DIAMETERS IN SUPERCRITICAL RANDOM GRAPHS
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ABSTRACT. We study the diameter of C1, the largest component of the

Erdés-Rényi random graph G(n,p) emerging from the critical window,
1+¢e
n

ie., for p = where €%n — oo and € = o(1). This parameter was

extensively studied for fixed € > 0, yet results for € = o(1) outside the
critical window were only obtained very recently: Riordan and Wormald
gave precise estimates on the diameter, however these do not cover the
entire supercritical regime (namely, when en — oo arbitrarily slowly);

Luczak and Seierstad estimated its order throughout this regime, yet

their upper and lower bounds differ by a factor of L;’O.

We show that for any & = o(1) with *n — oo, the diameter of C; is
with high probability asymptotic to D(e,n) = (3/¢)log(¢3n). We also
prove that, in this regime, the diameter of the 2-core of C; is w.h.p.
asymptotic to %D(s,n), and the maximal distance in it between any
pair of kernel vertices is w.h.p. asymptotic to %D(e, n).

The proofs rely on a recent structure result for the supercritical giant
component, which reduces the problem of estimating distances between
its vertices to the study of passage times in first-passage percolation.

1. INTRODUCTION

The Erdés-Rényi random graph G(n, p) is perhaps the most fundamental
random graph model, and its rich behavior has been studied in numerous
papers since its introduction in 1959 [10]. One of the most famous phenom-
ena exhibited by this model is the double jump at the critical p = 1/n. As
discovered by Erdés and Rényi in their celebrated papers from the 1960’s,
for p = ¢/n with ¢ fixed, the largest component C; has size O(logn) with
high probability (w.h.p.) when ¢ < 1, it is w.h.p. linear in n for ¢ > 1, and
for ¢ = 1 its size has order n2/3 (the latter was fully established only decades
later by Bollobas [6] and Luczak [14]). Furthermore, Bollobds found that
the critical behavior extends throughout the regime where p = (1+¢)/n for
e = O(n~'/3), known as the critical window (or scaling window).

Despite the intensive study of this model, one of its key features — the
diameter of the largest component — remained unknown in a regime just
beyond criticality, namely for p = (1 + ¢)/n where € = o(1) and &*n — o
arbitrarily slowly. Our main results determine the asymptotic behavior of
the diameter throughout this regime, as well as the diameter of the 2-core

and the maximal distance in it between kernel vertices.
1
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Recall that the 2-core of Cy1, denoted by C?), is the maximal subgraph of
C1 where every vertex has degree at least degree 2. The kernel K is obtained
from C]EZ) by contracting every 2-path (a path where all interior vertices have

degree 2) into an edge.

Theorem 1. Let Cy be the largest component of the random graph G(n,p)
for p=(1+¢)/n, where e3n — co and € = o(1). Then w.h.p.,

3+o0(1)
5

diam(Cy) = log(e3n).

Theorem 2. Let C%z) be the 2-core of the C1 for p = (1 + €)/n, where
e3n — 0o and € = o(1). Let K denote the kernel of C%z). Then w.h.p.,

_ 240(1)
==

diam(C!?) log(e*n) (1.1)

5/3 +o(1)
5

max distqz) (u,v) = log(e3n) . (1.2)

u,veEK

Theorem 1 completes a long list of studies of the diameter in sparse
Erdés-Rényi random graphs. In the subcritical case, p = (1 — ¢)/n where
for ¢ — 0 and €>n — oo, Luczak [15] obtained a precise estimate of
log; /(1_6)(25372) + O(1) for the largest diameter of a component (including
the limiting distribution of the additive O(1)-term). In the critical window,
it was shown in [18] that the diameter of C; has order n'/3,

However, analyzing the diameter in the supercritical case is considerably
more delicate. The asymptotics of this parameter in the fully-supercritical
regime, p = (1 4 €)/n where € > 0 is fixed, were obtained in [11] (see also
[7,8]). results for the regime € = o(1) were only obtained recently. Riordan
and Wormald [20] proved accurate estimates of the diameter for most of this
regime, but did not cover the range where the random graph emerges from
3n — oo arbitrarily slowly). Luczak and Seierstad

[16] gave estimates for the diameter that do apply to the entire supercritical
f 1000
7

the critical window (i.e., €

regime, yet their upper and lower bounds differ by a factor o

Remark. By our results and the duality of the supercritical and subcritical
regimes, it follows that in the setting of Theorem 1, the diameter of C; is
w.h.p. the largest diameter of a component — larger by an asymptotic factor
of 3 compared to the largest diameter of any other component (this was
already known for most of the regime [20]). Compare this to the subcritical
case p = (1 — &)/n, where the largest component C; has diameter of order
(1/e)+/log(e3n) w.h.p. (since C; is w.h.p. a uniform tree on its vertices).

