).

(_05)7

then a path through this deduction is ..., A®B, A,...,C—oD, D. Clearly the formula C—oD need
not be a subformula of an open assumption (as it could be the conclusion of an introduction rule)
and so the path would not be a subformula path.

We shall follow the standard solution and introduce additional reductions to remove these prob-
lematic occurrences. These occurrences are when the conclusion of a bad elimination rule is the
major premise of another elimination rule. We shall use the shorthand notation of Girard [34,
Chapter 10] and write

C : (re)
—\re),
D

to denote an elimination rule (r) with the major premise C' and conclusion D, where the ellipses
represent possible other formulae. This notation covers the ten elimination rules: (—og), (I¢), (®¢),
(&e—1), (&e—2), (Be), (fe), Dereliction, Contraction, and Weakening. We shall follow Girard and
commute the r rule upwards, although it should be noted that it would be perfectly admissible
(where applicable) to direct these commutations in the other direction.

e Commutation of (®¢).

which commutes to
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e Commutation of (Ig).

1 (le) :
r
5 (re)
which commutes to
A E( | ;
- (r :
D ¢ L
D £
e Commutation of (¢).
/ . \
r [A*"] A A [BY]
A®B C C (@)
¢ R P
r
D £
which commutes to
A
T / \
: [A*] A A [BY]
A®B
C( ) ¢ E (re)
T T
D D o0)
D Elxy-
e Commutation of (fg).
f A
f :
5 (re)
T
c £
which commutes to
S A f &)
c £
e Commutation of Weakening.
B
Weakening :
- (re)

D

35
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which commutes to

: C
B p e
Weakening.
e Commutation of Contraction.
['B] ['B]
B
Contraction .
C :( )
r
D £
which commutes to
['B] ['B]
: C .( )
. — (7
B D ¢
Contraction.

D

However there are still a number of cases to consider before being able to deduce the subformula
property. Consider the (f¢) rule

£ A A,
B

(fe).

The problem is with the minor premises, Aj,...,A4,. We do not necessarily have that these are
subformulae of an open assumption. For example, consider the simple (S-normal) deduction

C—of C A B
T(—OS) @@I)
(fe),

C

where clearly AQB is not a subformula of an open assumption nor of C'. Thus we impose the (rather
strong) reduction, that a deduction of the form

I'y I,
f A ... A, @)
B £
commutes to
f r...Tn @)
B e

Similar reasoning for the (t7) yields the rule that a deduction of the form
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1—‘1 Fn
A A
(tz)
commutes to
Iy...T',
— (tz).

In fact, we could have been more refined for these two cases. If the minor premises were the
conclusion of an elimination rule, then it would be the case that it was a subformula of an open
assumption. We shall keep these more global rules as we shall see later that they correspond more
closely with the steps in the cut elimination process.

Now consider the Promotion rule (the introduction rule for the exponential)

1Ay - 1A4]

14, ... 1A, B
'B

Promotion.

We have a problem here as we do not know immediately that the !A; are subformulae of an assump-
tion or of !B. Consider a deduction in S-normal form ending with an application of the Promotion
rule. If 1A4; is the conclusion of a bad elimination then a similar argument to that used earlier gives
that the path need not be a subformula path.? For example, consider the S-normal deduction

[1C] [[(C—A—oB)]
— Der ————— Der

C C—oA-—oB

1C] [(C—oA—oB)] A—oB (~ee) [(A—oB)] 14]
Prom ——  Der — Der
1ICRN(C—0A—oB) I(A—B) A—oB
(®e) (—o¢)
I(A—oB) 1A B
Prom.
'B

Clearly the formula !(A—oB) is not a subformula of either an open assumption nor of of the con-
clusion. As before we shall introduce further commuting conversions to eliminate the problematic
occurrence when the conclusion of a bad elimination rule is a minor premise of an application of the
Promotion rule. Thus a deduction of the form

: . ['Ay--1A,]
) C 1A; (bad) ; )
. — (ba . .
14, ... 4, 4, B
Promotion
'B
commutes to
[lA; - -14,]
14 1A, ... A, B
Promotion
C 'B bad
5 (badg).

9The behaviour of the Promotion rule with respect to the subformula property was omitted from an earlier
paper [16].
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We have yet one further possibility; that a minor premise ! A; is the conclusion of another application
of the Promotion rule (obviously it can’t be the result of any other introduction rule). Thus we have
another commutation rule, where

[NCy -+ 1ICW]
. . . N4y - 1A,]
. Prom - -
1A ... 14; .o 1A, B
Prom
'B
commutes to
[ICy - 1Cm]
[IC1 - O] A
Prom
['Ay -+ 1A;q] 14; [NAit1--1AL]
Ay ... 1CL . WO . 1A B
Prom.

!B

The commutation process described in this section gives rise to a relation which we denote by ~»..
We describe a step as a commuting conversion.'®

Definition 9. A deduction D is said to be c-normal form if no commuting conversions apply.
We can then combine our two notions of a normal form to define a third.

Definition 10. A deduction D is said to be in (3, ¢)-normal form if it is in both S-normal form
and in ¢-normal form.

Before proving the subformula property, we shall consider the form of a path. It is easy to see
that given Definition 7, the bad elimination rules give repeated formula occurrences in a path. A
sequence of repeated occurrences of a formula in this way, we shall call a segment. Clearly every
path can then be uniquely divided into consecutive segments (normally consisting of a single formula
occurrence). In other words a path, 7, can be expressed as a sequence of segments oy, ...,0,. As
a segment represents a sequence of the same formula occurrence, we shall often speak of a segment
being a premise or a subformula of another without confusion. We can now show an important
property of a path in a (3, ¢)-normal deduction.

Theorem 4. Let D be a (3, c¢)-normal deduction and 7 be a path in D and let og,...,0, be a
sequence of segments of 7. Then there is a segment, o;, which separates the path into two (possibly
empty) parts, | and E, such that

1. each o; in the E part (i.e. j < i) is a major premise of an elimination rule and o4 is a
subformula of o;; and

2. o; is a premise of an introduction rule or the major premise of Weakening or (I¢) or a premise
of (f¢); and

3. each o; in the | part, except the last one, (i.e. i < j < n) is a premise of an introduction rule
and is a subformula of ¢;41.

Proof. By inspection of the deduction D. ]

Now, essentially as a corollary, we can show that every path is a subformula path, i.e. the subformula
property holds.

10They are called permutative conversions by Prawitz [61].
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Theorem 5. Let D be a deduction in (3, ¢)-normal form, then every formula in D is a subformula
of the conclusion or an assumption.

Proof. We shall define an order on a path in a deduction. A path which ends with the conclusion
of the deduction has the order 1. A path which ends as the major premise of (Ig), Weakening or
(fe), or the minor premise of (—og) has the order n + 1 if the minor, or major premise, have the
order n, respectively.
We can then show that every path is a subformula path by complete induction on the order of
the path, and by use of Theorem 4.
|

3 Axiomatic Formulation

As we have mentioned before an axiomatic formulation of a logic consists of a set of formulae which
are known as axioms and a number of derivation rules. Although constructing derivations in such
a formulation is somewhat tortuous and unnatural, we can give three important reasons for their
study (the first two are used by Hodges [40]).

1. They are very simple to describe. For example, the formulation of IL (given in §5) can be
described using just one derivation rule (Modus Ponens).

2. The logics can be weakened or strengthened by simply removing or adding to the set of axioms.
This is certainly the case in the study of Modal Logics (see, for example, Goré’s thesis [36])
where it is common to define a logic by first giving its axiomatic formulation.

3. They can be considered as an effective implementation technique for functional programming
languages. This technique is due to Turner [77]; Stoye [71] demonstrated how a purpose built
machine could be based upon this idea.

The derivation of an axiomatic formulation is reasonably straightforward; a simple guide is given
by Hodges [40]. The axioms can often be read off from the natural deduction formulation. For
example, consider the introduction and elimination rules for the Tensor, viz.

' A A v+ B I' - A®B AA B C
(®I)a and (®5)
I''A - A®B IAwC

The introduction rule suggests an axiom of the form A—o(B—A®B), and the elimination rule
suggests an axiom A®B—o((A—o(B—oC))—o(C). However it should be noted that this technique
only works for so-called pure logical rules; namely those which contain no side-conditions. Thus for
the additives and the exponential this simple technique does not apply, and we have to call upon
experience with other logics and consider certain properties which enable us to derive an appropriate
set of axioms.

It should be noted that both Avron [7] and Troelstra [75, Chapter 7] have considered an axiomatic
formulation of ILL. The axiomatic formulation is given in Figure 2.4.'' In what follows we shall
sometimes write an instance of an axiom as - c.

The Promotion rule has the side condition that the context must be empty when it is applied.
This is tradition for modal logics and for ILL it seems to be unavoidable. It is worth noting the
difficulty with representing the additive disjunction, &. There seems to be no way of defining the
connective other than with reference to the With connective (in the axiom sdist). This seems to
be a weakness with this particular system rather than the logic itself. It is not clear if this problem
is eliminated when considering Hilbert-style presentations of Classical Linear Logic (such as that of
Hesselink [38]).

1 As mentioned in §1 some of the exponential rules are similar to those from Modal Logic. In the axiomatic
formulation we see the similarities as well. The axiom eps is similar to the modal axiom T:0A D A, delta is
similar to 4: 0A D O0A and edist is similar to K:O(A D B) D (DA D OB).
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I
B
C

tensor
split

unit
let

fst
snd
wdist

inl
inr
sdist

init
term

dupl
disc
eps
delta
edist

Identity
Ar A

I''-AoB ArA
I'AwB

A—0A
(B—oC)—o((A—oB)—o(A—())
(A—o(B—oC))—o(B—o(A—(C))

A—o(B—A®B)
A®B—o((A—o(B—C))—0)

I
A—o(I—-A)

A&B—A
A&B—oB
(A—B)&(A—C)—o(A—-B&C)

A—oA®B
B—oA®B
(A—C)&(B—C)—o(A @® B—oC)

f—oA
A—ot

(!A—(lA—0oB))—(lA—B)
B—(!A—B)

l1A—A

lA-ollA
'(A—B)—o(!A—0!B)

— Aziom
A

Modus Ponens

A
—— Promotion
A

Figure 2.4: Axiomatic Formulation of ILL

Chapter 2. Proof Theory

(where ¢ : A is taken from above)
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An important theorem is the so-called Deduction Theorem, which in essence allows us to ‘remove’
an assumption from a derivation. In other words, given any derivation, we can remove its dependence
upon any assumptions. We find that such a theorem holds for our formulation.

Theorem 6. f ' A + B then ' + A—oB.
Proof. By induction on the structure of the derivation I') A + B.

e A derivation of the form

Identity
Ar A

is transformed to
Aziom.
- A—oA

e A derivation of the form
I''A+ B-oC AwrB
ILAJArvC

Modus Ponens

is transformed to

 (A—o(B—o())—(B—o(A—C)) T + A—o(B—o()

M.P.
I' - B—o(A—o(C) Aw B
M.P.
I'N'A+ A—-oC
e A derivation of the form
I' - B—oC AAv B
Modus Ponens
ILAA-C
is transformed to
- (B—o(C)—o((A—oB)—o(A—-C)) T + B—oC MP
I + (A—oB)—o(A—oC) " A+ AoB
M.P.
I''A+ A-oB
e A derivation of the form
I'NAw B II'AwvC
With
I'A v+ B&C
is transformed to
I'-A—oB T - A-oC
With

- (A—oB)&(A—oC)—o(A—oB&C) '+ (A—-oB)&(A—oC) P
I' - A—oB&C

|
In §4.3 we shall make use of the deduction theorem. For conciseness we shall often write it as if
it were a proof rule, viz.
I''AwB

—D.T.
I' = A—oB
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4 Comparisons

We would expect there to be a close relationship between the three formulations of ILL which we
have presented. Indeed we can define procedures to map proofs from one formulation to another. We
shall consider each procedure in turn. (For conciseness we shall use the sequent-style presentation
of the natural deduction formulation.)

4.1 From Sequent Calculus to Natural Deduction
We shall define a procedure N by induction on the sequent proof tree, which we shall denote by .

e The proof
Identity
Ar A
is mapped to the deduction
Identity.
Ar A
e A proof 7 of the form
T T2
I'-A AAr+ B
Cut
I''Aw+B
is mapped to the deduction
N(m1) N (m2)
'A AA+ B
Subs.
I'Aw+B
e A proof 7 of the form
1 T2
'rA A,BrC
(—or)
I'A—-B, A+ C
is mapped to the deduction
N(Tf’l)
A—oB +~ A—oB ' A N (m2)
—0
A—oBI'+ B ¢ ABwC

Subs.
I'A—-B, A+ C

e A proof 7 of the form
™
I''AwB
I+ AoB

—oR)

is mapped to the deduction
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e A proof 7 of the form

T
A
T I+ A {e)
is mapped to the deduction
N(m1)
A T 1
rrea )
e A proof of the form
— (Ir)
-
is mapped to the deduction
" (I7)
e A proof 7 of the form
T
ANABvwC

is mapped to the deduction

N(m1)
A®B + A®B AABvwC
A®B,A + C
e A proof 7 of the form
m D)
'rA Aw+B
TAavaop R
is mapped to the deduction
N(m1) N(m2)
'rA A+ B
Favasn 7
e A proof 7 of the form
1
rAwvC
raes o ey
is mapped to the deduction
ACB © Aup ety N(m)
aep e a e DA C

I'A&B v C

43
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e A proof 7 of the form

T
I'Bw+C (&rs)
TAYB+—C 77
is mapped to the deduction
———— Identity
A&B v+ A&B N(m1)
————— (&e—2)
A&B v+ B I''BrC
Subs.
I'A&B v+ C
e A proof 7 of the form
1 T2
'A PFB&)
I+ ALB b
is mapped to the deduction
./\/(71'1) ./\/(71'2)
A FFB&)
I+~ ALB b
e A proof 7 of the form
T T2
II'AwvC I''Bw+C
©r)
Ao BwvC
is mapped to the deduction
N(m N(m
Identity (m) (m2)
ADBw+ADB I'NAwrC I''Bw+C
(®e)
Ao B+ C
e A proof 7 of the form
T
r-A ( )
Br—
reAeB
is mapped to the deduction
N (1)
A
(®z-1)-

I'-AoB
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e A proof 7 of the form

™
'-B ( )
—  (®r_
rvAaB
is mapped to the deduction
N(’l‘rl)
I'-B ( )
Dz—
rvAeB
e A proof 7 of the form
t
't (=)
is mapped to the deduction
Id
'-r (b2)
Tt
e A proof 7 of the form
f
Tre e
is mapped to the deduction
1d — Id
r~r ff (£)
T.fr A o
e A proof 7 of the form
1
I'-B
—  Weakening
I''"Aw B
is mapped to the deduction
N(Tf’l)
IAr1A '-B
Weakening.
I''Aw B
e A proof 7 of the form
T
r'A'AwvB
—— Contraction
I'''Aw+ B
is mapped to the deduction
N(Tf’l)
IArlA I'AJ'AwvB
Contraction.

I''Aw+ B

45
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e A proof 7 of the form

T
I''AwB
———— Dereliction
I'N''Awr B
is mapped to the deduction
1A 1A N(m1)
—— Dereliction
1A A I''Aw+B
Subs.
I'''"AwB
e Finally, a proof m of the form
T
141,...,14, v+ B
Promotion
1A1,...,1A, v |B
is mapped to the deduction
N (1)
1A, w14, - 1A, 1A, 141,...,1A4, v+ B

1Ay, ... 1A, — !B

4.2 From Natural Deduction to Sequent Calculus

Chapter 2. Proof Theory

Promotion.

We shall define a procedure S by induction on the deduction tree, which we shall denote by D.

e The deduction

Identity
Ar A
is mapped to the proof
Identity.
Ar A
e The deduction D of the form
D1
I''Aw+B (op)
N
' AoB
is mapped to the proof
S(Dy)
I''Aw+r B ( )
—— (—oRr).
I~ AoB
e A deduction D of the form
Dy D,
I' - A—oB AFrA

(—o¢)

I''Aw+B
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is mapped to the proof

S(D2)
S(Dy) ArA B+ B
(—oz)
I' - A—oB A—oB, A+ B
ut.
I'AwB
e A deduction D of the form
— (I
-1/ Uz)
is mapped to the sequent
—
= (Ir)
e A deduction D of the form
D4 Do
'r4A Ar1 I
T AL A (e)
is mapped to the proof
S(Dy)
— (Iz)
A1 I A
Cut.
I''ArA
e A deduction D of the form
Dy Do
A AwB (®7)
®
I,A + A®B g
is mapped to the proof
S(D1) S(D2)
' A A+ B (®r)
®
[,A + AB ®
e A deduction D of the form
Dy Do
I' - A®B AA B+ C
(®e)
IAwC
is mapped to the proof
S(D2)
S(Dy) AAB+C
—————— (®r)
I' - A®B AJARB + C
Cut.

IAwC

47
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e A deduction D of the form

D Do
'rA '8 (&)
I v ALB ’
is mapped to the proof
S(Dy) S(Do)
A '8 (&n)
I+ A%B ~
e A deduction D of the form
Dy
I' v~ A&B
Tea e
is mapped to the proof
S(Dy) T A Identity
1
— (&
T+ AYB aep A e
) Cut.
I_
e A deduction D of the form
Dy
I' v A&B
T
is mapped to the proof
S(Dy) 5B Identity
1
— (&
T+ AYB aen v p )
T 5 Cut.
I_
e A deduction D of the form
D,
r-A ( )
— (&
TrAaB
is mapped to the proof
S(Dy)
' 4 ( )
Or—
rvAoB !
e A deduction D of the form
D,
I'-B ( )
®7r—
TAaB
is mapped to the proof
S(D1)
I'+-B
(Br—2)

Chapter 2. Proof Theory



84. Comparisons

e A deduction D of the form

D Dy D3
I'-AeB AJA-C ABrwC
(Pe)
ILAwvC
is mapped to the proof
S(Ds) S(Ds)
S(Dy) AA+C A BwrC )
@
I'-A®B AA®DB +C ‘
Cut.
I'AwrC
e A deduction D of the form
Di D,
' Al I, An
(tz)
Fl, Ce. ,Fn t
is mapped to the proof
S(Dl) S(Dn)
(tr).
4 -+ T,wrA, A, .. A, -t
Cut,
Fl,...,Fn —t
e A deduction D of the form
'ih—4, .- T', A, Arf
(fe)

Fl,...,Fn,A A

is mapped to the proof

S(D1) (D) S(Dut1)
4, --- T',+A, Arf Ay, AL HA
I''ArA

e A deduction D of the form

Ds D5
r+14 A+ B
Weakening
I'Aw+B
is mapped to the proof
S(D2)
—— Weakening
I'r'A A'Aw B
Cut.

I'Aw+B

(fz)

Cutn+2 .

49
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e A deduction D of the form

D Dy
!4 AVAJA v+ B
Contraction
I''Aw+B
is mapped to the proof
S(D2)
S(Dy) AVAJA v+ B
——— Contraction
I'r1A AAr+ B
Cut.
I''Aw+B
o A deduction D of the form
Dy
I'-14
Dereliction
'A
is mapped to the proof
Dereliction
I'r14 1A A
Cut.
'A
e A deduction D of the form
Dl Dn Dn+1
Al I—'Al AnF'An 'Alva'Anl_B
Promotion
Ay,..., A, v B
is mapped to the proof
S(Dn—ﬁ—l)
S(Dy) S(Dy) 1A4¢,...,]1A, v B
Promotion
A w14 - A, 14, 141,...,14, v+ B
Cut,,.

Ai,...,A, !B

4.3 From Natural Deduction to Axiomatic

We shall define a procedure H by induction on the deduction tree, which we shall denote by D.

e The deduction

Identity
Ar A

is mapped to the derivation

Identity
Ar A
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e A deduction D of the form

D
I''AwB
— (—o7)
I' - A—-oB
is mapped to the derivation
H(Dn)
I''Aw+r B
I' — A—oB
e A deduction D of the form
D, Dy
I' - A—oB ArHA
(—o¢)
I''A+B
is mapped to the derivation
H(Dh) H(Do)
I' - A—-oB ArHA
Modus Ponens.
I''Aw+B
e The deduction
— (1)
-/
is mapped to the derivation
— Aziom.
=
e A deduction of the form
D, Dy
' A Aw1T (Ie)
TA - A ¢
is mapped to the derivation
H(D1)
- A—o(l—oA) '-A4 H(D5)
M.P.
I' = IoA AT
M.P.
I''ArA
e A deduction of the form
D, Dy
' A A+B
(®1)
I' A+~ A®B

is mapped to the derivation

51



52 Chapter 2. Proof Theory

H(Dh)
- A—o(B—oA®B) 'eA VP H(D2)
I + BoA®B o A+ B
I''A - A®B
e A deduction of the form
D, Dy
I' - A®B AA B+ C
(®e)
IAwC
is mapped to the derivation
H(D1) H(D2)
 A9B—o((A—oB—o(C)—-C) T v+ ARB AABwC D72
I' - (A—o(B—oC))—oC A + A—o(B—C) M'P'
LA -C o
e A deduction of the form
D, Dy
'rA I'-B (&)
I+ AYB g
is mapped to the derivation
H(Dy) H(Ds)
'A I'-B
With
I — A&B
e A deduction of the form
Dy
I' - A&B )
' A et
is mapped to the derivation
. H(Dy)
—— Aziom
- A&B-—oA I' - A&B
M.P.
'A
e A deduction of the form
D
I' - A&B
——— (&¢-2)
I'-B
is mapped to the derivation
. H(Dh)
— Axiom
+ A&B-—oB I' - A&B
M.P

I'-B
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e A deduction of the form

D,
r~A ( )
Bz—
PAaB
is mapped to the derivation
H(Dy)
—AoA®B A
M.P
I'-AeB
e A deduction of the form
D,
'8 ( )
Dz
rvAaB
is mapped to the derivation
H(Dn)
- BoA®B I'-B
M.P
'-AoB
e A deduction of the form
D1 Do Ds
I'-AeB AJA-C ABrwC
(®e)
ILAwvC
is mapped to the deduction
H(D2) ‘H(Ds)
AAVC A,Bw+C
— D.T. — D.T.
A+ A—-oC A+ B—oC
With
F (A—oC)&(B—C)—o(A ® B—o(C) A+ (A—C)&(B—C) H(D1)
A+ A@B—-oC I'-A®B
LAwC
e A deduction of the form
D1 Dy,
I'i A r, - A,
(tz)
Pl, . ,Pn -t
is mapped to the derivation
H(Dy)
- A—oB-—oA®B I A MP H(D2)
't - Ay—o0A1RA, Ty - Ay
M.P
M.P.

