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Ising model

ometry: finite graph G=(V,E) .

e configurations: ()= {9
S|gnments of +/ - spinsto the vertices).

pability of a configuration q C Us given by

Ibbs distribution(no external field):

1

o) = 5 =exp 53, oA

E Ferromagnetlmvlth Inverse -temperature
as - the measure k favors configurations
- Wwith aligned neighboring spins.
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Heat-bath Glauber dynamics

he Gibbs distribution:
: / via an independent Poisson(1) clock,
Iacmg it by a new spin | k conditioned on V Qu{ .

lic reversible MC with stationary measure K.

fast is the convergence to equilibrium?
suring convergence in L%k" : Spectral gap:
gap=1-]

(where | = largest nontrivial eigenvalue of the kernel H ).
A Measuring convergence in L’ : Mixing time_:

(e)=inf t: maxHH o, —pf, <

i m|x

TV_



neral (believed) picture for
Glauber dynamics

model on the lattice (D/ nD)q .
critical inverse-temperature . :

w temperature (* < ) :
tand t,., are exponential in the surface area.

al temperature (" ; .):
tand t.., are polynomial in the surface area.

\ ¢ High temperatures:
' 1. Rapid mixing: gap'=0(1) andt , q logn
2. Mixing occurs abruptly, i.e., there is cutoff.




Describes a sharp transition in the convergence
of finite ergodic Markov chains to stationarity .

Steady convergence Abrupt convergence
it takes a while to reach the distance fron quickly
distance Y% fronp, then a drops froml to O

while longer to reach
distance Y4, etc.
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dihe importance of cutoff

Suppose we run Glauber dynamics for the Ising
Model satisfying t... g f(n) for some f(n) .
Cutoff e  $omec, > 0 so that:

A Must run the chain for at least
|c, Of(n) steps to even reach
distance (1-c) from K.

A Running it any longer than
that Is essentially redundant.

Proofs usually require (and thus provide) a deep
understanding of the chain (its reasons for mixing).

Many natural chains are believedo have cutoff, yet

eran be extremely challenging.
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sutoff: formal definition

_MHTV_
p[,u A—vA ] .

ol ,ih hascutof

L ()
(1- €

1e following holds:

=1 foranyO0 < £

mIX

atl for any . ** | we have

Eix (@) = (1 ﬁ(l))tm.x 3) .
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Cutoff example: Glauber
dynamics for Ising at 3 =0

1Ss: Uniform { £ 1} updates on then sites
ne hypercube]

2 magnetization is a Markov Chain (analogous to
e cl| &qsieqndle @ Hi rt h &

Y /
t . (1—¢ = 3logn —c’.

E [Aldous @3]: lower bound is tight:
5 log n + O(1) time suffices!




Jicture for Glauber dynamics
the square lattice (Z/nZ)*

® exp(cr

Igh temperatures: |
51=0(1) and t, q logn

Polynomial gap?, t.,, at the critical
itic critical k already highly involved...

e Open Cutoff at high temperatures?

gap tyix ® exp(cn) for somec> 0.

A Cutoff unknownevenin 1-di mensi on ( Q.

-~ ATo thls date, no proof of cutoff for any chain whose
ary distribution Is not completely understood...
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