In order to establish Theorems 1 and 2, we apply a recent structure result
proved in a companion paper [9]. This result translates the supercritical
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giant component into a contiguous tractable model constructed in 3 steps
as follows (see Theorems 4.1 and 5.1 for the precise formulation):

1. Select a graph K uniformly among all graphs with a prescribed size
and degree sequence, where almost all degrees are 3.

2. Replace the edges of K by paths of i.i.d. geometric lengths.

3. Attach a Poisson-Galton-Watson tree to each vertex.

Note that Step 1 above constructs the kernel, Step 2 gives the 2-core and
Step 3 produces the entire giant component.

Using this tool, the problem of estimating distances in C; is reduced to
the study of passage times in first-passage percolation (see, e.g., [13] for
further information on this thoroughly studied topic). For instance, one
may readily deduce from known results [3] on first-passage percolation that
the typical distance between kernel vertices in the 2-core is asymptotically
(1/¢)log(e3n) (see [9, Corollary 2]).

However, in weighted random graphs, maximal distances exhibit a behav-
ior different from typical distances. In order to prove our main results, we
establish sharp large deviation estimates for these distance variables.

The rest of this paper is organized as follows. Section 2 contains a few
preliminary facts required for the proofs. In Section 3 we analyze typical
and maximal distances in weighted random regular graphs, as well as in
metric graphs (obtained by replacing each weighted edge by a line segment
with the corresponding length). Section 4 contains the proofs of the main
theorems in the special case of ¢ = o(n_l/ 4), where the description of the
giant component has a particularly elegant form (Theorem 4.1). We extend
these results to the general case of any € = o(1) in Section 5.

2. PRELIMINARIES AND NOTATION

A random d-regular G ~ G(n,d) is a graph uniformly chosen among all
graphs on n vertices, each with degree d. One of the main tools for sampling
from this distribution, as well as analyzing the behavior its typical elements,
is the configuration model, introduced by Bollobés [4] (see [5,12,21]).

To construct a graph using this method, associate each of the n vertices
with d distinct half-edges, and select a uniform perfect matching on these
points. The resulting (multi)graph is obtained by contracting each d half-
edges into their corresponding vertex (possibly introducing multiple edges
or self-loops). Crucially, given that the graph produced is simple, it is
uniform over G(n, d), and for d fixed, the probability of this event is bounded
away from 0. Hence, events that hold w.h.p. for the graph obtained via the
configuration model also hold w.h.p. for G ~ G(n,d).
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One particularly useful property of the configuration model is that it al-
lows one to construct the graph gradually, exposing the edges of the perfect
matching one at a time. This way, each additional edge is uniformly dis-
tributed among all possible edges on the remaining (unmatched) half-edges.

The distance between two vertices u,v in an unweighted (undirected)
graph G, denoted by distg(u,v), is the number of edges in the shortest path
connecting these two vertices. We will use the abbreviation dist(u, v) when
there is no danger of confusion. If G has non-negative weights on its edge,
the length of a path is replaced by its weight (the sum of weights along its
edges), and dist(u,v) is analogously defined as the weight of the shortest
(least heavy) path between u,v.

The diameter of a graph G, denoted by diam(G), is the maximum of
dist(u, v) over all possible vertices u, v.

It is well-known (and easy to show) that G(n, d) is locally tree-like around
a typical vertex. To formalize such statements, we use the following notion.
The tree excess of a connected set S, denoted by tx(S), is the maximum
number of edges that can be deleted from the induced subgraph on S while
still keeping it connected (i.e., the number of extra edges in that induced
subgraph beyond |S| — 1).

3. RANDOM REGULAR GRAPHS WITH EXPONENTIAL WEIGHTS

3.1. Diameters of weighted graphs. In this section, we consider a ran-
dom regular graph for d > 3 fixed, with i.i.d. rate 1 exponential variables on
its edges. Our goal is both to obtain the asymptotic distance between two
typical vertices in the graph, and crucially, also establish its decay rate.