' A4,®...04,

e}

M.P.

53
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e A deduction of the form
D,

Fl |—A1

Chapter 2. Proof Theory

D,
T, — A,

Dn+1
AT

is mapped to the derivation

f
Iy... .T,.AvB (fe)

H(Dnt1)

- f—-o(Ai—o(...(Ar—0B)...))

M.P.

A Ai—o(...(Ap,—B)...)

' - A

M.P. H(Dy)

o A deduction of the form

I'n - A,

IA+B

D1 Do
T'r!4

A+ B

is mapped to the derivation

Weakening
I'Aw+B

H(D2)

 B—o(!A—oB)

e A deduction of the form

D,
T4

A+ !A—-oB

I'r!A

I'Aw+B

D,

AA'A - B
Contraction

is mapped to the derivation

I''Aw+B

H(Do)
AVA A+ B

- (!{A—o!A—oB)—o(!A—-B)

H(Dy)

A+ !A—-oB

A F+!AolA-oB
M.P
I'14

e A deduction of the form

is mapped to the derivation

- !A—oA

M.P.
I''A+B

D,
T4
'-A

Dereliction

H(D1)
I'r!A

' A



84. Comparisons 55

e A deduction of the form

Dl Dn, Dn+1
w14 - T, !4, 141,...,1A4, v+ B
Promotion
ry,...,T, +!B
is mapped first to the derivation
H(D)n+1
141,...,14, v B
D.T."
H!A4;—o(lAy—...—oB)
Prom.
!(lA;—-(lA3—0...—0B))
Writing D for this derivation we can form the derivation
D
 edist F!(!A;1—o(lA2—...—oB))
-B - !lA;—o!(lA2—... —B)
M.P.
- (14; —ollA;)—o(IA; —o!(IA2—o . .. —oB)) 1A ollA H(D:)
M.P.
14, —ol(lAy—...—oB) ' 14,
M.P

' +!(!A2—0...—oB)

- MP
Iy,....,T'w !B

4.4 From Axiomatic to Natural Deduction

We shall define a procedure [J by induction on the derivation which we shall denote as D. (We shall
not consider all the axioms, but as examples, consider those which model the exponential.)

e A derivation of the form

Identity
Ar A

is mapped to the deduction

Identity
Ar A

e A derivation of the form

Aziom

- ((!A—-!A—-B)—o(!A—B))

is mapped to the following deduction

1A—o!A—oB r !A—-o!A—oB 1IAr!A

(0e) —
!1A—!A—B,!A +'A—-oB 1A -4
- (—o¢)
1A -4 l1A—o!A—oB,!A,'A + B
Contraction
l1A—o!A—-oB,!A + B
—OI)
!1A—o!A—oB + 'A—-oB
(—o1).

- ((lA—olA—oB)—(!14—B))
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e A derivation of the form

—_—— Aziom
+ B—olA—-oB
is mapped to the deduction
1A 1A B+ B
Weakening
B,'Aw+ B (op)
—_ (o
BrlAoB
—————— (o).
- B—olA—oB
e A derivation of the form
—— Axiom
14A—o0A
is mapped to the deduction
1A A
—— Dereliction.
A A
e A derivation of the form
— Axiom
—!A-oll4
is mapped to the following deduction
1IAr'A 1A A
Promotion
1A !1A
T (—or).
iAo )

e A derivation of the form

Aziom

- !(A—oB)—o(!A—!B)

is mapped to the deduction

'(A—B) + |(A—oB) 1A 14
Der. — Der.
(A—B) + A—oB 1A A
(—o¢)
! ! 1(A—o 1(A—o I(A—oB),!
1A 14 (A—B) + !(A—oB) (A—B),!A + B P .
romotion

(A—oB). 1A + 1B
(A—oB) + 1A—!B (~oz)
1A B) o(AoE)
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e A derivation of the form

Dq Do
I' - A—-oB ArHA
Modus Ponens
I'Aw+B
is mapped to the deduction
J (D1) J (D2)
I' - A—oB ArHA
(—o¢).
I'AwB
e A derivation of the form
D, Dy
' A I'-B
With
I' — A&B
is mapped to the deduction
J(D1) J(D2)
'A I'+-B (&)
I+ AUB I'
o A derivation of the form
D
A
Promotion
!
is mapped to the deduction
J(D1)
- A

—— Promotion.
A

4.5 Properties of the translations

As we would expect, we find that the three formulations are actually equivalent. We shall write
D ™

FNT 1 A to represent a deduction, D, in the natural deduction formulation, F*T' - A to represent

D
a proof, 7, in the sequent calculus formulation and F4 T' A to represent a derivation, D, in the
axiomatic formulation.

Theorem 7.

bis N ()
If ST A then FVT - A.

D S(D)

IfFNT  Athen F5T  A.
D H(D)

e If FVT 1 A then FAT 1 A.
D J(D)

e IfFAT A then FV T  A.

Proof. By straightforward structural induction. ]

Corollary 1. The natural deduction (Figure 2.3), sequent calculus (Figure 2.1) and axiomatic
(Figure 2.4) formulations are equivalent formulations of ILL.
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5 Translations

As mentioned earlier, the exponential regains the full power of IL but in a controlled way. Propo-
sitions can be weakened or contracted provided they are of the form !A. Girard [31, Pages 78-82]
showed how ILL could be translated to and from IL. Here we shall consider the translations in
detail but using the natural deduction formulation from §2.12 First we repeat the natural deduction
formulation of IL in Figure 2.5.

mld
'r_1
'-A (e)

A I'-B I'-AAB '-AAB
reans 0 Troa Ve Ty e
I''AwB '-ADB r—A
Fl—ADB(DI) I'-B (5e)
'-A I'-B

ravs Y Teavs
I'-AVvB INAvC I'Bw+rC
r~c (ve)
Figure 2.5: Natural Deduction Formulation of IL

We shall make a quick observation concerning the formulation of IL given in Figure 2.5. We
have chosen not to make the structural rules explicit but they are admissible rules, as is the rule of
substitution.

Proposition 2. In the formulation of IL given in Figure 2.5, the rules

I'-B I'NA,Awv B
——— Weakening, —— Contraction
I''Aw+r B I''Av+r B
'rA I'NAw B
and Substitution
I'+-B

are admissible.

Now let us repeat Girard’s translation, which is given at the level of propositions.

Definition 11. (Girard)

1o L ¢
Ao Ly If A is an atomic formula

(AAB)P X A°4B°

(AvBY X 4% (B

(A>B)r X 14°)—oBe

12Girard’s original presentation used the sequent calculus formulation.
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IfI'= Ay,...,T, then by I'° we mean AY,...  AS.
Theorem 8. (Girard) If F;;, T' + A then F;pp (T°) 1+ A°.
Proof. By induction on the structure of -7, I' = A. We consider the last rule used in the deduction.

e A deduction of the form

—1Id
IIN'Ar A
is translated to
Identity
1A° - 1A°
_ Dereliction
T° - IT° 1A° + A°
Weakening™.
IT° 1A° v A°
e A deduction of the form
Dy
I'r_1 (L)
' A ¢
is translated to
Dy
I'° £ (£)
T° - A° &
e A deduction of the form
D, Dy
' A I'-B (Az)
A\
I'-AAB ’
is translated to
Dy D;
T° - A° T° - B° (&)
IT° — A°&B° 7
e A deduction of the form
Dy
I'-AAB )
— (Ne—
' A et
is translated to
Dy
T° - A°&B°
—— (&e1).

IT° - A°
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e A deduction of the form

is translated to

e A deduction of the form

is translated to

e A deduction of the form

is translated to

T° - IT°

D
I'-AANB
I'-B

T° +— A°&B°

e, 14° + B° (
T° - 14A°—oB°

Dy
I'-ADB

Chapter 2. Proof Theory

Ne—2)

—o7).

I'-B

DS IT°

- IT°

T° - A°

T° +1A°—oB°

o Ve Promotion
T° 1!

T, Ir'° v+ B°

(—o¢)

e A deduction of the form

is translated to

T° - B°

Dy
I'rA
I'-AVB

Dy
T° - IT°

Contraction”.

(Vz-1)

T° - A°

Promotion

T° 1 14°
T 1A°a!B°

(@171).
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e A deduction of the form

D
I' - B ( )
— (V7_
r+AvB = °
is translated to
2
T'° I T° - B°
Promotion
T° - IB°
e e )
e A deduction of the form
Dy Do D3
I'-AvB INAwvC IBw+C
Ve)
'C
is translated to
Dy D; Dj
T° - A°@!B° IT° 1A° + C° T°,1B° + C°
o o o o o (695)
T° I e, e v C
Contraction”.

T° - C°

We can also define the translation of the admissible rules given in Proposition 2.

e A deduction of the form

D,
I'+B
——— Weakening
I''AwB
is translated to
Dy
—— Identity
1A° - 1A4° (T°) v B°
Weakening.
([°),1A4° + B°
e A deduction of the form
I''A/Aw+B
— Contraction
I''Aw+B
is translated to
Dy
Identity
1A° 1 14° I(T°),1A° 1A° v+ B°

Contraction.

I(T°),14° + B°
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e A deduction of the form

D, Dy
r-A I''AwB
Substitution
I'+B
is translated to
DO
—Id. !
I(T°) + K(I°) (T°) — A° Prom D3
i I(I°) 1 1A° CI(T0),14° - B° S
—Id. ubs
I(T°) + K(I°) ), (T°) ~ B° Cont®
I(I'°) + B° '

We find that Girard’s translation is well behaved with respect to reduction.

D, D; D? Dio
Theorem 9. If F;;I' - A~ T' + A then b (I°) — A° vg (T°) — A°.

D1
Proof. By induction on the structure of I' - A. We shall just give three cases.

e The deduction

Dy Do
r~A I'-B (Az)
A
LranB g
— (Ne=
'rA &
which reduces to the following deduction, D
D,
r-A
is translated to the following deduction
DY D
(T°) v A° (T°) v+ B°
(o] [e] [e] (&I)
I(T°) — A°&B
e e (&e-1)
r°) - A
which reduces to
DY
(T°)  A°
which is equal to D°.
e The deduction
D
e A D, Ds
——— (V1)
'-AvB rAwvC r'Bw+C

r-cC (ve)
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which reduces to the following deduction, D

Dy D,
'-A rAwvC
Substitution
'-C
is translated to the following deduction
DY
— Id.
() - (I°) (D) - A°
Prom
I(I°) k- 1A° DS D3
—_ (®7_
(T°) - !AO@!BO( -y I(I°),14° - C°  I(I'°),1B° k- C°
— (@e)
H(I®) = HI°) I(T°),1(I°) k- C°
Contr.*
I(T°) - C°
which reduces to
IDO
—Id. !
I(T°) + I(T°) (T°)  A° D3
» » Prom. . . .
(r°) 1A ([°),14° + C
—Id. Subs.
I(T°) + I(T°) ), N(T°) ~ C°
Cont.*
(re) ~c°
which is equal to D°.
e The deduction
Dy
I''AwB Do
—— (D7)
'-ADB r~A
(De)
I'-B
which reduces to the following deduction, D
Do Dy
'rA I''ArB
Substitution
I'-B
is translated to the following deduction
DI 1 D3
(T°),1A4° + B° ) - I(I°) ' () + A°
~ ~ O (—o7) - - Prom.
(T°) + !A°—B (T°) + 1A
Id. —o¢)
I(T°) + I(I°) (Te),(I°) v~ B°
Contr.”
T°) v B°
which reduces to
DO
—Id. 2
(T°) v |(T°) (T°) v+ A° Dy
O O Prom. . . .
(T°) ~14 (I°),!1A° + B
P — 1d. 5 5 5 Subs
(T°) v |(T°) (), (T°) + B Comr*
(I°) + B° '

which is equal to D°.
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Theorem 10. If F;;, T' + A is in S-normal form, then so is Frpp (T'°) — A°.

The above theorem is not true if we consider (3, ¢)-normal form and we shall consider this point
further in the next chapter. There are many alternatives to the classic Girard translation. For
example that given below, in Definition 12, avoids the use of the With connective in the translation
of the conjunction. Thus for the (D, A)-fragment of IL, it is a purely multiplicative translation.

Definition 12.

R

A oy If A is an atomic formula
(AAB L 149 1(BY)
(Av By 149 1(BY)
(A5 B ¥ 14)—oB*

Theorem 11. If ;7 T' + A then F;pp T = A*.
It is trivial to see that there is a translation in the opposite direction, from ILL to IL.

Definition 13.

ts T

£ L

A oy If A is an atomic formula
(A®B)S ' As A BS

(A&B)S % AsBS

(ApB)S ¥ asvps

(A—oB)S ¥ 455 ps
(14)s % gs

Theorem 12. If F;.;, T + A then ;7 'S  AS.

Proof. By induction on the structure of the deduction, I' + A. The Promotion rule becomes a
series of Substitution rules and the Dereliction rule becomes a dummy rule. [ |

We can also present Girard’s translation at the level of an axiomatic formulation. First let us recall
an axiomatic formulation of IL in Figure 2.6.

Theorem 13. If +;;, I' + A then F;pp [(I'°) +— A°.

Proof. By induction on the structure of F;; I' - A. (Omitted). |
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S
K

and
proj,
projs

inleft

inright
or

false

Ar A

(ADBD>C)D2(ADB)D(AD0))
AD(BDA)

AD(BD(AAB))

AANBDA

ANB DB

ADAVBEB

BD>AVBEB
(ADB)D((C>B)>(AvB>())
1DA

Identity —— Aziom
A

I'-ADB A A

Modus Ponens

I''AwB

Figure 2.6: Axiomatic Formulation of IL
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Chapter 3

Term Assignment

1 The Curry-Howard Correspondence

As explained in Chapter 1 we can use the so-called Curry-Howard correspondence [41] to derive
a term assignment system for ILL given a natural deduction formulation. The correspondence
essentially annotates a derivation with a term which can be viewed as an encoding of the derivation.
In particular, given the term and context one should be able to reconstruct the derivation. An
alternative view is that the correspondence provides a type system for a term calculus. In addition,
the correspondence also links term reduction to proof normalization. We shall utilize this in §4.
First let us use the correspondence to derive a term assignment system, which is given in Figure 3.1.

Thus a type, A, is given by the same grammar as for a formula in Chapter 2 and a linear term,
M, is given by the grammar

M == x|true(M) |falsey (M ; M) |
Ax: AM | MM | * |let M be * in M |
M@M |let M be x®y in M | (M, M) | fst(M) | snd(M) |
inl(M) | inr(M) | case M of inl(x) — M ||inr(y) — M|
promote M for Zin M | derelict(M) |
discard M in M | copy M asx,y in M.

Henceforth, however, we shall only be interested in well-typed terms, i.e. those for which there exists
a context, I', and type A, such that I'> M: A holds given the rules in Figure 3.1.

Often we shall use some shorthand notation for the terms. We shall often use a vec-
tor notation M to denote a sequence of terms, for example, promote M forZin N in place of
promote My, ..., M, forxq,...,...,z, in N, where it is not necessary to identify the subterms. We
shall also write compound terms for brevity; for example, we shall write discard M, ..., M, in N to
denote the (larger) term discard My in ...discard M,, in N. Now let us consider a few properties of
the term assignment system. Firstly, we notice that for the multiplicative, exponential fragment,
we have the required linearity property that a free variable occurs exactly once within a term. First
let us fix the definition of a free variable.

Definition 14. The set FV(M) of free variables of a linear term M is defined inductively as

follows.
FV(z) < {x}
FVOz: AM) ¥ FV(M) - {2}
FV(MN) ¥ Fv(M)uFV(N)
FV(x) % ¢
FV(let Mbe * inN) < FV(M)UFV(N)
FV(M®N) “ FV(M)UFV(N)
FV(Iethex@ylnN) PV (M) U(FV(N) = {z,y})
FV((M,N)) = FV(M) (= FV(N))
FV(fst( D07
FV(snd(M)) ' Fv (M)
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Identity
Tz A>x: A

'ioMi:Ay - T M, A, 'ioMi:Ay -+ Ty M, A, Ap> N:f

(fe)

= tz =
Iy,...,Tp>true(M): t Iy,..., T, Anfalseg(M ; N): B

Iz A>M:B I'>M: A—-B A>N:A

—0
Tora A A—E D T.A>MN:B (—ee)

7 A>N:I I'>M:A
- U7 : (Ie)
D I'Aplet N be % in N: A

I'>M:A A>N:B Ap> M: A®B Tz:A,y: B> N:C

(®1) _ (®e)
I'A> MQN: ARB ' Aplet M be xz®yin N:C

T'>M: A I'>N:B ' M: A&B I'> M: A&B

oA Tomana Y Toseon s

I'oM:A I'>M:B

I'>inl(M):A® B (Fr-) I'>inr(M):A® B (®z-2)

A>M:A® B I x:A>N:C I'y:B>P:C
', Apcase M of inl(z) — N | inr(y) — P:C

(®e)

I'i>Mi:'Ay oo T, M, 1A, x1: 1A, . 20 A > N: B
ry,...,I', > promote My, ..., M, forxy,...,x,in N:|B

Promotion

T'oM: 1A A>N:B
I', A>discard M in N: B

Weakening

A M:1A I z:!Ay:!A> N: B
'y Avcopy M asz,yin N: B

Contraction

I'eM:1A
I > derelict(M): A

Dereliction

Figure 3.1: Term Assignment for Natural Deduction Formulation of ILL.
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FV(inl(M))
FV(inr(M))
FV (true(M))

FV (falseq(M ; N))

FV(case M of inl(x) — N | inr(y) — P)
FV(promote My, ... M, forz1,...,z, in N)
FV(dlscard Min N)

FV(copy M asx,yin N)

)

FV (derelict(M)

We say that a term M is closed if FV (M) =
term calculus.

Proposition 3.

FV (M), x occurs exactly once in M.

def
def
def
def
def
def
def
def

def

69

FV(M)
FV(M)

UL, FV(M;)
(U, FV(M;)) U FV(N)
FV(M)U(FV(N) — {z})

Ui, FV(M;) where x € FV (M,
FV(M)UFV/(N)
FV(M)U(FV(N) -
FV(M)

i) say

{z,y})

(). We can define the following property of the linear

If M is a valid term from the multiplicative, exponential fragment, then Vz €

This means that for the multiplicative, exponential fragment we have completely linear substitution.

We can define substitution as follows.

Definition 15. Given two terms M and N (where @:I'> M: A and A, z: A> N: B), we can define
Nlx := M], the substitution of M for  in N, by induction on the structure of N.!

x[z = M] def
Oy AN)[z:=M] = Dy A =M) )
e P IfzeFV
(NP)[z := M] = { ]) Otherwise
(let N'be * in P)[zx := M] = { :etSVIEe * in 1]3)[ " *]\I;]P gtifmi;iz(zv)
of [ (N[z:=M]))®@P Ifx € FV(N)
(N®P)[x := M] o { N®(P[x := M]) Otherwise
(let N be y@z in P)[x := M] %f{li%@&@f@é%ﬁiﬂﬁ gé;ﬁimm
(wmsz]@<WWﬂWﬂ%:Mm
(fst(N))[z := M] < fst(N[z := M)
(snd(N))[z := M] %< snd(N [ = M])
(nl(N)[z = M] %" inl(N[a == M])
(inr(N)[z := M] %' inr(N[z := M)

1We shall assume that the terms have been suitably a-converted so that variable capture will not occur.
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- . def [ falseq(N ; Plz := M)) If 2 € FV(P)
(falsea(N 5 P))[w:=M] = { falsea(Ny, ..., Nij[z := M],..., Ny ; P) Otherwise

(true(N))[z := M] def true(Ny, ..., Nijjz := M],..., N,)

case (N[z := M]) of
inl(y) — P
(case N of inr(z) — Q If x € FV(N)
inl(y) — P def
inr(z) — Q)[z := M| case N of
inl(z) — (P[z := M])
inr(z) — (Q[z := M]) Otherwise

(promote]\_fforgjin P)lx := M] Lef promote Ny,. .., (N;[z := M]),..., N, for jin P
: , . def discard (N[z := M])inP Ifx € FV(N)
(discard Nin P)[z:= M] = { discard N in (P[z := M]) Otherwise

. . def copy (N[z := M])asz,yinP Ifxe€ FV(N)
(copy Nasy, zin P)[z:= M] = { copy N asy, zin (P[z := M]) Otherwise

Using this definition we can see that substitution is well-defined in terms of the syntax. This
property is known as closure under substitution and its importance is obvious. Wadler [79] first
showed that previous proposals for the linear term calculus [1, 57, 55, 75] did not have this property.
As explained in Chapter 2, the formulation here has been chosen with this important property in
mind.

