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È Underlying geometry: finite graph G=( V,E ) .

È Set of possible configurations:
(assignments of +/ - spinsto the vertices).

È Probability of a configuration qÇUis given by 
the Gibbs distribution(no external field):

È Ferromagnetic with inverse -temperature  :̀
as ̀ ¬ the measure  k favors configurations 
with aligned neighboring spins.
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È MC sampler for the Gibbs distribution:

ÁUpdate each u ÇV via an independent Poisson(1) clock, 

replacing it by a new spin |kconditioned on V Qyu{.

È Ergodic reversible MC with stationary measure k.

È How fast is the convergence to equilibrium?
ÁMeasuring convergence in L0&k': Spectral gap:

gap = 1 -j
(where j= largest nontrivial eigenvalue of the kernel H ).

ÁMeasuring convergence in L/: Mixing time :
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È Setting: Ising model on the lattice (D/ nD)d .
Belief: For some critical inverse-temperature  c̀ :

È Low temperature ( <̀ c̀ ) :
gap-1 and tmix are exponential in the surface area.

È Critical temperature ( ;̀ c̀ ) :
gap-1 and tmix are polynomial in the surface area.

È High temperatures:

1. Rapid mixing: gap-1=O( 1) and tmixq log n

2. Mixing occurs abruptly, i.e., there is cutoff .
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È Describes a sharp transition in the convergence 
of finite ergodic Markov chains to stationarity .
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Steady convergence
it takes a while to reach 

distance ½ from p, then a 
while longer to reach

distance ¼, etc.

Abrupt convergence
the distance from pquickly 

drops from 1 to 0
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È Suppose we run Glauber dynamics for the Ising
Model satisfying tmix q f(n) for some f(n) .

È Cutoff ė  $some c0>0 so that:

ÁMust run the chain for at least 
|c0 Öf(n) steps to even reach 

distance  (1 -c) from k.

ÁRunning it any longer than 
that  is essentially redundant.

È Proofs usually require (and thus provide) a deep 
understanding of the chain (its reasons for mixing).

È Many natural chains are believedto have cutoff, yet 
proving cutoff can be extremely challenging.
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È Recall:

È The chain has cutoff if the following holds:

È That is, for any .:_*̀ :/we have
.
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È No interactions: Uniform { ± 1}  updates on the n sites 

[the discrete-time analogue of the chain is the lazy 
random walk on the hypercube]

È The magnetization is a Markov Chain (analogous to 
the classical  òEhrenfestõsUrnó birth & death chain).

È The Coupon Collector approach:
whereas

È [Aldous õ83]: lower bound is tight:
½ log n + O(1) time suffices!
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È Known:

ÁLow temperature:
gap-1 ®exp(c n) and tmix ®exp(c n) for some c > 0 .

ÁHigh temperatures:
gap-1=O( 1) and tmixq log n

È Open: Polynomial gap-1 , tmix at the critical ?

ÁStatic critical kalready highly involved...

È Open: Cutoff at high temperatures?

ÁCutoff unknown even in 1-dimension (Q. of Peres)é

ÁTo this date, no proof of cutoff for any chain whose 
stationary distribution is not completely understood...
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