Lemma 3. If A>N:Aand I',z: A> M: B then I', A> M|z := NJ: B.
Proof. By induction on I';2: A> M: B. ]

Finally let us return to the considerations of Chapter 2 where we suggested an alternative formulation
for the additive connectives. For example, we proposed the following alternative formulation for the
With introduction rule

[Av - A (A7 - AR

A, A, B C
B&C

This would mean a rule at the level of terms of the following form (where we revert to the presentation
in sequent form)

(&I)xl,...,xn,yl,...,yn~

r1: A1, .., Ay > N: B
'ioMi:A;y -+ T,,>oM,: A, y1: A1,y A > P:C

Iy,...,T, > (N, P)with M for (Z, 7): B&C

(As mentioned earlier, this formulation is similar to that proposed by Girard [31] for the proof net
formulation of classical linear logic. Indeed it should be compared to the term syntax for proof nets
proposed by Abramsky [1].) As we can see, our chosen formulation is less verbose at the cost of
ensuring that the variables used in both terms are exactly the same.

In fact, we could propose yet another formulation which is a combination of that given above
and that which we use in Figure 3.1

(Withz).

r1: A1, .., o Ay > N: B
I'ioMi:Ay -+ T,,>oM,: A, y1: A1,y A > P:C

Iy,...,[n > (N[Z:= 2], P[§ := Z]) with M for z: B&C

This version allows for multiplicative contexts which are then a-converted so as to be equal.

(Withy).
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1.1 Comparison with Existing Syntax

We should point out that the syntax chosen for the linear term calculus is slightly different to that
of existing functional programming languages such as Haskell [42]. There the syntax for pattern
matching is of the form

let patt = exp in exp,
rather than that of the linear term calculus
let exp be pattin exp.

The syntax here was chosen to be similar to those already existing for linear logic [1, 57]. Also
the let construct in Haskell introduces polymorphic definitions, and given that this thesis does not
address type quantification, we keep our syntax to avoid any confusion.

1.2 An Additional Equality

We have pointed out already that we do not introduce syntax for applications of the Ezchange rule.
However, the syntax for the Promotion rule as it stands can distinguish between proofs which differ
just by applications of the Ezchange rule. This is essentially due to inherently linear nature of
syntax. For example, consider the terms

promote My, Ms for x1,x2 in N, and promote My, M for xo, x1 in N.

Clearly we should want these two terms to be considered equal. Thus we shall implicitly assume
the following equality for the rest of the thesis

promote]\Z/,Ml,Mg,]\Zf’forf,yl,yg,ZinN = promoteM,Mg,Ml,]\Z/’for:E',yg,yl,ZinN.

2 Term Assignment for Sequent Calculus

Unfortunately, as discussed in Chapter 1 there is no real equivalent to the Curry-Howard corre-
spondence for the sequent calculus formulation. This is because many different sequent derivations
denote the same logical deduction (i.e. the A" mapping from Chapter 2 is a many-to-one mapping).
To derive a term assignment system for the sequent calculus formulation, we have two options.

1. To use categorical considerations to suggest a syntax. This technique is used by Benton et
al. [14] for the multiplicative, exponential fragment of ILL.

2. To use the procedures for mapping proofs between the sequent calculus and natural deduction
formulations.

Of course, both these techniques should converge to the same answer! For conciseness we shall not
detail the second option, but simply consider an example. Consider the (sequent calculus formulation

of the) Promotion rule

TrA
——— Promotion.
T 1A

Let us assume that the upper sequent is represented by the term M, thus Z:!I'> M: A. Using the
N procedure to map this proof into a deduction in the natural deduction formulation we get

TRINSTAIN Mo N(M): A
/> promote i/ for Zin N(M): 1A

Promotion.

Thus we can conclude that the term assignment for the Promotion rule in the sequent calculus
formulation is of the form
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Identity
v Abax: A
I'sM:B z:B,A>N:C
Cut
I'A» N[z := M]:C
f — (¢
Z:T,y:fofalses(T; y): A (£e) Z:T > true(Z): t (t=)
I'sM: A
(Iz) (Ir)
D,z:I>letzbe x in M: A Dk I
I ax:Ay:B>M:C I'>sM:A A>N:B
: (®r) (®r)
' z: AQB v let z be z®y in M:C I'A> M®N: AQB
'eM: A A,z: B> N:C Iz:AvM: B
(—oc) (—or)
I'Ajy: A—oBp> Nz := (yM)]: C ' Ax:AM: A—-B
Iz A> M:C I'z:Bo M:C

(&) (&c-2)

T, y: A&B > M|z = fst(y)]: C T y: A&Bv> Mz :=snd(y)]: C
&> M: A Z:I'>N:B
&R)

Z:I'> (M,N): A&B

T,y Ao M:C Z:T,z2B>N:C

D
Z:T,w:A® Brcasewof inl(y) — M | inr(z) — N:C( 2
I'>M:A ( ) I'sM:B ( )
Dr- DOr—
Toinl(M):AaB < Toin(M):Ao B <"
I'sM:B Ty 1A z2'AvM: B
Weakening Contr.
', z:!A>discard z in M: B I'z:!A>copyzxasy,zin M: B
T xz:AvM: B
Dereliction

T, y:'A> M[z := derelict(y)]: B

ZI'>M: A
Promotion

y: 1T > promote g/ for Zin M: 1A

Figure 3.2: Term Assignment for Sequent Calculus Formulation of ILL
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ZI'>M: A

- Promotion.
y: ' > promote g/ for Zin M: 1A

We give the term assignment for the entire sequent calculus formulation in Figure 3.2
As we might expect the translation procedures, N' and S, relating the natural deduction and
sequent calculus formulations of ILL extend to the term assignment systems.

Theorem 14.

T N ()
o If FHT>M: A then F¥NT'> M: A.
D S(D)
o If FHNT'>M: A then F5T > M: A.

Proof. By straightforward structural induction [ |

Thus we have that the term assignment systems are equivalent.
Corollary 2. FV I'> M: Aiff =¥ T'v M: A.

Although as we stated above there is no real Curry-Howard correspondence for the sequent calculus,
we can actually define a syntax, which we shall call a Sequent Term Assignment, which identifies
every different sequent proof. Essentially this means that every proof rule introduces a new piece
of syntax, including the Cut rule.? Although probably not directly useful as a term calculus for
programming, a sequent term assignment is of use to those interested in automated deduction,
where the actual sequent calculus derivation is of primary importance and thus the term encodes
precisely this derivation. We give the sequent term assignment system in Figure 3.3.

Terms from a sequent term assignment system have the following useful property.

Proposition 4. If a term M from the sequent term assignment contains no occurrence of the cut
term constructor then it denotes a cut-free proof.

Hence we can see whether a proof is cut-free by simply examining the term. It also means that
all possible (primary) redexes are explicit within the term. The main problem with such a sequent
term assignment system is the number of reduction rules. Every step in the cut-elimination process
entails a reduction at the term level: in the case of ILL this would mean 361 reduction rules!

3 Linear Combinatory Logic

We can apply a Curry-Howard correspondence to the axiomatic formulation given in Section 3 of
Chapter 2 to obtain a combinatory logic. Thus derivations are of the form Z:T' = e: A, where
variables and axioms are named and the derivation has an associated combinatory term, e. We give
the combinatory formulation of ILL in Figure 3.4.

As noted in §3 of Chapter 2, the Promotion rule has the side condition that the context must
be empty when it is applied. Given that in combinatory logic we have variable names explicit we
might have imagined a rule such as that from the natural deduction formulation, for example,

= e:lAy ... 4, = enlA, y1:!A1,...,yn:!An:>f:BP viond
romotion’ .

21:T1,...,2,: T, = proméefor ¢/ in f: !B

However, the practical concerns alluded to earlier stem from the fact that reduction in a combinatory
formulation involves no substitution of terms for variables. Clearly the formulation given above
would not have that property and for that reason we shall not consider it further.

2Again we shall not introduce explicit syntax for the Ezchange rule in favour of adopting the convention that the
contexts are multisets.
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Identity
T A

'sM:B x:B,A>N:C
' Avcut M forzin N:C

fr —(t
Z:T,y: £ > falseq (T y):A( ) Z: T true(Z): t (t=)

I'>sM: A (o)
T Ibletabe « in M:A © p: T

(Ir)

Iax:Ay:B>M:C I'>sM:A A>N:B

. (®c) (®r)
I z: ARQB v let z be z®y in M: C I'A> M®N: AQB

'sM: A Ajz: B> N:C I'x:A>M:B

. (—or) (—ow)
I'Ay: A—oBplety be M—oxin N: C ' x: AM: A—oB

LA M:C
T y: A&Bpletybex&_in M:C

(&c-1)

I'x:Bvo M:C
I y: A&Brplety be &xin M:C

(&c-2)

ZI'>M: A Z:I'>N:B
Z:T'>(M,N): A&B

&r)

T,y Ao M:C Z:T,z2B>N:C
Z:T,w:A® Brcasewof inl(y) — M | inr(z) — N:C

(®c)

I'>M:A I'>M:B

Ieinl(M):A® B (or) Ieinr(M):A® B (Fr-2)

' M:B Iy:'A z:1A> M: B
- - Weakening Contr.
I'z:!A>discard z in M: B I'z:!A>copyxasy,zin M: B

T',z:A>M:B Te>M:A
Dereliction Promotion
I',y: 1A > derelict y for z in M: B IT' > promote(M): 1A

Figure 3.3: Sequent Term Assignment for ILL
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Ta
Ba,B,C
Ca,B,C

tensory g
split, pc

unit
lety

fsta,B
snda B
wdista, p,c

inly g
inra g
sdista B,c

inity
termy

dupl, p
disca,p
eps,
deltagy
edista B

Identity
v A=x A

I's>eAoB A= f:A
INA=ef:B

Modus Ponens

A—oA
(B—oC)—o((A—0B)—o(A—C))
(A—o(B—oC))—o(B—o(A—())

A—o(B—0A®DB)
A®@B—o((A-o(B—())—C)

I
A—o(I—A)

A&B—A
A&B—oB
(A—B)&(A—C)—o(A—B&(C)

A—oA& B
B—oA®B
(A—C)&(B—oC)—o(A ® B—oC)

f—oA
A—ot

(lA—(lA—B))—(lA—oB)
B—(!A—oB)

l1A—A

1A-ollA
I(A—B)—o(!A—!B)

Aziom (where c is taken from above)
=c A

Zl'=eA ZI'=f:B
Z:T' = with(e,f): A&B

=e A

Promotion

= promote(e): !A

Figure 3.4: Combinatory Formulation of ILL
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(It should also be noted that in the context of this thesis we are considering a typed combinatory
logic. Thus the axioms are explicitly typed, although in places we shall omit the type informa-
tion in favour of brevity. For example, where we should write deltas:!A—o!!A we have written
delta:!A—ollA.)

The proof of Theorem 6 in Chapter 2, when viewed at the level of combinatory logic actually gives
a process of ‘abstracting’ a variable from a combinatory term. Let us repeat the theorem at the
level of terms.

Theorem 15. If I',z: A = e: B then there exists a combinatory term, [r]e,® such that T' =
[x]e: A—B.

The proof of this theorem yields the process given in Figure 3.5

[zl = I

[z]ef ECUN ([x]e) f If x € FV(e)

[z]ef < Be ([z]f) Otherwise
[z](with(e,f)) def wdist(with([z]e,[z]f))

where F'V is defined:
FV(z) ¥ (2
FVief) ¥ FV(e)UFV(f)
FV(uith(e.f)) = FV(e) (= FV(f)
FV (promote(e)) EC

Figure 3.5: Variable Abstraction

4 Reduction Rules

In Chapter 2 we presented two processes for normalizing proofs: S-reduction for natural deduction
and cut elimination for sequent calculus. In addition we found a need for some extra reduction
steps, the commuting conversions, for the natural deduction formulation. In this section we shall
review each of these processes in turn and present them at the level of terms.

4.1 Normalization

As discussed in §2.1 in Chapter 2, the S-reduction rules arise when a connective is introduced only
to be immediately eliminated. We can apply the Curry-Howard correspondence to these reduction
rules to produce term reduction rules, which are given in Figure 3.6.4

An immediate property of this relation is known as subject reduction, which basically states that
well-typed terms reduce to well-typed terms. Both O’Hearn [59] and Lincoln and Mitchell [55] have
shown that this property does not hold for previous proposals for the linear term calculus.

Theorem 16. If '> M: A and M ~»g N then I'> N: A.

Proof. By induction on I'> M: A and use of Lemma 3. ]

3[x]e is written as A\*z.e by Barendregt [8].

4We shall use the standard notation of «»?3' to represent the transitive closure of ~»3, and «»2} to represent the

reflexive, transitive closure of ~g.
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Ao AM)N ~pg M
let x be x inM ~g M
let M®N be 2@y in P ~»3 Plz:=M,y:= N]|
fst((M,N)) ~p M
snd((M,N)) ~g N
case (inl(M)) of
inl(x) — N | inr(y) = P ~3 N[z :=M]
case (inr(M)) of
inl(x) = N | inr(y) = P ~3 Ply:=M)]
derelict(promote M for Zin N) ~»5 N[Z:= M)]
discard (promote M for Zin N)in P ~»5 discard M in P
copy (promote]\foor:E'in N)asy,zinP ~op copy M as @, @in
P[ y:= promote @ for Zin N,
z := promote ¢ for Z in N]

Figure 3.6: B-reduction rules

4.2 Commuting Conversions

In §2.2 of Chapter 2 we showed how a consideration of the subformula property induces a further
set of reductions which we term commuting conversions. Again we can apply the Curry-Howard
correspondence to these conversions to produce a set of reduction rules at the level of terms, which
we give in Figures 3.7, 3.8, 3.9 and 3.10.

4.3 Cut Elimination

In Chapter 2 we gave a detailed proof of cut elimination for the sequent calculus formulation. This
essentially consisted of considering every possibility of a (R, R2)-cut and showing how it could be
replaced by ‘simpler’ cut(s). At a term level, we have a (Ry, Rz)-cut of the form

— —— Ry
A M: A Iz:A>N:B
Cut
A N[z := M]: B

which we replace with a proof ending with
I'A>P:B

We shall write N[z := M] ~s ¢yt P to represent this term reduction. For ILL there are 19 rules
besides Cut (and Exchange) and hence 361 possibilities for (R1, Rg)-cuts. Fortunately most of these
possibilities are not computationally significant in the sense that they have no effect on the terms.
We shall use the following definition.

Definition 16. A cut-reduction N[z := M| ~s¢y P is insignificant if N[z := M| =, P.

Thus we shall classify cut-reductions by whether they are significant or not. We shall consider each
sort of Cut in turn, identifying at first those which they are significant or not.

e Any cut involving the Identity rule is insignificant. There are 37 of these.

o A (X,,Y,)-cut. There are 100 of these. The insignificant cuts are of the form (—og,Yy),
(&rc-1,Yr), (&c—2,Yr), (Dereliction, Yr), where Y # f, which amounts to 36 cut reductions.
Thus there are 64 significant remaining cut-reductions.
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(let M be z®yin N)P ~». let M bex®yin (NP)
let (let M be z®yin N)be * inP ~». let M bez®y in (let N be x in P)
let (let M be z®y in N) bew®zin P ~». let M be z®y in (let N be w®z in P)
fst(let M be z®yin N) ~». let M be z®y in fst(NV)
snd(let M be z®y in N) ~». let M be xz®y insnd(N)
falsep (P ; let M be z@yin N) ~s. let M be z®y in (falsep(P; N))
case (let M be z®y in N) of - let M be z®y in
inl(w) — P ||inr(z) —» Q@ ¢ (case N of inl(w) — P inr(z) — Q)
discard (let M be z®yin N)in P ~». let M be z®y in (discard N in P)
copy (let M be z®yin N)asw,zin P ~». let M be z®y in (copy N as w, z in P)
derelict(let M be z®y in N) ~». let M be z®y in (derelict(V))
(let M be % in N)P ~». let M be * in(NP)
let (let M be % in N)be % in P ~». let M be * in(let N be x in P)
let (let M be * in N)bexz®yin P ~». let M be x in (let N be z®y in P)
fst(let M be x in N) ~». let M be * infst(N)
snd(let M be * in N) ~». let M be * insnd(V)
falsep (P ; let M be % in N) ~s. let M be  in (falsep(P; N))
case (let M be * in N) of - let M be x in
inl(w) — P ||inr(z) — @ ¢ (case N of inl(w) — P inr(z) — Q)
discard (let M be % in N)in P ~». let M be x in (discard N in P)
copy (let M be * in N)asz,yin P ~»s. let M be * in (copy N asz,yin P)
derelict(let M be * in N) ~»s. let M be x in (derelict(N))
(discard M in N)P ~». discard M in (NP)
let (discard M in N) be * in P ~». discard M in (let N be x in P)
let (discard M in N) be z®yin P ~». discard M in (let N be z®y in P)
fst(discard M in N) ~». discard M in fst(N)
snd(discard M in N) ~». discard M insnd(NV)
falsec:(P ; discard M in N) ~». discard M in (falsec:(P; N))
case (discard M in N) of , discard M in
inl(w) — P ||inr(z) — @ ¢ (case N of inl(w) — P inr(z) — Q)
discard (discard M in N)in P ~». discard M in (discard N in P)
copy (discard M in N)asx,yin P ~». discard M in (copy N asz,y in P)
derelict(discard M in N) ~». discard M in (derelict(V))
Figure 3.7: Commuting Conversions |
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(copy M asz,yin N)P ~». copy M asz,yin (NP)
let (copy M asz,yin N)be x inP ~». copy M asz,yin (let N be % in P)
let (copy M asz,yin N)beax®yin P ~». copy M asx,yin (let N be z®y in P)
fst(copy M asz,yin N) ~». copy M asz,y infst(N)
snd(copy M asz,yin N) ~s. copy M asx,yinsnd(N)
falsec(P; copy M asz,yin N) ~s. copy M asz,yin (falsec(P; N))
case (copy M asz,y in N) of - copy M asx,yin
inl(w) — P |linr(z) —» @ ¢ (case Nof inl(w) — Pl inr(z) — Q)
discard (copy M asx,yin N)in P ~». copy M asx,yin (discard N in P)
copy (copy M asz,yin N)asx,yin P ~». copy M asz,yin (copy N asz,yin P)
derelict(copy M asz,yin N) ~». copy M asz,y in (derelict(N))
let (false; (P ; N))be % in P ~», falses(P,Z; N) (Z = FV(P))
(false 4 _op(P; N))P ~s. falseg(P,Z; N) (Z = FV(P))
let (false s 5(P 5 N)) bey®zin P ~+, falsec(P,@; N) (Z=FV(P)—{y,z})
fst(falseA&B(fj i N))  ~op falseA(I_i; )
snd(fflseA&B(li; N)) ~ falseB(li; N)
falses(P; falsep(Q; N)) ~. falsea(P,y; N)
Cifj(ex()ffelg@'ﬁr(@)@)g o falsec(P,i; N) (@ = FV(P) - {z})
discard (false o(P; N))in P ~s. falseg(P,Z; N) (Z = FV(P))
copy (falseys(P; N))asy,zinP ~», falseg(P,&; N) (&=FV(P)—{y,z2})
derelict(false 4 (P ; N)) ~». falses(P; N)
Figure 3.8: Commuting Conversions II
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(case M of
inl(z) — N || inr(y) — P)Q

let
(case M of inl(z) — N |linr(y) — P)
be * in @

let
(case M of inl(z) — N |linr(y) — P)
be w®z in Q

fst(case M of inl(z) — N |linr(y) — P)

snd(case M of inl(z) — N |linr(y) — P)

—

falsec (P;
(case N of inl(z) — P |linr(y) — Q))

case
(case M of inl(z) — N || inr(y) — P)
asinl(w) — Q || inr(z) = R

discard
(case M of inl(z) — N || inr(y) — P)
inQ

copy
(case M of inl(z) — N || inr(y) — P)
asw, zinQ

derelict(case M of
inl(z) — N||
inr(y) — P)

Figure 3.9: Commuting Conversions III

case M of
inl(z) — (NQ) [ inl(y) — (PQ)

case M of
inl(z) — (let N be * in Q)
inr(y) — (let P be x in Q)

case M of
inl(z) — (let N be w®z in Q)
inr(y) — (let P be w®z in Q)

case M of
inl(z) — fst(N)
inr(y) — fst(P)

case M of
inl(z) — snd(N)
inr(y) — snd(P)

case N of
inl(z) — (falsec(
inr(y) — (falsec(

P))

P;
P;Q))
case M as
inl(z) — (case N of
inl(w) — Q
inr(z) — R)
inr(y) — (case P of
inl(w) — Q
inr(z) — R)

case M of
inl(z) — (discard N in Q)
inr(y) — (discard P in Q)

case M of
inl(z) — (copy N asw, z in Q)
inr(y) — (copy P asw,zin Q)

case M of
inl(z) — (derelict(N))
inr(y) — (derelict(P))
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promote (promote 27 for Zin M), v}, ...,y foryi, ..., yn in N
~»e promote a’, yh, ... y. forz” ya, ...,y in N[y := promote z”’ for Z in M]

promote W, (let z be xQy in M) for ¥, sin N
~>. let z be z®y in (promote W, M for ¥, sin N)

promote Z, (let x be * in M) for §,uin N
~>. letx be * in (promote Z, M for ¢/, uwin N)

promote w0, (case z of inl(x) — M | inr(y) — N)for@,sin P
~», case z of

inl(z) — promote W, M for ¥, sin P

inr(y) — promote &, N for ¥, sin P

promote 2, (discard x in M) for ¢, u in N
~>. discard z in (promote Z, M for i, uin N)

promote W, (copy z as x,y in M) for ¥, sin N
~>. Copy z as &,y in (promote W, M for ¥, s in N)

true(M, X)
~ true(y, T)
where FV(M) = 7.
falses (M ; x)
~>. falsea(7; x)

Figure 3.10: Commuting Conversions IV
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o A (Xg,Yg)-cut. There are 64 of these. They are all insignificant except for the case of
(Promotion, Promotion) and (Xg,tr).

o A (X, Yr)-cut. There are 80 of these. There are 15 significant cut reductions which those
of the form (®, Promotion), (Iz, Promotion), (., Promotion), (Weakening, Promotion),
(Contraction, Promotion) and (X, tr). The remaining 65 cut-reductions are insignificant.

e A (Xg,Yr)-cut. There are 80 of these. Cuts of the form (Xgz,X,) and (Xg,f), of which
there are 18, are significant. The remaining 62 cut-reductions are insignificant.

We shall classify these significant cut-reductions and then consider them in turn.
Principal Cuts. These are cut-reductions of the form (Xz, X¢).

Secondary Cuts.
These are cut-reductions of the following form: (Promotion, Promotion), (&,, Promotion),
(Iz, Promotion), (®c, Promotion), (Weakening, Promotion) and (Contraction, Promotion).

Commuting Cuts. These are cuts of the form (X.,Y:), except where X is either —o, &, f or
Dereliction or where Y is f.

Unit Cuts. These are cuts of the form (X, f.) and (X, tg).

Principal Cuts

There are 10 of these and we shall consider them in turn.
o (®r,R®c)-cut.
ArHA O+ B A, Bw+C
(®r — (®r)
A,©O - ARB I''ARB + C

Cut
IAO -C

This reduces to
ArHA INNA,B+C
O+ B IABw+C
IAO-C

At the level of terms this gives the cut-reduction

Cut

Cut.

let M&N bex®yin P ~>cy Plz:= M,y := NJ.

[ ] (IR, IL)—cut.

' A

7 —
—7 ®) F,Il—A(L)
Cut

This reduces to

I+ A

At the level of terms this gives the cut-reduction

let *x be x inM ~»oe M.
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e (—ogr,—or)-cut.

AAwv B A B, +C

—— (—r) (—or)
A+ A-—-oB I''A—oB,O +C
Cut

A0 -C

This reduces to

AAw B B,O+C
' A AAO -C
A0 -C

Cut

Clut.

At the level of terms this gives the cut-reduction

Ply := (Ax: AAM)N)] ~eur Ply:=(M[z:= NJ)].

o (Br-1,®r)-cut.

This reduces to

AFHA IAwvC
ILAwvC

Cut.

At the level of terms this gives the cut-reduction

caseinl(M) of inl(z) — N |linr(y) — P
~reut Nz := M].

o (Br_2,®r)-cut.

AwB I'AwvC I'Bw+rC

— (er @
ArAop R T A®B+ C ()
Cut

I'AwrC

This reduces to

A+ B I''B+rC
IAwC

Cut.

At the level of terms this gives the cut-reduction

caseinr(M) of inl(z) — N |inr(y) — P
~reut Ply := M].
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AFrA AI—B(&) rAwvC (&)
A+ AYB ® I AGBvC
Cut
IAwC
This reduces to
AFHA IAwvC
Cut.
ILAwvC
At the level of terms this amounts to the cut-reduction
Plz :=fst((M,N))] ~cut Plx:= M].
o (&g, & _o)-cut.
AFrHA AwrB r'Bw+C
( (&r-2)
A+ A&B I'A&B + C
ut.
IAwC
This reduces to
A+ B I''B+rC
Clut.
IAwC
At the level of terms this amounts to the cut-reduction
Plz :=snd({(M,N))] ~eut Plz:=N].
e (Promotion, Dereliction)-cut.
A+ A I''AwB
—— Promotion —— Dereliction
IAA I'''Awr B
Cut
I''A+B

This reduces to

IA+-A I'NAw B
I''A+B

Cut.

At the level of terms this gives the cut-reduction

N|z := derelict(promote i for Zin M)] ~+er N[z := M[Z := 7).
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e (Promotion, Weakening)-cut.

A+ A I'-B
—— Promotion —  Weakening
IAKH!A I''AwB
Cut
I'''Aw+B
This reduces to
'-B
———— Weakening".
I''A+B

At the level of terms this gives the following cut-reduction

discard (promote ¢ for Zin M)in N ~».,; discard ¢in N.

e (Promotion, Contraction)-cut.

AN A INA'Aw B
—— Promotion _
IA-!A I''AwB
Cut
I'''A+B
This reduces to
A+ A
— Prom.
A+ A IAr+I1A I''AJ'A+ B
—— Prom. Cut
IA !4 I'''AJJAw+ B
Cut
IIAJ'A+B
— Contraction®.
I'''Aw B

At the level of terms this gives the following cut-reduction

copy (promote ¢ for Zin N)asw,zin P ~».y copyyasi,vin
P[ w:= promote i for Zin N,
z := promote ¥ for Z in NJ.

Thus the principal cuts correspond to the S-reduction rules from the natural deduction formulation.
The only difference is where the left rule is either —o, & or Dereliction. In these cases we derive
slightly more general reduction rules.

Secondary Cuts

There are 6 of these cuts and we shall consider them in turn.

e (Promotion, Promotion)-cut.

A+ A T,/ A+ B
—— Promotion ——  Promotion
IA A I'JA !B

IT,1A + B

Cut

This reduces to
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VAN S|
—— Promotion
IAr-I1A !F,!Al—BC
ut
IJ A+ B
—— Promotion
T'IA v+ !B

At the level of terms this gives the cut-reduction

promote W, (promote ¢/ for Z in M) for Z,win N
~>rcut Promote w, i for 2, fin N[u := promote ifor Zin M].

e (®,, Promotion)-cut.

I'A,B v+ IC IAJIC D

—_— ® —_—

T A2B - IC " © IANC - 1D
T.IA AB v D

Promotion

Promotion.

This reduces to

IAIC D
[,A, B IC IA,IC + 1D
T,IAA, B+ D
T,IA, A®B + ID

Promotion

Cut

(®c).

At the level of terms this gives the cut-reduction

promote w, (let z be x®y in M) for ¥, sin N
~cut let z be z®y in (promote @, M for ¥, s in N).

e (I, Promotion)-cut.

T4 IAJA v B
—(Ip) ——  Promotion
I +!A IAJA v B

Cut
II,/A !B
This reduces to
IAJJA - B
— Promotion
14 IAIA + B
Cut
I'''A +'B

T 1),
I‘,I,!AI—!B(ﬁ)

At the level of terms this gives the cut-reduction

promote Z, (let x be x in M) for §/,uin N
~rcut let x be * in (promote Z, M for ¢, win N).
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e (@, Promotion)-cut.

IAwv!IC B+ !C IAIC - D
(®r) ———— Promotion
IAoB v IC IAIC +ID

I,A® B,!A D

Cut

This reduces to

IAIC D IAJIC D
—— Prom. ———— Prom.
rAv!C 'AICw!D I'Bv!C !ACw!D
Cut Cut
IAIA v 1D I'B,!/A v+ !D
(Dr)-

I,A®B,!A D

At the level of terms this gives the cut-reduction

promote W, (case z of inl(z) — M | inr(y) — N)
for ¥, sin P
~>eut Case z of
inl(x) — promote w, M for ¥, sin P
inr(y) — promote W, N for ¥, s in P.

o (Weakening, Promotion)-cut.

I'-'B IA'B v+ C
——  Weakening ——  Promotion
I'''Aw!B IA'B +IC

Cut
IAJA + IC
This reduces to
IAJ'BwC
—— Promotion
I'+'B IA/'B +IC
Cut
TJIA - IC
— Weakening.
IAJA + IC

At the level of terms this gives the cut-reduction

promote Z, (discard x in M) for ¢/, u in N
~>eue discard z in (promote 2, M for f, uin N).

e (Contraction, Promotion)-cut.
IAIA + B IAJ'IB - C
———  Contraction ——— Promotion
I'Aw+ !B IA/'B + IC

T,IAIA IO

Cut

This reduces to
IAJ'B+C
IA'A !B IAJ'B + IC
TJIAJTAIA - IC
AA - C

At the level of terms this gives the cut-reduction

Promotion

Cut

Contraction.

promote W, (copy z as x,y in M) for ¥, sin N
~>eut COPY Z as x,y in (promote W, M for ¥, sin N).
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These cuts we have seen before in the analysis of the subformula property of the natural deduction
formulation. Seen from a natural deduction perspective they arise due to the fact that the Promotion
rule introduces parasitic formulae and from a sequent calculus perspective that it not only introduces
a connective on the right but imposes a strict condition on the left.

Commuting Cuts

There are 54 of these. It turns out that these are equivalent to the commuting conversions which
arise from the natural deduction formulation (excluding those considered as secondary cuts and
those classified as Unit Cuts). The term reductions are then as in Figures 3.7, 3.8 and 3.9 and
we shall not repeat them here. As for the principal cut reductions, we find that some of the term
reductions suggested by the cut-elimination process are actually more general than that considered
as a commuting conversion. These more general rules are when the second left rule is either —o,,
&r_1, &, _o or Dereliction.

Unit Cuts

These are cuts of the form (X, f) and (X, tg), for all rules, X. Thus there are 36 of these reduction
rules. At the level of terms they can be expressed as two schemas, which are given in Figure 3.11.
These match precisely the commuting conversions for the additive units given in Chapter 2.

true(M, f) 7 cut true(j f)
falseA(M; 33) 7 eut falseA(?f? J?)

Figure 3.11: Unit Cut Reduction Rules

5 Properties of Reduction Rules

We shall consider two important properties for the reduction rules: strong normalization and con-
fluence (Church-Rosser property). In particular, we shall only consider the S-reduction rules and
omit the commuting conversions. This is not only because we would normally only consider using
the B-reduction rules in any implementation, but also because of the explosion in complexity of con-
sidering the extra 102 commuting conversions! Given the uncertainty surrounding the additive units
(Chapter 2, §1.2), they have not been included either. The technique we shall use is adapted from
that used for the A-calculus by Gallier [30], which is in turn adapted from proofs by Tait [74] and
Girard [34]. The proof proceeds in two parts: Firstly, we give an alternative inductive definition of
the linear terms (the so-called ‘candidates’) and then we show how the sets of strongly normalizing
terms and confluent terms both satisfy this alternative inductive definition.

5.1 Candidates for the Linear Term Calculus

If a term is the result of an introduction rule, then if it is applied to another term then a redex
could be formed. For the definition it is useful to divide terms up depending on whether they can
introduce redexes or not.

Definition 17.

1. An I-term is a term of the form M®N, M\x:A.M, (M,N), inl(M), inr(M) or
promote M for Zin N.

2. A simple term is one which is not an I-term.
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3. A stubborn term, M, is a simple term which is either irreducible or if M «»; N then N is a
simple term.

Let P = P4 be a family of nonempty sets of (typed) linear terms.
Definition 18. Properties (P1)—(P3) are defined as follows.

(P1) x € P4 for every variable of type A.
(P2) If M € P4 and M ~3 N then N € Py.
(P3) If M is simple and
1. UM ePy op, N €Pyand (Ax: AM')N € Pp whenever Mvg Ax: A.M' then MN €
Pp.
2. If M € P g, and fst((M', N')) € P4 and snd((M’, N')) € Pp whenever Mvg (M',N")
then fst(M) € P4 and snd(M) € Pp.
3. If M € P4 and derelict(promote P for Zin Q) € P4 whenever M «»; promote P for Zin Q
then derelict(M) € P 4.
4. If M € P14 and Q € Pp and discard (promote M’ for Zin N)in@ € Pp whenever M f\»g
promote M for Zin N then discard M in QePp.
5. f M € Pi4 and @Q € Ppg and copy (promote M’ for Fin N)asy,zin@ € Pp whenever
M«»E promote M for Zin N then copy M asy,zin@Q € Pp.

Henceforth we only consider families P which satisfy conditions (P1)—(P3).

Definition 19. A non-empty set C of linear terms of type A is a P-candidate iff it satisfies the
following three conditions:

(R1) C CPy.
(R2) If M € C and M ~3 N then N € C.
(R3) If M is simple, M € P4 and M’ € C whenever M vg M’ and M’ is an I-term, then M € C.

Then given a family P, for every type A, we define [A] as follows.
Definition 20.

[4] < P, where A is atomic.
[A-oB] ' {M|M e P, op, and for all N, if N € [A] then MN € [B]}
[A®B] def {M|M € P,ygp, M’ € [A] and N’ € [B] whenever M ~j M/®N'}
[1] < {M|MeP)
[A&B] “ {M|M € P g, and fst(M) € [A] and snd(M) € [B]}

[A® B] = {M|M € Pagp and M’ € [A] whenever M ~7 inI(M')}
N {M|M € Pagp and M” € [B] whenever M~ inr(M”)}

[A] % {M|M € P4, derelict(M) € [A] and M’ € Py and [N] € [A]
whenever M ~7 promote M’ for Zin N}
{M|M € Pya,discard M'inQ € P¢
whenever M ~7 promote M’ for Zin N and Q € P¢ In
{M|M € Piga,
copy M’ as @, 7 in R|y := promote i for Z in N, z := promote & for Zin N] € Pp
whenever M ~»% promote M'forZin N and R e Pp }
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Lemma 4. If P is a family satisfying (P1)—(P3), then each [A] is a P-candidate which contains all
the stubborn terms in P 4.

Proof. We proceed by induction on the type A.

Case A atomic. (R1) holds trivially, (R2) holds from property (P2) and (R3) also holds trivially.

Case A—oB. Clearly (R1) holds by definition of [A—oB]. To prove (R2) we assume that M €
[A—oB] and that M ~»3 N. From (R1) we have that M € P,_,5. Thus by (P2) we have
that N € P4_op5. Let us take a @ € [A]. By the definition of [A—oB] we have that M Q € [B].
Since we have that M ~»g N then MQ ~3 NQ by the definition of reduction. By induction
(at type B) we have that NQ € [B]. We can now conclude from the definition of [A—oB]
that N € [A—oB].

To prove (R3) we assume that M is simple, M € P4_o 5 and that Az: A.M’ € P 4_o 5 whenever
M f\»; Ax: A.M’. Tf M is stubborn then by induction at type B that M € [A—oB] and we
are done. If M is not stubborn then we know that M f\»; Ax: A.M’. We have by assumption
that Az: A.M' € [A—oB]. Thus taking an N € [A], we have that (Az: A M')N € [B]. We
also know that N € P,_op and hence by (P3), MN € Pp. Now consider the reduction of
MN. If MN is stubborn then we have by induction at type B that MN € [B]. If M N is
not stubborn then its reduction path must be of the following form, where @ is an I-term and
N~ N,

MN ~% (Az: AM")N' ~p M'[z := N']~7% Q.

We know by (R2) that N’ € [A]. Hence by definition we have that (Az: A M')N' € [B].
Again by (R2) we have that @ € [B]. Thus by induction at type B we have that M N € [B]
for any N € [B]. By definition we can conclude that M € [A—oB] and we are done.

Case A®B. Clearly (R1) holds by definition of J[A®B]. To prove (R2) we shall assume that

M € [A®B] and that M ~3 N. We know from (R1) that M € P,gp and, hence, by
(P2), N € Pygp. By definition of M € [A®B], if M ~% M'@N’ then M' € [A] and
that N' € [B]. It is clear that M ~% M'®@N’ whenever N ~% M'@N’. Thus by definition
N € [A®B].
To prove (R3) we assume that M is simple, M € P g and that M'®@N’ € P, 5 whenever
M ~% M'®@N'. If M is stubborn then by the definition of [A®B] we have that M € [A®B].
If M is not stubborn then we have that M ME M'®N’ and hence by (R2) we have that
M'®@N’ € [A®B]. By the definition of [AQB] we have that M’ € [A] and N’ € [B]. Thus
we can conclude that M € [A®B].

Case I. Clearly (R1) holds by definition of [I]. To prove (R2) we assume that M € [I] and that
M ~p5 N. Thus we have that M € P; and then by (P2) that N € P;. Clearly M ~7 *
whenever N ~7 . We then have that N € [[].

To prove (R3) we assume that M is simple and M € P;. As M is always stubborn then
trivially by definition we have that M € [I]

Case A&B. Clearly (R1) holds by definition of [A&B]. To prove (R2) we assume that N € [A&B]
and M ~3 N. By (R1) we have that M € P ,¢ . and by (P2) we have that N € P ,¢, . By
definition of M € [A&B] we have that fst(M) € [A] and snd(M) € [B]. Since fst(M) ~g
fst(N) and snd(M) ~»g snd(IN) we have by induction that fst(N) € [A] and snd(N) € [B].
Hence we can conclude that N € [A&B].

To prove (R3) we assume that M is simple, M € P ;¢ and that (M’, N') € [A& B] whenever
M '\»g (M',N")y. If M is stubborn then clearly both fst(M) and snd(N) are stubborn. We
know from (P3) that fst(M) € P4 and snd(M) € Pp and since by induction we have that

both [A] and [B] contain all the stubborn terms in P4 and Pp respectively, then we have
that fst(M) € [A] and snd(M) € [B]. Thus we can conclude that M € [A&B]. If M is not
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stubborn then we have that M «»; (M',N"). By assumption we have that (M’, N') € [A&B].
Hence by definition we have that fst((M’, N’)) € [A] and snd((M', N')) € [B]. By induction
we also have that fst((M’, N')) € P4 and snd((M’, N')) € Pg. Hence by (P3) we have that
fst(M) € P4 and snd(M) € Pp. Let us consider fst(M) (the case for snd(M) is symmetric).
If fst(M) is stubborn then we have by induction that fst(M) € [A]. If fst(M) is not stubborn
then its reduction path must be of the following form, where @ is an I-term,

fst(M) «»;@" fst((M', N')) ~>3 M" ~7 Q.

Since fst((M', N')) € [A] we have by induction that @ € [A]. Thus by induction we have that
fst(M) € [A]. By similar reasoning we deduce that snd(M) € [B] and hence by definition we
can conclude M € [A&B].

Case A @ B. Clearly (R1) holds by definition of [A @ B]. To prove (R2) we assume that M €
[A@® B] and that M ~pg N. It is clear that M € Pagp and from (P2) we have that
N € Pagp. By definition of M € [A @ B] we have that M’ € [A] whenever M ~7 inl(M’)
and that M" € [B] whenever M ~7 inr(M"). It is obvious that whenever M ~j inl(M’)
then N ~7% inl(M’) and that whenever M ~7% inr(M") then N ~7% inr(M"). Hence we can
conclude that N € [A @ B] and we are done.

To prove (R3) we assume that M is simple, M € P agp and M’ € [A® B] whenever M f\»:; M’
and M’ is an I-term. If M is a stubborn term then we have that it is never the case that
M «»g inl(M') nor M «»; inl(M"), and so we conclude that M € [A @ B]. If M is not a

stubborn term then we know that M «»; Q where @ is either inl(Q’) or inr(Q"). Consider the
first case. We have by assumption that inl(Q’) € [A @ B]. By definition we can conclude that
Q' € [A]. Similarly we can conclude that Q" € [B]. Thus we can conclude that M € [A® B]
and we are done.

Case !A. Clearly (R1) holds by the definition of [!A]. To prove (R2) we assume that M € [!A] and
that M ~3 Q. We know that M € Py4. Since M € [!A] we know that a number of conditions

hold when M ~7 promote M’ for Zin N. But clearly whenever M ~7 promote M’ for Zin N
it is the case that @ ~ promote M’ for Zin N. Thus we conclude that Q € [!A].

To prove (R3) we assume that M is simple, M € Py, and that promote M for Zin N € [!4]
whenever M «»; promote M for Zin N. If M is stubborn then the conditions of [!4] hold
trivially and so we can conclude that M € [!A]. If M is not stubborn then we have that
M f\»; promote M’ for Zin N and by assumption we have that promote M’ for Zin N € [!A].
By definition we then have a number of conditions which hold when promote M for Zin N ~%

promote M" for 2’ in N”. In particular we can take the zero reduction case, and then we have
the conditions sufficient to conclude that M € [lA].

We can now extend the definition of P.
Definition 21. Properties (P4) and (P5) are defined as follows.

(P4) If M ePgpand x € FV(M) then \e: AM € P, 5.
IfMecPyand N € Ppthen M®N € Pygp.

x € Py.

If M € Pyand N € Py then (M,N) € P ¢ 1.

If M € P4 then inl(M) € P ag 5.

If N € Py then inr(N) € Pagp.

If NePy and M € PTB then promoterora‘:’inN € Pya.

If Ne P4y and Mz := N] € Pg then (Az: AM)N € Pp.
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2. If M e Py, N € Py then let M be * in N € Py.

3. If M € Pygp and Nlz := M’y = N'| € Pc whenever M ~j5 M'@N’ then
let M be z®yin N € Pe.

4. f M € P4 and N € Pp then fst((M,N)) € P4 and snd((M, N)) € Pp.

5 If Q € Pagp, M € Pc, N € Pc and M[z := Q'] € Pc whenever @ ~7 inl(Q’) then
case Q of inl(z) — M |linr(y) — N € P¢.

6. If Q € Pagp, M € Pc, N € Pc and N[y := Q"] € Pc whenever Q ~7 inr(Q"”) then
case Qof inl(z) — M |linr(y) — N € P¢.

7.1f M € Py and N[Z := ]\Zf’] € Pp whenever M ~7j promoteM’forfinN then
derelict(M) € Pp.

8. If M € P14, Q € Pp and discard M’ in@Q € Pp whenever M ME promote]\Zf’ for?in N
then discard M in @ € Pp.

9. If M € P!A, Q € Pp and

copy M’ as @, in Qy := promote i for Z in N, z := promote @ for Zin N] € P
whenever M ~»% promote M’ for Zin N then copy M asy,zin@Q € Pp.
We can now prove some auxiliary facts.
Lemma 5. If P is a family satisfying conditions (P1)—(P5) then the following properties hold:

1. If for every N, (N € [A] implies M|z := N] € [B]) then Az: AM € [A—B].
2. If M € [A®B] and for every N, Q, (N € [A] and @ € [B] implies R[xz := N,y := Q] € [C])
then let M be 2@y in R € [C].

3. If M € [A® B] and for all N € [A] such that Q[z := N] € [C] and for all N’ € [B] such that
Rly := N'] € [C] then case M of inl(z) — Q ||inr(y) — R € [C].

Proof. We tackle each case in turn. From Lemma 4 we have already that the sets of the form [A]
have properties (R1)-(R3).

1. We know that for all variables € [A]. By assumption we have that M[z := z] € [B] and
hence M € [B]. From lemma 4 we have that M € P4. From (P4) we can conclude that
Me: AM € Py_op. Let us take a N € [A], thus N € P4. By assumption we also have that
Mz := N] € [B] and hence M[z := N] € Pp. We have from (P5) that (Ax: AM)N € Pp.
If (A\z: A.M)N is stubborn then we can conclude from (R3) that (Az: A.M)N € [B]. If
(Ax: A.M)N is not stubborn then its reduction path must be of the following form, where @
is an I-term,

(Ax: AM)N ’\»,’é (Az: AM")N' ~p5 M'[z := N'| ,\,}E Q.

We have that M[z := N] € [B] and since M[z := N] ~7% M'[z := N'] ~7 Q then by (R2)
we have that @) € [B]. By (R3) we can conclude that (Ax: A.M)N € [B]. Thus we have have
that for all N € [A] that (Ax: A.M)N € [B] and so we can conclude that Az: A.M € [A—B].

2. By assumption we have that M € [A®B] and hence by lemma 4 M € P g 5. If we take two
variables z and y, then we have that « € [A] and y € [B] and by assumption we have that
Rlz := z,y := y] € [C]; hence R € [C]. If let M be z®y in R is stubborn then we have from
(R3) that let M be z@yin R € [C]. If let M be z®y in R is not stubborn then its reduction
path must be of the following form, where T is an I-term,

let M be 2@y in R~ let M'®N' be x®y in R' ~p5 R'[x := M',y := N'| ~5 T.

Since we have that M € [A®DB] then we know that M’ € [A] and N’ € [B]. We know then
by assumption that R[z := M’,y := N'] € [C] and hence by (R2) R'[z := M',y := N'] € [C].
We can then conclude that let M be z®y in N € [C].



85. Properties of Reduction Rules 93

3. We have by assumption that M € [A® B] and hence we have M € P 4gp. Taking variables
and y we have that Q[z := z] € [C] and Ry := y] € [C]. Hence we also have that Q € P¢ and
R € Pc. If M is stubborn it is easy to see that case M of inl(z) — @ ||inr(y) — R is stubborn
also. Also by (P4) we know that caseMofinl(z) — Qllinr(y) — R € P¢. Since we know that all
the stubborn terms in P¢ are in [C], we can see that case M ofinl(z) — @ |linr(y) — R € [C].
If M is not stubborn then consider the case where M «»g inl(M"). We have by (R2) that
inl(M’) € [A @ B]. By defintion this gives us that M’ € [A] and hence M’ € P 4. Thus from
(P5) we can conclude that case M of inl(x) — @ |/ inr(y) — R € Pc.

If case M of inl(x) — @ || inr(y) — R is stubborn then from (R3) we can conclude that
case M of inl(z) — Q| inr(y) — R € [C]. If case M of inl(z) — Q| inr(y) — R is not
stubborn then its reduction path must be of the following form, where 7" is an I-term,

case M of inl(z) — @ |linr(y) — R~}
caseinl(M’) of inl(z) — Q' | inr(y) — R ~p Q'[x:=M']~5T.

(and similarly if M ~7% inr(M").) Since M € [A @ B] we have by definition that M’ € [A].
We have by definition that Pz := M’] € [C] and hence we have that P'[z := M’] € [C].
Performing the same reasoning for the case where M ~7% inr(M") enables us to conclude that
case M of inl(z) — Q |linr(y) — R € [C]

Lemma 6. If P is a family satisfying (P1)—(P5), then for every M of type A, for every substitution
¢ such that ¢(y) € [B] for every y: B € FV(M), we have that ¢(M) € [A].

Proof. By induction on the structure of M.

Case z. Trivial by the definition of ¢.

Case M N. By induction we have that ¢;(M) € [A—B] and ¢2(N) € [A]. By the definition of
[A—oB] we have that ¢1(M)¢2(N) € [B]. Thus by definition of substitution ¢(MN) € [B]
where ¢ = ¢1 U ¢o.

Case Azx: A.M. If we take a N such that N € [A], then we can extend a substitution ¢ to ¢tz — N].
Using this extended substitution, by induction we have that ¢’ (M) € [B] which is equivalent
to ¢(M)[x := N] € [B]. By Lemma 1 we have that Az: A.M € [A—oB].

Case M®N. By induction we have that ¢;(M) € [A] and ¢2(N) € [B]. Thus we have that
$1(M) € P4 and ¢2(N) € Pp and hence by (P4) we have that M®N € P gp. If M®N is
stubborn then we have by definition that M@N € [A®B]. If M®N is not stubborn then we
have that M@N ~% M'@N'. We have from (R2) that M’ € [A] and N’ € [B]. By definition
we can conclude that M@N € [A®B].

Case let M be z®y in N. By induction we have that ¢1(M) € [A®B]. We also have by induction
that ¢2(N) € [C]. By considering F'V(N) it is clear that ¢s is of the form ¢3 [z — P,y — Q]
for P € [A] and @ € [B]. Hence we have that (¢3(N))[z := P,y := Q] € [C]. By lemma 5 we
have that let ¢1 (M) be 2@y in ¢3(N) € [C]. By the definition of substitution we can conclude
¢(let M be z®y in N) € [C] where ¢ = ¢1 U 3.

Case *. From (P4) we have that * € P; and as * is stubborn we have by (R3) that x € [I] and we
are done.

Case let M be * in N. We have by induction that ¢ (M) € [I] and that ¢2(N) € [A]. We have that
$1(M) € P and ¢2(N) € P4 and then by (P5) we have that let ¢1 (M) be * in ¢po(N) € P 4.
If let ¢1 (M) be * in ¢o(IN) is stubborn then we have trivially from (R3) that let ¢1 (M) be *
in g2(IN) € [A4]. If it is not stubborn then its reduction path must be of the following form,
where @ is an I-term,
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let ¢1 (M) be * in ()~ let * be x in N' ~5 N' ~7% Q.

Since ¢2(N) € [A] then by (R2) we have that Q € [A] and hence by (R3) we can conclude
that let ¢1 (M) be * in ¢o(N) = ¢(let M be x in N) € [A], where ¢ = ¢1 U ¢a.

Case (M, N). We have by induction that ¢(M) € [A] and ¢N € [B] and by (R2) we have that
¢(M) € P4 and ¢(N) € Pp. By (P4) we have that (¢(M), p(N)) = ¢((M,N)) € P 45,5 We
know from (P5) that fst(¢((M, N))) € P4 and that snd(¢p((M,N))) € Pp. Let us consider
fst(¢p((M, N))) (the case for snd(¢({M, N))) is similar). If fst(¢((M, N))) is stubborn then we
have trivially from (R3) that fst(¢((M, N))) € [A]. If it is not stubborn then its reduction
path must be of the following form, where @ is an I-term,

fst(p((M, N))) ~7p fst((M',N')) ~p M' ~75 Q.

Since we have that ¢(M) € [A] we have by (R2) that Q € [A]. By (R3) we can conclude that
fst(¢p((M, N))) € [A]. By similar reasoning we deduce that snd(¢({M, N))) € [B] and hence
by definition we can conclude that ¢((M, N)) € [A&B].

Case fst(M). By induction we have that ¢(M) € [A&B]. By definition we have that fst(¢p(M)) €
[A] and hence ¢(fst(M)) € [A] and we are done.

Case snd(M). Similar to above case.

Case inl(M). We have by induction that ¢(M) € [A]. By (R1) we have that ¢(M) € P4 and
by (P4), inl(¢(M)) = ¢(inl(M)) € Pagp. If ¢(inl(M)) is stubborn then by (R3) trivially
we have that ¢(inl(M)) € [A @ B]. If it is not stubborn then its reduction path must be
inl(¢(M)) ~7% inl(M’). By (R2) we have that M’ € [A] and hence we have by definition that
inl(¢p(M)) € [A® B].

Case inr(M). Similar to above case.

Case case M of inl(z) — N |inr(y) — Q. By induction we have that ¢1(M) € [A @ B] and that
¢2(N) € [C] and ¢3(Q) € [C] where ¢po = ¢4 1 [z — R] and ¢3 = ¢4 T [y = S]. Thus we
have that (¢4(N))[z := R] € [C] and (¢4(Q))[y := S] € [C]. Then by lemma 5 we have
that case ¢1 (M) of inl(x) — ¢a(N) ||inr(y) — ¢4(Q) € [C] and thus we can conclude that
¢(case M of inl(z) — N | inr(y) — Q) € [C] where ¢ = ¢1 U ¢4.

Case derelict(M). We have by induction that ¢(M) € [!A]. By (R1) we have that ¢(M) € P1a. If
derelict(M) is stubborn then we have from (R3) trivially that derelict(M) € [A]. If derelict(M)
is not stubborn then its reduction path must be of the following form, where @ is an I-term,

derelict(¢(M)) ~ derelict(promote M for Z'in N) ~5 N[Z := M'] ~% Q.

By (R2) we have that promote M for Zin N € [!A]. Then by definition (and considering the
zero reduction) we have that derelict(promote M’ for Zin N) € [A]. Hence by (R2) we have
that @ € [A4] and thus by (R3) we can conclude that derelict(¢(M)) = ¢(derelict(M)) € [A].

Case discard M in N. We have by induction that ¢; (M) € [!A] and ¢2(N) € [B]. By (R1) we have
that ¢1 (M) € Pig and ¢2(N) € Pp. If ¢1 (M) is stubborn then trivially from (P5) we have that
discard ¢1 (M) in $2(N) € Pp. If ¢1(M) is not stubborn then ¢1 (M) ~7 promote P for 7 in R.
We have from (R2) that promote P for Zin R € [!A]. Hence by definition we have that
discard P in ¢o(N) € Pp.

As discard ¢1 (M) in ¢po(N) is always stubborn, (R3) holds trivially and so we have that
discard ¢ (M) in ¢o(N) = ¢(discard M in N) € [B] where ¢ = é1 U os.
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Case copy M asz,yin N. We have by induction that ¢ (M) € [!A] and ¢2(N) € [B]. ¢2
is clearly of the form ¢35 ¥ [z — P,y — Q] where P,Q € [!A]. Thus we have that
(p3(N)x = Py :== Q] € [B]. If ¢1(M) is stubborn then by (P3) we have that

copy ¢1(M) asz,y ingps(N) € Pp. If it is not stubborn then we have that ¢ (M) «»Zg

promote P for @in R. By (R2) we have that promote P for@in R € [!A]. By definition we
have that copy P as @, 7 in ¢3(N)[z := promote @ for 7in R, := promote i for 7in R] € Pp. By
(P5) we can conclude that copy ¢1(M)asx,yin ¢o(IN) € Pp. As it is always stubborn then we
have trivially from (R3) that copy ¢1(M) asz,y in ¢p2(N) € [B]. Thus we can conclude that
¢(copy M as z,y in N) € [B] where ¢ = ¢1 U ¢3.

Case promote M for Zin N. We have by induction that ¢ (_M) € [[';1]] and that ¢2(N) € [B]
We have by (R1) that ¢1(M) € Pia and that ¢o(N) € Pp. Thus from (P4) we can

— —

conclude that promote ¢y (M) forZin N € Pip. If promote ¢y (M) for Zin N is stubborn

—

then we have from (R3) trivially that promote ¢1 (M) forZin N € [!B]. If it is not stub-
born then promote ¢y (_.M) for Zin N ~7 promote M’ forz’in N'. We have from (R2) that
N’ € [B] and from (P2) that M’ € P/4. By taking the definition of [!B] we find that
promote ¢4 (_M) for Zin N € [!B]. Hence we can conclude that ¢(promote M for Zin N) € [!B]
where ¢ = ¢y U ¢o.

Theorem 17. If P is a family of linear terms satisfying conditions (P1)-(P5), then P4 = A4 for
every type A.

Proof. Apply the lemma above to every term M of type A taking the identity substitution (which
is valid since for all variables = of type B we have by (R3) that = € [B]). Thus M € [A] for every
term of type A, i.e. Ax C P4. Since it is obvious that P4 C A4, we can conclude that in fact
Py=A4. | |

5.2 Strong Normalization and Confluence

As we mentioned earlier, now we have an alternative definition of the linear terms we can use this
to check the terms for the desired properties. Indeed the proofs turn out to be rather simple as
all need to show is that the set of strongly normalizing and set of confluent terms both satisfy the
definition of P.

Theorem 18. The reduction relation, ~»g, is strongly normalizing.

Proof. Let P be the family defined such that P4, = SN4 where SN, is the set of strongly
normalizing terms of type A. By Theorem 17 we simply have to show that this P satisfies the 23
conditions (P1)—(P5)! First we shall make the following observation which will facilitate the proof.
Since there are only a finite number of redexes in a term, then its reduction tree must be finitely
branching. If a term is strongly normalizing (SN), every path in its reduction tree is finite and
by Konig’s lemma we have that the tree is finite. For any SN term, M, we shall write d(M) to
denote the depth of its reduction tree. We can now check the conditions (P1)-(P5). As there are
23 conditions to check, we shall present only a few representative cases.

(P3)(1) We assume that M is simple, M € SNy o5, N € SN4 and that (Az: AM')N € SNg
whenever M vg Ax: A.M'. Consider MN ~»5 P. It is either the case that P = M; N where
M ~»g M; or P = MN; where N ~+3 N;. Considering the former when M, is simple or the
latter case, it is easy to see that by induction on d(M) + d(N) we have that P € SN and
hence that M N € SNg. If we take the former case where M; = Az: A.M’ then we have by
assumption that P € SNp and hence we are done.
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We assume that M is simple, M € SN4 and that derelict(promote M’ for Zin N) € SNy
whenever M vg promote M’ for Zin N. Let us consider derelict(M) ~»3 P. We have
that either P = derelict(M;) where M; is a simple term and that M ~»3 M; or that

P = derelict(promote M’ for Zin N) where M ~»3 promote M’ for Zin N. In the former case by
induction on d(M) we have that P € SN4. In the latter we have that P € SN4 by assumption
and so we are done.

We assume that M is simple, M S SNia, Q S SNp and that
discard (promote M’ for Zin N)in@Q € SNp whenever M f\»; promote M’ for Zin N. Let us
consider discard M in () ~g P. We have three alternatives: Firstly, that P = discard M; in
where M ~»g My and M is simple. Secondly where P = discard M in Q1 where Q ~3 Q1.
Thirdly where P = discard (promote M’ for Zin N)in @ where M ~»5 promote M’ for Zin N.
By induction on d(M) + d(Q) the first two cases give that P € SNp. Considering the latter,
we have by assumption that P € SNp and so we are done.

We assume that M € SNp. Let us consider AA.M ~»g P. It is clear that P = Az: A.M;
where M ~»g M;. By a simple induction on d(M) we have that Az: A.M € SN,_o5.

All the other cases for (P4) hold in the same (trivial) way.

We assume that N € SNy and Mz := N] € SNg. Consider (Az: AM)N ~3 P. We
have three possibilities: firstly, where P = (Az: A.M;)N where M ~»3 Mj; secondly where
P = (Az: AAM)N; where N ~»3 Ny and thirdly where P = M'[x := N] where M = Az: A.M’.
Considering the first two cases, by induction on d(M) + d(N) we have that P € SNg. By
assumption we have that for the third case P € SN and so we are done.

We assume that M € SNj4 and that N[Z := M’] € SNp whenever M ~%
promote M for Zin N. Consider derelict(M) ~»53 P. Bither P = derelict(M;) where M ~»3 M;

or P=N[Z:= ]\Z/’] where M ~»g promote M’ for Zin N. In the former case, by induction on
d(M) we have that P € SNp. In the latter case we have by induction that P € SNp and we
are done.

We assume that M € SNyj4, Q € SNp and that discard M’ in@ € SNp whenever M «»Z
promote M’ for Zin N. Let us consider discard M in Q ~3 P. We have three possibilities:
Firstly where P = discard M; in Q where M ~s3 M;; secondly where P = discard M in @,
where Q) ~3 @1 and thirdly where P = discard M’ in @ where M = promote M'forZin N. In
the first two cases, by induction on d(M) + d(Q) we have that P € SNg and for the third
case we have by assumption that P € SNp and hence we are done.

Roorda [75, Chapter 21] has also proved strong normalization for (classical) linear logic using a
technique proposed by Dragalin [26]. Benton [12] has proved strong normalization for the multi-
plicative, exponential fragment of the linear term calculus by devising an ingenious translation into
terms of System F. This translation has the property that it preserves redexes and thus we can use
the fact that System F is strongly normalizing to deduce strong normalization for the linear term
calculus. We shall now consider the property of confluence.

Theorem 19. The reduction relation, ~»g, is confluent.

Proof. Let P be the family defined such that P4, = CR4 where CR4 is the set of confluent terms
of type A. Again all we have to show is that this P satisfies the 23 conditions (P1)—(P5). Again we
shall content ourselves with only a few examples.

(P3)(1)

We assume that M is simple, M € CR4_op, N € CR4 and (Ax: A.P)N € CRp whenever
M «»; Az: A.P. Let us consider MN ~»j R. It can be of two forms: Firstly MN ~7% M'N’
where M ~7%5 M "and N ~5 N . We shall call this an ‘independent’ reduction. Secondly, it
could be of the form M N f\»:; (Az: A.P)N ~7 (Ax: AP")N' ~p5 P'lz := N'] ~7% R, which we
shall call a ‘top-level’ reduction. We thus have 4 cases to consider.
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1. Two independent reductions: M N «»Zg MiN; and MN «»E MsN5. Since we have
by assumption that both M and N are confluent, we then have a term M3N3 where
My f\»z; Ms, My f\»z; Ms, Ny v; N3 and N> f\»z; N3 and then we are done.

2. Two top-level reductions:

MN vg (Az: A.My)N ~5 (Az: A.My )Ny~ Mz := Ni]~5 Ry

and
MN «»E (Az: A.Ma)N ~7 (Ax: A.Ma) Ny ~»5 Ma[z := Na| ~7% Ra.

Since confluence holds for M, there is a M3 such that \x: A.M; ~7 Ms and Az: A.My ~%
M3. Hence we have that (Ax: A.M7)N «»g M3N and (Az: A.M1)N «»E R;. By assump-
tion, then we have an Rg such that M3sN vz; R3 and R, f\»g R3. We also have that
(Az: A.M3)N ~7 Rz and (Az: A.M>)N ~7j Ro. Hence, also by assumption, there is a
term R4 such that Ry «»Z R4 and R3 «»Z R4. Thus we are done.

3. One independent and one to-level reduction:
MN vg (Az: A.My)N ~5 (Az: A.My )Ny~ Mz := Ni] ~5 Ry

and
MN ’\»E M2N2 S RQ.

As M and N are confluent by assumption, we have that there is a Rj3 such that
(A\x: A.M71)Ny ~%5 Rz and Ry ~j Rs. Again, by assumption, the term (Az: A.M7)N; is
confluent, and thus there exists a term R4 such that R, f\»g R4 and R3 '\»,’g R4. Thus we
are done.

4. The symmetric case to the above. (Omitted)

(P3)(3) We assume that M is simple, M € CRis and derelict(promote PforZinQ) € CRia
+

*

whenever M ~»% promote PforZin Q. Let us consider derelict(M) ~% R; again, it

can be an independent reduction: derelict(M) ~»j derelict(M’) where M ~s% M’, or
it can be a top-level reduction where derelict(M) «»E derelict(promote P for Z in Q) ~

derelict(promote P’ for Zin Q') ~p5 Q[T := P ~7% R. We have 4 cases to consider.

1. Two independent reductions: derelict(M) ~% derelict(M;) and derelict(M) ~j
derelict(Mz). As M is confluent by assumption, then there is a term M; such that
derelict(M7) ~7 derelict(M3) and derelict(Mz) ~7 derelict(M3) and we are done.

2. Two top-level reductions:

derelict(M) «»Zg derelict(promote P, for & in Q)

~7 derelict(promote ]51’ for 21 in Q)) ~pg Q1T := ]51’] ~p Ry
and .

derelict(M) «»g derelict(promote P, for T in Q3)

~7 derelict(promote P, for ¥ in Q5) ~»5 Q[T := P3|~ Ro.
We have that M is confluent and so we have that there is a term R3 such that
derelict(promote P; for Zin Q1) ~% derelict(R3) and derelict(promote P; for Zin Q2) ~%
derelict(R3). By assumption we than have that there exists a term R4 such that
derelict(R3) “’)Z R4 and Ry “’)Z R4. Also given that derelict(promote P for Zin QQ2) is

also a confluent term by assumption, then there exists a term Ry such that Ry '\»E R
and Rs MZ R5. Thus we are done.

3. One independent and one top-level reduction:

derelict(M) «»; derelict(promote P, for Z in Q1)
~»7 derelict(promote Pj for Zin Q1) ~5 Q[T := P[]~ 1
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and

derelict(M) ~7 derelict(Mz) = Ro.
As M is confluent by assumption, we have that there is a term Rz such that
Ry ~7 Rs and derelict(promote P; for Zin Q1) ~7 R3. Again, by assumption, the term
derelict(promoteﬁl for Zin Q1) is confluent, and thus there exists a term R, such that
Ry MZ} R4 and Rs3 f\»g R,. Thus we are done.

4. The symmetric case to the above. (Omitted)

(P4)(1) We assume that M € CRp. If we have that Az: A.M ~7% My and Av: A.M ~»% M3, then it
must be the case that My = Az: A.Mj and Mz = A\z: A.Mz where M ~7% Mj and M~ M.
By assumption there exists a term My such that M, «»2‘3 Ax: A.My and M3 v; Ax: A.My and
hence we are done. All other cases for (P4) are similar.

(P5)(8) We assume that M € CRyx, Q € CRp and that discard P in Q € CRp whenever M ~%

promote Pfor Zin Q. Again we have two sorts of reductions and hence 4 cases to consider.

1. Two independent reductions: discard M in @ ~7 discard My in Q1 and discard Ms in Q.
Since we have assumption that both M and @ are confluent, then there are terms
M3 and Q3 such that discard M7 in Q; «»Z discard M3 in Q3 and discard Ms in Q2 «»Z
discard M3 in (3 and so we are done.

2. Two top-level reductions:
discard M in Q «»2‘3 discard (promote P, for Zin N1)in @Qq ~ g discard P in Q1 «»; Ry
and
discard M in Q ~ discard (promote P, for & in Na) in Q2 ~+5 discard P, in Q3 ~ Rs.

As M and @ are both confluent by assumption, we have that there exists a term,
discard Ms in 3, such that discard (promote P for Zin Ny) in Q1 «»Z discard M in Q3 and

discard (promoteﬁg for Zin Na) in Q2 ~»7 discard M in Q3. In fact, Mz must be of the
form promote P; for Zin N3. Thus we have that discard (promote P; for Zin N3)in Q3 ~3

discard P; in @3s. We have by assumption that discard Py in Q@1 is confluent, and so there
exists a term R3 such that R, '\»E R3 and discard P3 in Q3. We also have by assumption

that discard P, in ()2 is confluent and so there exists a term R4 such that R3 ~ Ry and
R> «»E R4. Thus we are done.

3. One independent and one top-level reduction:
discard M in Q ~ discard (promote P, for Zin N1)in @Qq ~ g discard P in Q1 ~p Ry

and
discard M in Q ~7 discard M3 in Q2 = Ra.

As M and @ are both confluent by assumption, we have that there exists a term,
discard M3 in Q3, such that discard (promote P for Zin Ny) in Q4 ~7 discard M3 in Q3
and discard Ms in Q2 '\»,’g discard M3 in Q3. In fact M3 must be of the form
promote P, forZin Ny. Thus we have that discard (promote P, for Zin Ny) inQs ~p
discard P; in @s. We have by assumption that discard Py in Q1 is confluent and so there
exists a term Rj3 such that R, '\»E R3 and discard P3 in Q3 '\»E R3. Also by assumption,
discard 132 in Q2 is confluent and so there exists a term R4 such that Ro MZ R4 and
R3 «»Zg R4. Thus we are done.

4. The symmetric case to the above. (Omitted)
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6 Compilation into Linear Combinators

In §4.3 of Chapter 2 we gave a procedure for translating deductions from the natural deduction to
the axiomatic formulation. By using the Curry-Howard correspondence, we can express this as a
translation from terms of the linear term calculus to linear combinators. (As we mentioned earlier,
this can be thought of as an implementation technique in a similar way to that proposed by Turner
for the A-calculus.) We give the resulting translation procedure, [—]¢, in Figure 3.12.

le =
[[mAM]] E 2] [M]e
[MN]c jzf [M]c [N]e
*¥|c = unit

(Let [N]c) [M]c
(tensor [M]¢) [N]c

[let M bez®yin N]Je = (split [M]c) ([z)([y] [N]c))
[O1.N)e = witn([M]e.[Ne)
fst(M = fst[M
[[i[ndg ; ' end gM%c
def
[inl(M)]¢c = inl[M]c
[inr(M ) j:i inr [M]c

[case M of inl(z) — N |linr(y) —
[true(M )

[[falseA(M; N)]]c
[discard M in N]¢

[copy M asx,yin N]c
[derelict(M)] e
[promote M for Zin N]¢

sdist (with([z][N]c,[y][P]c)) [M]e

term (tensor. ..
tensor [Mi]c [Ma]c ...

init [[N]]c [[Ml]]C .. [[Mn]]c
(disc [N]¢) [M]e

(dupl ([z]([y] [N]c))) [M]e
epe [M]e )
acc(promote([z][N]¢), [M]c)

[[Mn]]C)

=

S f1s fa, - o acc((B (edist e) delta f1),[f2,...])
acc(e,[]) = e

where  acc(e

Figure 3.12: Compiling Linear Terms into Linear Combinators

We can also give a translation function, [—]a, in the other direction, namely converting combi-
natory terms into linear terms. This is given in Figure 3.13.

As we might have expected, these translation functions have the desired property in that they
map valid linear terms to valid combinator terms and vice versa.

Lemma 7.
1. f #T>M:Athen #:T = [M]c: A.
2. If &I = e: A then Z:T' > [e]r: A

Proof. By structural induction. [ |

We did not mention reduction for the axiomatic formulation in Chapter 2, not least because it seems
hard to motivate unless considered within the context of an equivalent term calculus. Indeed, to the
best of my knowledge, there does not seem to be any natural method for deducing the reduction
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[Ta]nx = Az:Ax
[Ba,B,clx 4 \g: (B—oC)Af : (A—oB) )z : A.fgx
[Cancly % Af:(A—o(B—oC))Ax: By : A.fyx
[tensor4 g]a def g ANy : B.xz®y

[split, 5 clr Azt AQBAf : (A—o(B—o()).let z be y®z in fyz

[unit]y = =

[leta]x ©f Xe:ANy:Lletybe * inxz
[[fStA7B]])\ déf AT : A&stt(x)
[snda,B]x f o A& B.snd(x)

[waista p.clx Af (A= B)&(A—oC)). Ay = A((fst(f)y), (snd(f)y))

[inla gy = Az:Ainl(z)
[inra, g]A def Ay : B.inr(y)
[sdistapcly  Af:((A—C)&(B—oC)).\z: A @ B.
case z of
inl(z) — (fst(f))z [|inr(y) — (snd(f))y
[inita]a o Az:f.falsea(-; x)
[terma]a ECUV A.true(x)
[dupl 4] e Nf (lA—(!A—oB)).\x :!A.copy z as y, z in fyz
[disca g]xr def B.)\y !Adiscard y inz
leps 4]a LY :1A.derelict(x)
[deltaa]a 4f Xz :1A.promote z for yiny
[edista ] &ef Af N(A—B).Ax :!A.promote f, x for g,y in (derelict(g)derelict(y))
bl = o
ef
e/l = el /1
ene )l < (leln). ()
[promote(e)]x 4t bromote _ for _in [e]a

Figure 3.13: Compiling Linear Combinators into Linear Terms
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rules. As we used the natural deduction formulation to deduce the set of combinators initially, it
seems appropriate to use the equivalence between linear terms and linear combinators along with
the B-reduction relation for linear terms to determine the reduction rules for the linear combinatory
terms. The resulting reduction relation, ~»,,, (where the w refers to the ‘weak’ sense of reduction)
is defined in Figure 3.14.

Ie ~y
Be f g ~w € (f g)
Cefg ~w (e9)f
split (tensore f)g ~» gef
leteunit ~»y e

fst (with(e,f)) ~w €
snd (with(e,f)) ~w f
wdist (with(e,f)) g ~»w with(eg,fg)

w €4

w [

sdist (with(e,f)) (inl g)
sdist (with(e,f)) (inr g)

eps (promote

delta (promote

edist (promote(e)) (promote(f
disc e (promote(f

( (f

dupl e (promote

e
e

(€) ~w e

(e)) ~», promote(promote(e))

§§ ~», promote(ef)

)~ e (promote(s)) (promote(f))

Figure 3.14: Weak Reduction for Combinatory Terms

We have that this reduction relation reduces valid (combinatory) terms to valid terms. This
property is related to subject reduction for the linear term calculus.

Lemma 8. If #:T = e: A and e ~»,, f then Z&:T = f: A.
Proof. By induction on the structure of e. [ |
In addition we have some further properties of linear combinators which we shall find useful.’

Lemma 9.

FV([z]e) = FV(e) — {x}

Proof. All by induction on the linear combinatory term. ]

We can now consider the similarity between reduction for the linear combinatory terms and for the
linear terms. As is the case for the A-calculus [39, Chapter 9], one direction is easy.

Lemma 10. If e ~,, f then [e]x ~3 [f]a-

5We defined the set of free variables of a linear combinatory term (denoted by FV (e)) in Figure 3.5.
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Proof. By induction on the structure of e. ]

The other direction, that S-reduction is mirrored by w-reduction, fails for the A-calculus (and is why
reduction for combinatory logic is referred to as ‘weak’). Our refined use of ILL gives a glimmer of
hope for this problem. For a fragment of the term calculus (the non-exponential fragment) we find
that the required lemma does hold.

Lemma 11. Let M be a non-ezponential term. If M ~»g N then [M]c ~% [N]c.
Proof. By induction on the structure of the linear term, M. [ |

However, as for the A-calculus [39], we still do not have an immediate relationship between the
respective notions of normal form. This is a serious problem and one that has, by and large, been
ignored by the functional programming community (for one), who use combinatory reduction to
implement S-reduction in compilers [71, 78]. Despite our use of the refined setting of ILL, so far we
gain no new insight into this problem; this remains an important open question.

Proposition 5. If e is in w-normal form, then it is not necessarily the case that [e] is in S-normal
form.

Proof. (Counterexample) Consider the combinatory term let e. It is in w-normal form, but its
translation (Ax.Ay.let y be * in x)[e]x is clearly not in S-normal form. [ |

7 Translations

In §5 of Chapter 2 we considered the logical power of ILL. In particular, we saw how the exponential
regained the power of IL and to that purpose we detailed a translation procedure, originally due
to Girard [31], from a natural deduction formulation of IL into the natural deduction formulation
of ILL. We can apply the Curry-Howard correspondence to this translation procedure to derive a
translation from the extended® A-calculus to the linear term calculus. First of all let us recall the
natural deduction formulation of the extended A-calculus in Figure 3.15.

We shall denote the term translation function as | — |°. However, the translation is really on
derivations rather than terms. There is a slight problem for the extended lambda calculus in that
there is no syntax for the structural rules, in particular the rule of Weakening. Thus there is no
difference between the term associated with the proof of I' + A and one of I'; A + A which differs
only by its instances of the Id rule (where the Weakening rule is embedded). This is a fault of the
extended A-calculus: the terms do not encode precisely the proof trees. Thus we shall include the
context with the translation function, thus | — |3. We give the translation procedure in Figure 3.16.

It should be noted that in some places a-conversions have been included. This is to ensure that
the free variables of the original and the translated term are the same. As we might expect the
translation maps valid A-terms to valid linear terms.

Theorem 20. If F;;, Z:T> M: A then brpp @ 1(T°) > | M]p: A°.
Proof. By structural induction and use of Figure 3.16. ]

Let us return to the question raised in Chapter 2 concerning the preservation of normal forms by
the Girard translation. Take the A-term \f: A D B.Ax: A.fz. Clearly this term is in (3, ¢)-normal
form. However, consider its translation into a linear term:

Af:1(lA—B).\x:!A.copy f,xzas [/, f" o', 2"
in
(discard 2’ in derelict(f"))(promote f”, " for f,z in (discard f in derelict(x)))

6The phrase ‘A-calculus’ normally applies just to the implication fragment. We shall use the prefix ‘extended’ to
refer to the term calculus corresponding to the whole of IL.
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—Id
T ax:Ava: A
I'>M: L
- J—E)
T Va(M):A
I'>M:A FDN:B( ) FDM:A/\B( ) FDM:A/\B( )
N Ne—1) — (Ne—
To (M,N:AAB 0 Tofst(M):A © " TosndM):B  ©
Tz:A>M: B 'sM:ADB I'>N:A
(51) (O¢)
b AM:ADB I'sMN:B
' M: A I'sM:B
, (Vz-1) , (Vz-2)
I'>inl(M):Av B IFeinrf(M): AV B

I'sM:AV B T x:A>N:C I'y:B>P:C
I'>case M of inl(z) — N |inr(y) — P:C

(Ve)

Figure 3.15: The Extended A-Calculus

Although this term is in S-normal form, it is clearly not in c-normal form (the c-redex is underlined).
This essentially reveals an open problem concerning the desired evaluation strategy of a linear
functional language. We shall discuss this further in Chapter 5

As given in Definition 12 of Chapter 2, there is an alternative translation, (—)*, which for the
(D, A)-fragment of IL only involves the multiplicatives. Extending it to a translation on terms gives
a translation which is the same as that in Figure 3.16 expect for the translation of pairs, which is
as follows.

[(M,N)|f = copyZasy,Zin

(promote § for Z in | M|f)®(promote Z for Z in |N|})
fst(M)]E < let |M]f: be y®2 in (discard z in derelict(y))
lsnd(M)[r < let |M|f be y®2 in (discard y in derelict(z))

Of course, this translation function has the same desired property as the Girard translation.
Theorem 21. If F;;, @: T > M: A then by & 1(T) > | M|f: A*.
Proof. By structural induction. [ |

Also in Chapter 2 we gave a translation, (—)°, from ILL to IL. Again we can apply the Curry-
Howard correspondence to this translation to derive a translation from the linear term calculus to
the extended A-calculus. We give the translation procedure in Figure 3.17.

Of course, this translation procedure has the expected following property.

Theorem 22. If Frrr, ' M: A then 7 I's [M|S: AS.

Proof. By structural induction. ]
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case M of

where I' = 7.

lylp
[Ay: A. MR

|MNIp

o

inl(y) — N ||
inr(z) - P

Figure 3.16: Translating A-Terms into Linear Terms

discard & in derelict(y)

M LA (M )

copy T as x’, "

in ((|M[Z := 2/]|2)(promote 2 for Z in |N|2))
(IMIp, INTR)

fst(|M]7)

snd(|M]p)

falsea(-; [M][7)

inl(promote & for ' in (| M[Z := 2']|2))
inr(promotea’c’fora? in(|M[%:= _7]|12))

copy T as x/, x”

in case |(M[Z := 2'])[¢, of
inl(y) — [(N[Z := 2" ][0y,
inr(z) = [(P[Z = 2"]) |7

case

2P
|Ax: A.M S
MNS
IM@N|®
|let M be x®y in N|°
(M, NP
fst(M)[S
jsnd (1)
finl(M)3
finr (M)
Mof inl(y) = N| [°
inr(z) = P
|false 4 (N ; M)[S
|discard M in N
|copy M as z,y in N|°

|promote M for & in N|S

M
M)[S

Figure 3.17: Translating Linear Terms into A-Terms

df \ai AS. M

=f |M|S|SN|Ss

= (MNP

N[z = fst(|M[5),y == snd(|N[%)]

T (M, INP)

©f (M)

= snd(|M[5)

©inl(|M9)

L inr( M)

def case [M[Sof inl(y) — |N[° |
inr(z) — |P[S

j::i V(M)

w N :

=Ny = M

NPT = M)




Chapter 4
Categorical Analysis

1 Linear Equational Logic

Traditional (categorical) treatments of many-sorted equational logics [60, 22] assume that the
rules for term formation automatically contain the structural rules of Weakening, Contraction and
Ezchange. This leads to the result that a categorical model for a many-sorted equational logic is at
least a category with finite products. Here we are considering linear logic, where we do not have
Weakening and Contraction, so we need to linearize the equational logic. We shall proceed in detail
through the standard definitions, although, of course, in the linear set-up.

1.1 Signatures, Theories and Judgements
A signature, Sg, for a linear equational logic is specified by the following.
e A collection of types: o, 7, ...

e A collection of function symbols: f, g, ...

e A sorting for each function symbol, which is a non empty list of types. We shall denote the
sorting of f as f:01,...,0, — 7. If n =0 then we say that f is a constant of type 7.

Suppose we are given a signature Sg for a linear equational logic, we can then define an abstract
syntazx signature, 3, by two sets

1. Ar ={TERM}
2. Con={f € Sq|if fio1,...,0, — 7 then f: TERM"™ — TERM} U {v1,...} .

We say that the raw terms of a linear equational logic generated by the signature Sg are exactly
the closed expressions of the abstract syntax generated by ¥ which have arity TERM.
A context is a finite list of pairs of (object level) variables and types and is denoted

U= [z1:01,...,Tn:04).

It is assumed that the x; are distinct. Given two disjoint contexts I' and A we denote their con-
catenation by I'; A and given a context I and a pair y: 7, their concatenation by I, y: 7.

A term in context consists of a raw term M and a context I' containing all the variables occurring
in M. We denote it using a judgement of the form

I'sM:o.
These judgements are generated by the rules
Identity
o> IO ’
and o
I'ivoMyi:or ... Tyub>M,:o, where f:01,...,0, — 7 isin Sg

Sort.

Fl,...,Fan(Ml,...,Mn)ZT

We can show that there are two further admissible rules.

IThe v; are object level variables.

105
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Lemma 12.
1. f AbM:o and I'yz:0> N:7 then T, A> Nz := M]: 7.
2. U z:o,y:7>M:v then I',y: 7, 2: 0> M: v.

Proof. Both by structural induction. ]
Writing these admissible rules out in full amounts to the rules

A M:o Tx:o>N:7
IVA> N[z := M)t

Substitution,

and
Tx:oy:m>M:v

Ezchange.
Ty:r,xio>M:v

An algebraic theory, Th, is a pair (Sg, Az), where Sg is a signature and Az is a collection of equations
in context. An equation in context is of the form

I'o M = N:o,

where I'> M: 0 and I'> N: o are (well formed) terms in context.
The equations in Az are often referred to as the axioms of the theory Th. The theorems of Th
consists of the least collection of equations in context which contain the axioms of Th and are closed

under the rules

I'>M:o

——— Reflexive
I'sM=M:o
I'sM = N:o
——— Symmetry
I'sN=M:o

I'>M =N:o I'>N=P:o

Transitive

I'sM=P:o

A>rM =N:o TxorP=Q:T
I'Ab Ple:= M]=Qx:= N]:7

Substitution.

2 Categorical Semantics for Linear Equational Logic

For completeness let us first define a symmetric monoidal category.

Definition 22. A symmetric monoidal category (SMC), (C,e,1,a, A, p,7y), is a category C equipped
with a bifunctor e: C x C — C with a neutral element 1 and natural isomorphisms «, A, p and ~:

aspc:Ae(Be(C)—> (AeB)e(
A:leAd 5 A

pa:Ael "5 A

4. WA,B:AOBLBOA,

W=

which make the following ‘coherence’ diagrams commute.

QA,B,Cen M((AQB)OC)OD

Ae(Be(CeD)) (AeB)s(CeD)

idy e Qp,c,D QA BC® idp

Ae((BeC)eD) — (Ao (BeC))eD
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(AoB)oCaA—’B’C»Ao(BoC)M» (Be(C)e A
va,B ®idc QaB.C A
(BeA)e(C Be(Ae() - Be(CeA)
aBA,c idp eya,c
Ao(loB)M(Aol)oB AeB AL paa
idgeAp pA.idB \\ YB,A
A.B:A.B A.B
Aol—’—y—ﬂ> le A
pA Aa
A:A

The following equality is also required to hold:

)\1 = p1:1.1—>1

Definition 23. A symmetric monoidal closed category (SMCC), (C,e,—0,1,a, A, p,7), is a SMC
such that for all objects A in C, the functor —® A has a specified right adjoint A—o—.

Let C be a SMC (C,e,1,a, A, p, 7). A structure, M, in C for a given signature Sg is specified by
giving an object [o] in C for each type o, and a morphism [f]:[o1]e...e [0,] — [7] in C for each

function symbol f:01,...,0, — 7. In the case where n = 0 then the structure assigns a morphism
[c]: 1 — [7] to a constant c: 7.
Given a context I' = [z1:01,...,2Zn: 0,] we define [I'] to be the product [oi]e... e [o,]. We

represent the empty context with the neutral element 1. We need to define the bracketing convention.
It shall be assumed that the tensor product is left associative, i.e. Ay @ Ay e ... e A, will be taken
to mean (...(A; e As)e...)e A,. We find it useful to define two ‘book-keeping’ functions,

Split(I', A): [, A] — [I] o [A]

)\Zl If I' empty
=
. def If A empt
Split(l’, A) = ﬁjrm EAoA

Split(I', A') eida;apn 4, A=A A
Join(T, A): [T, A] — [[] e [A]

Aa If I' empty
. def ) pr If A empty
Join(T A) =19 i FA=A
ar ara;doin(l,A)eidy IFA=A"A
We shall also refer to indexed variants of these; for example

Splitn(Fl,. .« ,Fn)l [[Fl,.. .,Fn]] — [[Fl]] e...0 [[Fn]],
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which is defined in the obvious way.
The semantics of a term in context is then specified by a structural induction on the term.

[e:o>z:i0] = ids

[Ci,... . Tus f(My, ..., Mp):ir] % Splitn(Ty,...,Tn); [T1 o Miioy]e... e [Tne Moy [f]

We have seen earlier that we can consider two further admissible rules for forming terms in context.
Let us consider the categorical import of these rules; firstly the Ezchange rule.

Lemma 13. Let I',x:0,y: 7> M: v be a valid term in context, then

[Tyy:myx:o> M:v] = Oéi%_ﬂ;idr.’}/T’O-;Oér"o-’-,—;IIP,SEZO',yITDMZU]].

This essentially means that the Exchange rule is handled implicitly by the symmetry of the model
(i.e. the v natural isomorphism). Now let us consider the Substitution rule.

Lemma 14. Let z1:01,...,2p:0, 0 M:7, 'y > My: 01, ..., '), > M,,: 0, be valid terms in context
then

[T1,....,Tp> M[zy:= Ny, 2y := Ny 7] =
Splitn(T'y,...,Tp); [C1> Nizor]e...e [T Ny:on]; [x1: 01, -+ ., Tni o > M:T].

Proof. By induction on the derivation. ]

The above lemma represents an important feature of categorical logic and one which will be central
to this chapter and as such deserves to be repeated: substitution in the term calculus corresponds
to composition in the category.

Let M be a structure for a signature Sg in a SMC C. Given an equation in context for the
signature

I'o M = N:o,

we say that the structure satisfies the equation if the morphisms it assigns to '> M: o and I'> N: o
are equal. Then given an algebraic theory Th = (Sg, Az), if a structure M satisfies all the equations
in Az it is called a model.

Theorem 23. Let C be a SMC, Th an algebraic theory and M a model of Th in C. Then M
satisfies any equation in context which is a theorem of Th.

Proof. Essentially we are trying to show that if ' M = N:o is a theorem then [['> M:o] =
[T'> N:o]. Since M is a model we know that it satisfies all the axioms of Th. Thus we need to
show that it satisfies all the equations given in §1.1. It is trivial to see that it satisfies Reflexive,
Symmetric and Transitive. It satisfies Substitution by induction and from Lemma 14. [ ]

3 Analysing the Linear Term Calculus

In the previous section we have seen that to model an equational logic with just the structural rules
of Identity, Exchange and Substitution, we need a SMC. We take this as a basis and consider the
linear term calculus from Chapter 3. In that chapter we identified a series of S-reduction rules. Here
we shall take those as equalities to form equations in contexts.

After giving the signature for the linear term calculus we shall consider each rule in turn to
discover what extra structure is needed on top of a SMC to model the calculus. We shall also make
some simple assumptions which will uncover some 7-like rules as well as some rules which follow
from considerations of naturality.



83. Analysing the Linear Term Calculus 109

3.1 Preliminaries

Definition 24. A linear term calculus signature (LTC-signature), £, is given by

e a collection of types. We have a collection of ground types which contains the distinguished
ground types I, t and f. The collection of types is given by the following grammar

AY | AQA | AoA| ALA|A® A|A

where v represents any ground type,

e a collection of function symbols, containing the distinguished symbols App, Lam,4, Tensor,
Split4, 4,, Unit, Let, With, Fst, Snd, Inl, Inr, Case, True, False,, Copy 4, Discard 4,
Derelict and Promotey4, ... 4, , and

e a sorting for each function symbol.

Given such a LTC-signature, we can define an abstract syntax signature ¥ = (GAr, Con). The
collection of ground arities is just the set {TERM}. The collection of constants Con consists of
the basic function symbols, which are given the arity TERM" — TERM whenever they have the
sorting Ay,..., A, — An41 in Sg, a countably infinite set of object level variables with arity TERM,
together with the distinguished function symbols. To these distinguished function symbols we assign
the following arities:

e App: TERM— TERM— TERM

e Lamy: (TERM— TERM) — TERM

e Tensor: TERM— TERM— TERM

e Split: TERM— (TERM? — TERM)— TERM
e Unit: TERM

e Let: TERM— TERM— TERM

e With: TERM— TERM— TERM

e Fst.Snd: TERM— TERM

e InlInr: TERM— TERM

e Case: TERM— (TERM— TERM) — (TERM— TERM) — TERM
e True: TERM"” — TERM

e False:TERM—(TERM" —TERM)

e Copy: TERM— (TERM? — TERM)— TERM
e Discard: TERM— TERM— TERM

e Derelict: TERM— TERM

e Promote: TERM" —(TERM" —TERM)— TERM

We can now give the rules for forming (object level) terms in context. These judgements are the
same as for the simple linear equational logic but from the enriched signature £ given in Definition 24.
These judgements are as follows.
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Identity
Tz Abx: A

T'ioMi:Ay ... T,.>M, A, where f: Ay,..., A, — Bisin Sg
Fl,...,Fan(Ml,...,Mn)IB

Sort

T'z:A>M:B I'> M:A—-oB A>N:A

> Lam((2)M): A—oB (~or) I,A> App(M, N): B (oz)

I'oM:A Ap> N:T
—— (I7) (le)
>Unit: [ IA>Let(M,N): A

I'>M:A A>N:B Ap> M: AQB Tz:A,y: B> N:C

(®1) ; (®e)
I', A Tensor(M,N): AQB T, Av Split(M, (z,y)N): C

I'sM: A A>N:B I'> M: A&B I'> M: A&B

&1) @ ——— (& T (e
T,A> With(M,N): A&B ' TsFst(M):A  © ) I‘DSnd(M):B( £-2)

'ioMi:Ay - Ty M, A, 'ioMi:Ay -+ T,,>oM,: A, Ap> N:f

. t .
y.....0, 0 True(M):t T1,....Tn, Ab Falses(M, N): B

(fe)

T'>M: A I's>M:B

Br_ ®z_
PDInl(M):AEBB( z-1) I‘DInr(M):A@B( z-2)

'sM:A® B Ajx:A>N:C Ay:Br P:C
I', A> Case(M, (z)N, (y)P):C

(Pe)

A1 Mi:'Ay - AL> M A, x1: 1Ay, .. 2 A > N: B
Ay, ..., A, >Promote(M,..., My, (x1,...,2,)N): !B

Promotion

e M:1A A>N:B
I', A>Discard(M, N): B

Weakening

A M:1A T x:!Ay:!A>N: B
I',A>Copy(M, (z,y)N): B

Contraction

s M:1A
I'> Derelict(M): A

Dereliction

However to keep consistency with the rest of this thesis we shall not use this Martin-Lof-style
notation for the linear term calculus. Rather we shall use the same syntax as in Chapter 3. Of
course, the two notations are equivalent and before proceeding we shall list this equivalence.

App(M,N) <= MN
Lamy((x)M) <= M:AM
Tensor(M,N) <— MQ®N
Split(M, (z,y)N) <= let M bez®yin N
Unit <~ =*
Let(M,N) <= letMbe xinN



83. Analysing the Linear Term Calculus 111

With(M,N) <= (M,N)
Fst(M) < fst(M)
Snd(M) <= snd(N)
Inl(M) <= inl(M)
Inr(M) < inr(M)
Case(M, ()N, (y)P) <= case M ofinl(x) — N |linr(y) — P
True(M) <= true(M)
False(M,N) <= falses(M; N)
Copy (M, (z,y)N) <= copyMasz,yin N
Discard(M,N) <= discard M in N
Promote(M, (f)N) <= promote M for Zin N

Using this more familiar syntax the judgements for forming valid terms in context are repeated in
Figure 4.1.

It is easy to check that within this enriched theory the rules for Substitution and Exchange are
still admissible.

A linear term calculus theory (LTC-theory), 7, is a pair (£, .A) where £ is a LTC-signature and
A is a collection of equations in context. An equation in context, as before, takes the form

T's M= N: A,

where I'> M: A and I'> N: A are valid terms in context as generated by the rules in Figure 4.1. The
equations in A are known as azioms of the theory. To start we shall take the G-rules from Chapter 3
and consider them as equations in context, although later we shall include some extra equations.
The theorems of T are then the least collection of equations in context which contain the axioms A
and are closed under the fS-equations and those from §1.1. These rules are given in Figure 4.2.2

3.2 Analysis

Starting with a SMC (C,e,1,, A, p,7v), we shall take each connective in turn and consider its
categorical import. We shall see that the category theory employed will also suggest some new
equations in context.

Linear Implication
The introduction rule for linear implication is of the form

Tz:A>M:B (
' Ax:AM: A—oB

—o7).

We know that a term in context is represented as a morphism. A logical rule is then modelled by
an operation on morphisms, or, in other words, on Hom-sets. The introduction rule above suggests
an operation on the Hom-sets of the form

¢:C(T'e A,B) — C(I', A—oB).

We know that in terms of the syntax we can substitute freely for any of the free variables of Az: A.M,
i.e. those contained in I'. Since substitution in the term calculus is modelled by composition in the

2As is standard, we shall assume the obvious congruence equations in context; for example

T'yz:AbM = N:B

—©Cong
> Az: AM =X x: AN: A—-B
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Identity
T A a:

T'ioMi:Ay ... T,.>M,:A, where f: Ay,..., A, — Bisin Sg
Fl,...,Fnbf(Ml,...,Mn)lB

Sort

Iz:A>M:B I'>M: A—-B A>N:A
(—o1) (—og)
' Ax: AM: A—-B I'A>MN:B

T'>M:A Ap>N:T
(I7) (Ig)
Dk [ I' Avlet Nbe *x inN: A

I'>M:A A>N:B Ap> M: AQB T z:A,y: B> N:C

(®1) . (®e)
T'A> MQN: ARB I'Avlet M be xz®yin N:C

I'sM: A A>N:B T'> M: A&B I'> M: A&B

& T (ke T (&
T,Ab (M,NY:A&B Tofst(M):A 2 PDsnd(M):B( £-2)

F1>M1:A1 PnDMnIAl F11>M1:A1 FnDMnZAn Ap> N:f

= tz (fe)

Iy,..., Do true(M): t Iy,...,Tn, A>falseg(M : N): B

I'oM:A I'>M:B

TomQnAcs 7Y Fom () An s )

A>M:A® B I x:A>N:C I'y:B>P:C
', Apcase M of inl(z) — N | inr(y) — P:C

(®e)

I'i>Mi:'Ay --- T, M, 1A, x1:1A, . o0 A > N: B
ry,...,I', > promote My, ..., M, forxy,...,x,in N:!B

Promotion

I'>M:1A A>N:B
I') A>discard M in N: B

Weakening

A M:1A Iz !Ay:!A> N: B
I'y)Avcopy M asz,yin N: B

Contraction

I'eM:1A
I' > derelict(M): A

Dereliction

Figure 4.1: Term in Context Judgements for the Linear Term Calculus.
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I'sM:o I'sM=N:o
———— Reflexive ——— Symmetry
I'sM=M:o I'sN=M:o

I'sM=N:o I'sN=P:o
I'sM=P:«
A>M =N:o zoxP=Q:71
VA Plx:=M]=QJx:=N|:7

Transitive

Substitution

Tz:A>M: B A>N:A
IA> (Ax: AM)N = M[x := N): B

—ORq

I'sM:A >k ]
F>let x be x inM=M:A
I'>M:A A>N:B O,x:A,y:BrP:C
A, Oplet M®N be x®y in P = Plx := M,y := N]:C

Irq

®Eq

I'sM:A I'>N:B I'oM:A I'>N:B

_ &g
Tofst((M,N)) = M: A~ 07" Tosnd((M,N))=N:B 47

A>M:A I'x:A>N:C I'y:B>P:C
'y A caseinl(M)of inl(z) — N |linr(y) — P = N[z:=M]:C

@qul

A>M:A I'x:A>N:C I'y:B>P:C
', A caseinr(M) of inl(z) — N |linr(y) — P = Ply:= M]:C

PErg—2

I'i>Mi:1Ar ... T, M, 1A, x1:1Aq, . . o0 1A, > N: B

: : Dergq
Iy,...,T > derelict(promote My, ..., M, for z1,...,2z, in N)

= Nlzy:=My,...,xp :=M,]: B

Fl I>M11 'Al
T, > M,:1A, x1:1Aq, . 20 1AL > N: B A P:C .
Discpg
ry,...,T, A discard (promote My, ..., M, forz1,...,2, in N)in P
= discard My, ..., M, in P:C
Fl I>M1: 'Al
I',>M,:'A, x1: A, 2 1A, N: B Az !By !B P:C
COpyEq

Iy,...,Tn, A>  copy (promote My, ..., M, forzy,...,x,in N)asz,yin P
= copy My,...,Myas(af,...,20), (zf,...,2")in

P[z := promote 2, ... ,a, forzy,..., 2, in N,
y := promote z}, ...,z forx1,...,x, in N|:C

Figure 4.2: Equations in Context for linear term calculus
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category (Lemma 14), this means that ® should be a natural transformation which is natural in T
Taking morphisms m:I"e A — B and c: IV — I, then naturality gives the equation

¢; @r(m) = @r((coida);m).

Let us write Cur instead of ®. Then we make the definition

[T > Az: A.M: A—B] def Cur([T", z: A> M: B]). (4.1)

The elimination rule for linear implication is of the form

I'> M: A—-oB Ap>N:A
I' A>MN:B

(_05)7
which suggests a natural transformation with components
Upr A:C(T',A—B) x C(A,A) — C((T', A), B).
Taking morphisms e:I' — A—oB, f:A — A, ¢TIV — T, d: A’ — A, applying naturality gives the
equation
Split(I’, A");ce d; Join(T, A); ¥ ale, f) = Y ar(ce, d; f).
In particular taking e to be id4_o5, f to be id4, ¢ to be a morphism m:I' - A—oB and d to be a
morphism n: A — A, then by naturality
Split(T, A);men; Wy _op 4(idgyop,ida) = VYra(m,n).

Defining the morphism App ef V4 op.alids—op,ida) then we can make the definition

[T,AsMN:B] % Split(T', A); [T > M: A—-oB] e [A > N: B]; App. (4.2)

We have the following equation in context for the linear implication

I'xz:AvM: B A>N:A
IA> (Ax: AM)N = Mz := N|:B

—OFq.

Taking morphisms m:T"e A — B and n: A — A, this rule amounts to the condition

Split(T, A); Cur(m) en; App = Split(T', A);idr e n; m, (4.3)
or diagrammatically
i id
TFeA Cur(m) o idy A—-oBe A Qaop®l A—-oBe A
idr e n| App
lFeA B.
m

In particular, taking A = A and n = id4 then



83. Analysing the Linear Term Calculus 115

A Cur(m) eid4

Te A—-oBe A

App

B.

We shall make the simplifying assumption that this factorization is unique, namely that a given
morphism m:I" ¢ A — B can be factored uniquely as

Cur(m) eidpr;App = m. (4.4)

Let us consider the case where m = App. Then Cur(App) e id; App = App and from the uniqueness
assumption we can conclude that

Cur(App) = idg—op- (4.5)
We can define two natural transformations

(=)*:C(T'e A, B) — C(I', A—B)
f Cur(f),

and (—).:C(I', AoB) — C(T' s A, B)

g geida;App.
Let us consider their composition. First take a morphism f:T'e A — B, then
((f))x = (Cur(f))"

= Cur(f)eida;App
= f Rule 4.4.

Alternatively take a morphism g:I"' — A—oB, then

((9)«)" = (geida;App)”
= Cur(geida;App)
= g;Cur(App) Naturality of Cur
=g Rule 4.5.

Considering in detail this equality and taking a morphism n:I" — A—oB gives

n = Cur(neida;App)
[C>N:A—oB] = Cur([l'>N:A—oB]e[z: Avx: A]; App)
[C>N:A—oB] = Cur([l',z: A> Nz: B]) Rule 4.2
[T>N:A—-oB] = [I'>Az:ANax: A—-oB].

This is known as a 7-rule in A-calculus nomenclature. It provides the new equation in context
I'> N: A—oB
—0
I'>Az: ANz = N:A—oB

n-
Essentially we have shown that there exists a natural isomorphism between the following maps
T'eA— B
I' - A—oB,

thus —o provides us with a closed structure on the category corresponding to the bifunctor e. Hence
we extend our categorical model to a symmetric monoidal closed category, (C,e, 1, —0, a, A, p, 7).
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Tensor

The introduction rule for Tensor is of the form
I'oM:A Ap> N:B
I')A> M®N: AQB

®1).
To interpret this rule we need a natural transformation with components

Br A C(T, A) x C(A, B) — C((T, A), AR B).

Given morphisms e:I' — A, f:A — B, &:I" — T" and d: A’ — A, naturality gives the equation

Split(T", A");ce d; Join(T, A); @roale, f) = P oar((ce),(d; f)).
In particular if we take e to be id4, f to be idg, ¢ to be a morphism m:I" — A and d to be a
morphism n: A — B then by naturality we have
Split(T', A);m en; &4 p(ida,idg) = @r a(m,n).

If we define the morphism ® def ® 4 p(id4,idp) then we can make the definition

[[,As M®N: AoB] %< Split(T, A); [['> M: A] ¢ [A> N: B]; ®. (4.6)

The elimination rule for the tensor is of the form
A>M: AQB o Ay: B> N:C
I'Avlet M be z®yin N:C

(®g)-

This suggests a natural transformation with components
Uar:C(A,A®B) x C(Te Ae B,C) — C((I', A),C).

Taking morphisms e: A — ARB, f:TeAeB — C, c:A’ — A and d:T" — T, applying naturality
gives the equation

Split(T", A");d e ¢; Join(T, A); War(e, f) = Yarr((ce),((deidseidp); f)).

In particular if we take e to be id,gp, f to be some morphism n:I"e A e B — C, ¢ to be some
morphism m: A — A®B and d to be idr, then by naturality we have

Split(T', A);idr @ m; ¥ 5 r(idagp,n) = Yar(m,n).

Thus U r(m,n) can be expressed as the composition Split(I', A); idrem; Yr(n) where T is a natural
transformation with components

YTr:CTeAeB,C) — C(T'e A®B, ().

We shall write (—)* for the effect of this natural transformation and so we can make the definition

[T, Awlet M bex®yin N:C] % Split(T', A):idr o [A> M: A®B]; ([T, z: A, y: B N: C])(4.7)

We shall make the simplifying assumption that (—)*:C(I'e Ae B,C) — C(I' e A® B, C) is natural
in C. Thus for morphisms m:T"e Ae B — C and n: A e« C' — C’, we have the equality
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Split(A, (T, A®B));ida @ (m)*;n = (Split(A, (T, A, B));ida em;n)*. (4.8)
At the level of terms, this produces the equation in context

Ap> M: AQB Tz:A,y: B>N:C 0,z2:C>P:D
©,I', A> Pz :=let M be z®y in N] = let M be 2®y in P[z := N|:C

®nat-

We have the following equation in context for the tensor
I'sM:A A>N:B O,x:A,y:B>P:C
O,T,Aplet M®N be xz®y in P = Plx := M,y := N|:C

®Eq~

If we take morphisms m:T' — A, n: A — B and p: © e Ae B — (|, this rule amounts to the equation

Split(0, (I', A));ide e Split(I', A);idg ® (m e n);ide ® ®;p* = Split3(0,I', A);ide @ m e n;x4.9)

or diagrammatically

OeTen) des(men) ol 1ep 98 o, 4en
« « p*
(el e A Gdgem)en (e A)e B ) C.

We shall make the simplifying assumption that the factorization suggested above is unique, namely
that a morphism p: © e A ¢ B — (' can be factored uniquely as

p = 0‘6,1A,3§id®°®§p*- (4.10)

In particular, let us consider the case when p = ® and © is empty. We have that ®; (®)* = ®, and
from our uniqueness assumption we can conclude that

(®)" = idigp. (4.11)

Using the morphism ® we can define a natural transformation (—).: C(Te A®B,C') — C(l'e Ae B, ()
by g — ozl?lA p;idr @ ®; g. Let us consider whether this is an inverse to the (—)* transformation.
If we take a morphism g:I" e AQB — C then

((9))" = (ap piidr e @;9)"
= idre(®)*g Rule 4.8
= g Rule 4.11.

If we take a morphism f:T"e A e B — C then

(1)) = aply piidre; f*
= f Rule 4.10.

Thus we have a natural isomorphism between the maps

TeAeB—(C
I'e AB — C.
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Hence we shall assume that e coincides with ®. We know from above that given a morphism
n:I'e A B — C, the equality (a;lA piidr e ®;n)* = n holds. If we precompose with the composite

Split(T", A);idr e m given a morphism m: A — A®B, then we have

Split(T, A); id

This represents another n-rule and gives the equation in context

Split(T', A); idr @ m; (041?{4 g idr e @;n)*

Split(T, A);idr e m; (ozFAB,ldpo [x: A, y: B> a®y: AQB]; [T, z: AQB > N: C])*
Split(T, A);idr e m; ([I', 2: A,y: B> N[z := 2®y]: C

o [A> M: A®B]; ([T, z: A,y: B> N[z := 2Qy]: C
[T, A let M be z®y in N[z := 2y]: C]

A>M: ARB I'z: AQB> N:C

T, A let M be z®y in N[z := zQy] =

Unit

The introduction rule for the unit is of the form

Split(T, A)

Split(T', A);idr e m;n
Split(T, A),ldp em;n
[T,A>N
[T,A>N

sidr em;n

z:= M]:C]

[
[z :M]:C]].

We interpret this rule with a unique map (): 1 — I. The elimination rule for the unit is of the form

To interpret this rule we need a natural transformation with components

Ie
I',Avlet M be x in N: A

Bp A C(T, A) x C(A, T) — C((T, A), A).

Given morphisms e:I' — A, f: A — I, ;T — T and d: A’ — A, naturality gives the equation

Split(T’, A”); c @ d; Join(T', A); @r,a (e, f)

In particular if we take e to be ida, f to be id;, ¢ to be a morphism m:I" — A and d to be a

morphism n: A — I, then by naturality we have

If we define ¢ def ® 4 7(ida,idr), then we can make the definition

[T, A let M be * in N: A]

Split(T, A);m en; @4 r(ida, idr)

Split(T', A); [T'> N: A] o [A > M: I]; ¢.

(4.12)

We shall make the simplifying assumption that ¢: A ¢ I — A is natural in A. Taking a morphism

f:T e« A — B this gives

At the level of terms this gives the equation in context

1 .
ap .75 idr @ da; f

©,z:AvP: B

O, A P[z

= let M be * in N] =let M be * in P[z :=
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We have the following equation in context for the unit
Dk [ I'>sM:A
I'>let x be x inM =M:A

Iq.

If we take morphisms (): 1 — I and m:I' — A, this rule amounts to the condition

priime();oa = m. (4.13)

As with the case for the Tensor, we shall assume that this factorization is unique. Diagrammatically

prlime ()

T Aol

oA

A.

In particular, let us take the case when m = ¢4. We have that p~1;¢ e ();¢ = ¢, and from our
uniqueness assumption we can conclude

Paeri®ae() = idaer (4.14)
We can formulate two natural transformations,

(=) C(L eI, A) — C(Ie1,A)
fridre(); f,
and
(—)u:C(T o1, A) — C(T e I, A)
g oriprtig.

Let us consider whether these are inverses to each other. First take a morphism f:T" e I — A then

((f))« = (idre(); f)«
= ¢r;p tiidre(); f
= proi;ér eidy;idr e (); f
= P1:.11§¢F L <>7f
= f Rule 4.14.

If we take a morphism ¢g:I"e1 — A then
((9))" = (%o 59)

= idre();¢ip g
= pidplg Rule 4.13

Thus we have a natural isomorphism between the maps
Tel — A
Tel— A.

Hence, as for Tensor, we can assume that I coincides with 1. We know from above that given a
morphism n: el — A, the equality ¢; p~!;idre();n = n holds. Precomposing with Split(I", A); idr e
m, given a morphism m: A — [ gives

Split(T', A);idr e m; ¢; p~Lsidr @ ();n = Split(T', A);idr e m;n
[T,A>let M be  in N[z:=x: A] = [I',)A> N[z:= M]: A].
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This represents another so-called n-rule and gives the equation in context

A> M:T IzzI>N: A
I'Aplet M be % in N[z:=%| = N[z:=M]: A

In summary we have seen that ® coincides with e and I with 1 and, hence, from now on we shall
use the logical symbols for both the logic and the categorical model.

With

In contrast with the problems this connective caused in the proof theoretical study in Chapter 2, it
is unproblematic as far as finding a categorical model. The introduction rule for With is

I'oM:A I'>N:B
> (M,N): A&B

&z).

To interpret this rule we need a natural transformation with components
o C(I", A) x C(I', B) — C(T", A& B).

Given morphisms e:I' — A, f:T' — B and ¢:I” — I, naturality gives the equation

& (I)F(evf) = (I)F’((C; 6),(0; f))
In particular if we take ¢ to be (m,n):I'’ — A x B (where m:I' — A and n:T' — B), e to be
fst: A x B — A and f to be snd: A x B — B then by naturality we have

(m,n); ®(fst,snd) = @(m,n).

If we define the morphism pair def ®(fst,snd) then we can make the definition

[C> (M, N): A&B] % ([0 M: A],[T'> M: B]); pair. (4.15)

The first elimination rule for the With is of the form
I'> M: A&B
m (&e—1).
This suggests a natural transformation

U:C(—, A&B) — C(—, A).

However, by the Yoneda lemma [53, Page 61] we know that there is the bijection

[CoP, Sets](C(—, A&B),C(—, A)) = C(A&B,A).

By actually constructing this isomorphism we find that the components of ¥ are induced by post-
composition with a morphism m: A&B — A. Thus we can make the definition

[Cofst(M): A] < [T> M: A&B]; m. (4.16)

The second elimination rule for With proceeds in a similar fashion and results in the definition
(where mo: A&B — B).
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[Cosnd(M):B] %[> M: A&B];m. (4.17)

We have the following equations in context for With.

I'>M:A I‘DN:B& I'>M:A I'>N:B
Tofst((M,N)) = M: A 07" I'osnd((M,N)) = N: B

&Eq—Q

If we take morphisms m:I" — A and n:I' — B, these rules amount to the equations

(m,n);painm = m, (4.18)
and
(m,n);painm = mn, (4.19)
or diagrammatically
r M AxB ﬂ» A&B
A

and
pair

m,n

r <4>> Ax B —— A&B
B.

We shall make the simplifying assumption that the factorizations suggested above are unique. By

taking the case where m = m; and n = 7o, this amounts to the equation

id &g = (m1,ma);pair. (4.20)
We can hence form two operations.

(=):C(T',A&B) — C(I';) A x B)
f = <f;7rlaf;772>a
and
(-)«:C(T,Ax B) — C(T', A&B)
g — g;pair.
If we take a morphism f:I' — A&B then
() = (fim, fym2);pair

f3 {1, m2); pair Naturality
= f Rule 4.20.

If we take morphisms ¢:I' — A and h:I" — B then

(((mym))* = (({m,n);pair; 1), ((m,n); pair; w2))
= (m,n) Rules 4.18 and 4.19 .
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Hence we shall assume that x coincides with & and, again, we shall use the logical symbol for both
the logic and the categorical model. We can precompose the uniqueness equality (Rule 4.20) with
a morphism m:I' — A& B to get

m; (my, mo); pair = m

m; ([x: A&B > fst(x): A], [z: A&B > snd(z): B]); E:ir = m
[T'> M: A&B]; [x: A&B > (fst(z),snd(x)): A&B] = [I'>M:A&B]
[T > (fst(M),snd(M)): A&B] = [[>M:A&B].

This represents another n-rule and gives the equation in context

I'> M: A&B
> (fst(M),snd(M)) = M: A&B

&,.

The Additive Disjunction
The (first) introduction rule for the additive disjunction is of the form

I'oM:A
DSr—
Ioinl(M):A® B

To interpret this rule we need a natural transformation
®:C(—,A) - C(—,Aa B).
Again by the Yoneda lemma [53, Page 61] we know that there is the bijection
[C°P, Sets](C(—, A),C(—,A® B) 2 C(A, A® B).

By actually constructing this isomorphism we find that the components of ® are induced by post-
composition with a morphism i4gp: A — A @ B. Thus we can make the definition

[Coinl(M):AeB] < [DsM:Aliies. (4.21)

The second introduction rule for the additive disjunction can be modelled in a similar way and we

arrive at the definition (where jagp: B — A ® B)

[Coinr(M):Ae B] %< [PoM: Bl jies. (4.22)

The elimination rule is of the form
A>bM:A® B Iz A>N:C I'y:B>P:C
I',Apcase M of inl(z) — N | inr(y) — P:C

(©e)-

To interpret this rule we need a natural transformation with components
Ura:C(A,A® B) x C(IT'®A4,C) x CT'eB,C) — C((T',A),C).
Given morphisms e: A — A® B, f:T®A — C, ¢:T®B — C, c: A’ — A and d:T” — T, naturality
gives the equation
Split(I", A"); d@e; Join(L, A); ¥roale, f,9) = Pra((ce), (d; f), (d; g)).

In particular if we take ¢ to be a morphism m: A — A®B, e to be idsgp, f to be some morphism
n:I'®A — C, g to be some morphism p: I'®B — C and d to be idr, then by naturality we have
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Split(T, A); idr@m; U(idagn,n,p) = Y(m,n,p).

Thus ¥(m, n,p) can be expressed as the composite Split(I', A); idr®@m; Q(n, p) where Q is the natural
transformation with components

Qr:C(I'e4,C) x C(I'eB,C) — C(T'e(A® B),C).

We shall make the simplifying assumption that €2 is natural in C. Taking morphisms e:I'®A — C,
f:T®B — C and g: AQC' — D, this amounts to

Split(A, (I', A®B));ida®8Qe, f);g = Q(Split(A, (T, A));ida®e; g), (Split(A, (T, B)); ida®f; g))-

In particular if we take e to be in: T'®A — (T®A) @ (T'®B), f to be inrnT®B — (T'®A) ® (T'®B),
and g to be [m, n] where m:T®A — C and n:T®B — C, then naturality amounts to

Qr(inlyinr); [m,n] = Q(e, f).

Thus writing distr for the morphism Qr(inl,inr), we can make the definition

[T, A case M of inl(z) — N |[inr(y) — P:C] %

Split(T, A); idr[A > M: A @ B]; distr; [[T,z: A> N: C], [T, y: B> P: C]]. (4.23)
The naturality of the coproduct construction gives rise to the equation in context
AbM:AdB T,z:AvN:C T,y:BrP:C 0,2:C>Q:D

0,I''A > Qz:=case Mofinl(x) — N |inr(y) — P]
= case M of inl(z) — (Q[z:= N]) | inr(y) — (Q[z:= P]): D

@nat .

We have the following two equations in context for the additive disjunction
A>M: A Lz:A>N:C Iy:B> P:C
'y Apcaseinl(M)of inl(z) — N |linr(y) — P = N[z:=M]:C

@qula
and
Ap> M: A Iz A>N:C Iy:B> P:C
I' A caseinr(M) of inl(x) — N |linr(y) — P = Ply:=M]:C
Taking morphisms m: A - A@ B, n:T'®A — C and p: T'®B — C these amount to the equations

DPEg—2-

Split(T, A); idr®(m;i); dist; [n,p] = Split(T', A); idr@m;n,
and
Split(T, A); idr®(m; §); dist; [n,p] = Split(T, A); idr@m; p.

We shall make the simplifying assumption that the factorizations suggested above are unique and
thus given morphisms e:I' — C and f: A — C, the following equalities hold

and
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or diagrammatically

r

Thus we shall model the additive disjunction with a coproduct and hence the morphisms ¢ and j are
modelled by the injection morphisms inl and inr respectively.
Taking the uniqueness assumption from above, we derive the equality

idags = [inl,inr].

Precomposing this with a morphism m:T' — A @ B we get

m;[inlint] = m
m; [[z: A>inl(z): A® B],[y: Beinr(y): A@ B]] = m
[T'>case M of inl(z) — inl(x) | inr(y) — inr(y):A® B] = [['>M:A® B].

This represents another n-rule and gives the equation in context

I'sM:A® B
S2)
I'>case M of inl(z) — inl(z) || inr(y) — inr(y)=M: A® B

n-

The Additive Units
The introduction rule for t is of the form
P1DM12A1 FnDMnZAn

_ tr).
T1....,Tp>true(M): t (t2)

To interpret this rule we need a natural transformation with components
(I)pl’...’FnZC(Fl, Al) X oo X C(Fn, An) — (C((Pl, . ,Pn),t).
Given morphisms e;:I'; — A; and ¢;: I, — T';, then naturality gives the equality

Splitn (T, ..., T7);c1® -+ - @cp; Joinp (T, ..., T0); @ler, .. .y en)
= ®((c15€1),. .-, (Cnien)).

If we take ¢; to be morphisms m;:I'; — A, and e; to be id4,, then by naturality we have

Splitn(T'1, ..., T);mi® - - - @my,; @(ida,, .. .,ida,) = ®(ma,...,my).

We shall write T in place of ®(ida,,...,ida,): A1® - ®A, — t. We have little else to guide us
and we shall make the simplifying assumption that t is a terminal object and thus T is the terminal
morphism.

[[>true(M):t] % Tr. (4.24)

The elimination rule for f is as follows
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'ioMi:Ay -+ Ty M, A, Ap> N:f
Iy,...,Tn, A falseg(M ; N): B

To interpret this rule we need a natural transformation with components
(I)Fl,...,F,,L,A: C(Fl, Al) X+ X C(Fn, An) X (C(A, f) — (C((Pl, s ,Pn, A), B)
Given morphisms e;:I'; — A4;, ¢;: T, = T, g: A — f and d: A’ — A, naturality gives

Split, 1 (', ..., I, A"); 19 - - - @c,@d; Joinp 11 (T, ..., T A); @ry oy aler, .o en, g) =
(I)l"’l,...,l",’n,A’((cl; e1),.-,(cnien), (d; g)).

In particular if we take ¢; to be morphisms m;:I'; — A;, d to be a morphism p: A — £, e; to be idy,
and g to be idg, then by naturality we have

Split, 1 (T, .., Ty A);ma® - - - @y @p; (id 4y, - - -, id 4, idg) = @(may, ..., my,p). (4.25)

Note that there can be zero m terms, in which case we would have

p; @¢(idg) = @a(p). (4.26)

We shall write L p for the morphism ®g¢(idg):f — B. We recall from our analysis of the additive
disjunction, that we introduced a natural transformation distr: T®(A ® B) — (T®A)® (T®B).> As
we are dealing with the nullary version of this connective, we shall introduce a natural transformation
ndistr: I'®f — f. Hence we shall make the definition

[Ty,...,Tp, A falses(M ; N):B] < Split, (T4, ..., T A);
[Ty My A1]®@ - Q[T > My Ap]Q[A > N:Af];
ndiStF1®---®Fn? 1p. (4.27)

An important question is whether we take f to be the initial object (and hence L to be the initial
morphism). Certainly there is nothing so far to suggest this categorically appealing assumption.
Indeed, the similar assumption for categorical models of IL is somewhat controversial, and, as shown
by Harnik and Makkai [37], ensures that certain well-known properties fail. In particular they quote
the abstract result of Lambek and Scott [52, Page 67] that in a bicartesian closed category? there
is at most one morphism A — f for any object A. Thus if we define negation of a proposition A
as A D f, this means that no matter how many proofs we have of a proposition A, all the proofs
of its negation —A (and also its double negation) will be collapsed as a single morphism in the
categorical model. However, taking the reductions from Chapter 3 and in particular the commuting
conversions, we find that we need to model equations in context such as

Ap N:f
A fst(false ¢ (-5 IV)) = falsea(_; N): A '

Categorically this amounts to the equality

n;L,gpifst = nila.

Certainly if we require our categorical model to model all the reductions, including the commuting
conversions, then we need the assumption of initiality.” With this motivation we shall make the
simplifying assumption that f is the initial object.

3In fact, abstract reasoning tells us that this is a natural isomorphism.
1A bicartesian closed category is a CCC with coproducts and an initial object.

5This is also the case for IL.
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The Exponential
The rule for Promotion is of the form
T'ioMi:'Ay -+ T,,> M, 1A, r1:1A1, . 20 1A > N: B
Iy,...,I',, > promote My,..., M, forzqy,...,z,in N:!B

Promotion.

To interpret this rule we need a natural transformation with components
Or, .1, C(T1,141) x ... x C(Ty,!4,) x C(1A41®...®!A,, B) — C((I'y,...,T',),!B).
Given morphisms e;:T'; —!4;, ¢;: T, — T; and d:!4;® ... ®!A,, — B, naturality gives the equation

Splitn (T, ..., I,);a1® ... Qcp; Joinn (T, ..., T0); @ry . ory (€1, - oy ey d)
=& 1 ((c15e1),.. ., (cnien), d).

In particular if we take ¢; to be morphisms m;:I'; —!A;, e; to be idi4, and d to be morphism
p:lA1®...®!A, — B, then by naturality we have

Splitn(T'1, ..., Tyn);ma® ... @My Pra, 14, (idia,, ... idia,,p) = @r, . r,(m1,....,mp,D).

Thus ®(myq,...,my,p) can be expressed as the composition Splitn (T'1,...,T);mi® ... @my,; ¥(p),
where ¥ is a transformation

U:C(141®...0!4,,B) - C(l4;1®...R!4,,!B).

We shall write (—)* for the effect of this transformation and so we can make the preliminary definition

[Ty,...,Ty > promote My, ..., M, forzy,...,x, in N:1B] def
Splitn(T'1, ..., Tw); [T > M1: 1A ]®@ ... @[Ty > My 1AL]; (Je1: 1Ay, . o 2 1A > N B])™.
(We shall see later that further analysis will lead us to a more precise definition.) The rule for
Dereliction is of the form
I'>M:1A

I' > derelict(M): A

Dereliction.

To interpret this rule we need a natural transformation
®:C(—,!4) — C(—, A).

However, by the Yoneda lemma [53, Page 61] we know that there is the bijection

[CP, Sets](C(—,14),C(—, A)) = C(I4, A).

By actually constructing this isomorphism, we find that the components of ® are induced by post-
composition with a morphism e:!A — A. Thus we can make the definition

[T derelict(M): A] %< [Ds M:1A];e. (4.28)

We have the following equation in context for Dereliction

T'ioMi:'Ay ... Ty> M, 1A, x1: 1A, .. 2 1Ay > N: B

Dergy.
Iy,...,T, > derelict(promote My, ..., M, forz1,..., 2, in N)

= Nlzy:=M,...,z,:= M,]:B
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If we take morphisms m;:T'; —!A4; and p:'4;® ... ®!A,, — B this rule amounts to the equality

Splitn(T1, ..., Tp);mi® ... @my; (p)*5e = Splitn(T1, ..., T0);mi®...Qmy;p,  (4.29)

or diagrammatically,

e, o, M0 O o o4, L 1B
€

p
B.

In accordance with our treatment of Tensor and Unit, we might make the assumption that the
factorization suggested above be unique. However let us consider an immediate consequence of such
an assumption. The equation in context for Dereliction gives us that

. .
g ey Cea)” oy
€A
lea
1A,

commutes. An assumption of uniqueness implies that (le4)* = idua. Hence we derive the equality

lea = eaa. (4.30)

Although at the moment this may seem reasonable, we shall see later how such an equality is
sufficient to collapse the model so that 'A =!!A. For now, therefore, we shall not demand the
uniqueness of the factorization; but rather we shall consider some different constructions.

We can certainly define the operation

. C(T, B) — C(T", !B)
[ (ers f)".

Thus we have an operation of the form

r1.a

T A,
We shall make the simplifying assumption that this operation is a functor. However we still need
some extra structure. If T" is represented by the object A;®...®A,, then IT" will be represented by
(A1®...®A,), but clearly by 'T" we really mean !4;®...®!A,.5 Thus we shall make the additional

assumption that ! is a (symmetric) monoidal functor. This notion is due to Eilenberg and Kelly [27]
(although originally given in the enriched setting) and for completeness we repeat the definition.

Definition 25. (Eilenberg and Kelly) A symmetric monoidal functor between SMCs
(C,e,1,a, A\, p,y) and (T, 1" &/, X, p',+) is a functor F: C — C’ equipped with

6This additional complication is essentially due to our use of a tensor product to represent the comma on the left
hand side of a sequent. Ideally we should use some form of multicategory [51]. Currently this concept is not well
developed, although recent work by de Paiva and Ritter [25] looks promising.
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1. A morphism my.: 1’ — F1.
2. For any two objects A and B in C, a natural transformation ma p: F(A) o' F(B) — F(AeB).

These must satisfy the following diagrams:

mi,A ma,i

Fle' FA F(l1e A) FAe F1 F(Ael)
mays o’ idFA F(/\A) idFA o myr F(pA)
1"e FA - FA FAe 1 - FA
Apa PFra
"id .

(FA.'FB).'FCM F(AeB) o po A5G F((AeB)e()

Q%A,FB,FC F(aa,p,c)
FAe (FBe FC) - ; FAe F(Be() F(Ae(Be())

idra o mp.c MA,BeC

FAS FB "5 p4eB)

’Y,/q,B F(va,B)

FBe FA—— F(BeA)
mp,A

However in our particular case, assuming that ! is a symmetric monoidal (endo)functor means that
! comes equipped with a natural transformation

ma p:!AQIB —!(A®B)
and a morphism
m]:I —IT

(where m; is just the nullary version of the natural transformation.) The diagrams given in the
above definition become the following;:

olA 14 1 (10.4) Ao — AL (AT
myQidig '(Aa) idia®@my (pa)
I01A 1A 1A®T 1A
1A PIA
(aeB)eic MAENNC e prsie TASPE | (ae By
QUAIB,IC (aa,B,0)
IA®(IBR!C) - IARI(B@C) (A®(B&C))

idia®mp,c M4 BRC
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1A0!B ZA45 (A0 B)

YA,B '(va,B)
IB&IA — 1(B2A)
mp. A

We have appropriate candidates for these monoidal morphisms in the interpretation of the proofs

Ar A B+ B
—— Dereliction ——— Dereliction
A A 'B v+ B (®r)
&
A B+ A® B &
Promotion
'A,!B + !(A® B)
(®c),

1A®!B + (A ® B)

and
-1
—— Promotion

7 (Ic)
T

There are some extra notions of symmetric monoidal functors, depending on any extra properties
of the morphisms. Let us give some examples.

Definition 26. A symmetric monoidal functor, (F,ma, g, m1/):C — C', is said to be

1. Strict if ma, g and my are identities.

2. Strong if m4 g and my, are natural isomorphisms.

The equation in context for Dereliction gives us that

A, iy (aid)
€B
ea; f
B
commutes, or in other words
|
1A 2 !B
€A €EB
A B
f

commutes. Given that we have made the assumption that ! is a (symmetric) monoidal functor,
this diagram suggests that € is a monoidal natural transformation. We shall make this assumption
and write € for the monoidal natural transformation e:! — Id. We shall repeat the definition of a
monoidal natural transformation, which, again, is due to Eilenberg and Kelly.

Definition 27. (Eilenberg and Kelly) A monoidal natural transformation between two monoidal
functors F, F’: C — C' is a natural transformation o: F' — F’ which satisfies the following diagrams:
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i FAS FB 225 F'(A) e F'(B)
i
my my ma,B my g
F1 F'(1) F(AeB) F'(AeB)
g OAeB

Again in our setup this says that the natural transformation : ! = Id satisfies the following diagrams.

142! B A8 (A9 B) I
EARER EAQB my \\
A®B ——— A®B 7 I

€1
We have seen that from an identity morphism idyj4:!A —!A we can form the canonical morphism
0 = (idia)*: 1A —!lA. We know little about d, other that given by equality 4.29, namely

dase1a = idia.
This equation is one of the three for a comonad. First let us repeat the definition of a comonad.

Definition 28. A comonad on a category C is a triple (!, ¢, ), where I: C — C is an endofunctor,
and e:! = Id and 4: 12 —! are natural transformations, which make the following diagrams commute:

04

1A 124 1A

5a 1(6.4) 72NN

134 1A 124 1A
S €14 l(ea)

12A

We shall assume that (!, ¢, d) form a comonad. In addition since ! and € are monoidal, we shall assume
that ¢ is also a monoidal natural transformation, and, hence, we have a (symmetric) monoidal
comonad. The assumption that § is 