Theorem 3.1. Fiz d > 3 and let G ~ G(n,d) be a random d-regular graph
with n vertices and i.i.d. rate 1 exponential variables on its edges. Then
w.h.p., diam(G) = (35 + 2) logn + O(loglog n).

To prove the above result, we need to address the exponential decay of
the distance between vertices, and introduce the following definition: Let
t > 0. The t-radius neighborhood of a vertex u, denoted by By(t), is

Bi(u) £ {v : dist(u,v) < t}. (3.1)
Further define the threshold of B;(u) reaching a certain size as
Tu(s) = min{t : |By(u)| > s}. (3.2)

Given these definitions, we can now formulate the exponential decay of
diam(G) as well as T,, for all u € V.
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Theorem 3.2. Fiz d > 3 and let G ~ G(n,d) be a a random d-regular
graph with n vertices and i.i.d. rate 1 exponential variables on its edges.
Then there exists some ¢ > 0 so that the following holds. For any £ > 0,

P (diam(G) > (ﬁ + %) logn + 15loglogn + E) <cef+en 2, (3.3)

and for ¢ = 2+/dnlogn and a uniformly chosen vertex u,

1
P <Tu(q) > Q(Sg—nQ) + 7loglogn + E) <ce ¥ 4 %efe +2n7%2 . (3.4)

Proof. We first wish to prove (3.4). Fix a vertex u, and consider the following
continuous-time exploration process. At time ¢t = 0, we have a ball that
contains only u. For ¢t > 0, our ball contains every v that has dist(u,v) <,
i.e., it is precisely By(t).

In our setting, u is a fixed vertex and both the graph and its weights are
random, hence we can expose the edges and their weights as we grow By(u).
This leads to an equivalent description of the process:

e Start with By(u) = {u}, where u has d (unmatched) half-edges.
e Repeat the following exploration step:
— Given there are m half-edges in the current set, denoted by
hi,...,hm, let ¥ ~ Exp(m) be a rate m exponential variable.
— Select a uniform half edge h; and match it to a uniformly chosen
half-edge in the entire graph (possibly introducing a new vertex
with d — 1 new half-edges to the set B).
— If a new vertex was added to the set, reveal the matchings (and
weights) of any of its half-edges, whose match is also in B.

Indeed, to see the equivalence to Bi(u), let Bj(u) denote the set generated in
the process that dynamically exposes the edges and weights. We claim that
the process generates a graph G ~ G(n,d) with i.i.d. rate 1 exponentials as
weights, and that furthermore B;(u) = Bj(u) for all ¢.

To see this, consider the usual configuration model for generating the
neighborhood of u, a fixed vertex in a random d-regular graph. That pro-
cess would repeatedly select a uniform unmatched half-edges in the current
neighborhood B and match it to a uniform half-edge in the entire graph.
Instead, we can continuously grow the weights of the half-edges hi,..., hpy,
in B until one of their rate 1 exponential clocks fires. Since the minimum
of m exponentials is exponential with rate m, this is the same as choosing a
uniform half-edge h; after time V. Henceforth, the equivalence follows from
the memoryless property of the exponential distribution.

Let 7; denote the time of the ¢’th exploration step (i > 0) in the above
continuous-time process, and notice that for each ¢, at time 7,41 we match a
uniformly chosen half-edge from the set B;, to a uniformly chosen half-edge
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among all other half-edges (excluding those in B;,). Moreover, given F-,
we have that 7,41 — 7; is an exponential variable with rate k, where k is the
number of half-edges in |B, (u)|.

By the uniform choice of the matching, given F,,, the number of half-
edges, introduced by the new vertex at time 7;4; and connecting back to

Bz, ., is stochastically dominated by a binomial variable
i d+(d—2)(i+1 ;
Bin(d — 1,«) , where o = % < %

(after ¢ matchings we have at most d+ (d—2)i half-edges in B;, out of dn—2i
half-edges in total, and the first of the d—1 newly added half-edges has d — 2
additional “bad” candidates). Therefore, for every i, the tree-excess of B,
is stochastically dominated by a binomial variable Bin(id, (i + 1)/n) (with
room to spare). Recalling that ¢ = 2v/dnlogn and defining

r= log3n,
we have the following for large n

P(tx(B,) > 1) < P(Bin (dr, =) >

=) >1
P(tx(Br,) > 2) < P(Bin (dr, “t1) > 2) <

Furthermore, for any k satisfying » < k < 10g,

P(tx(B,) > %) < P(Bin (dk, &) > %) <exp (—1k/Vr) <n®,

where the last two inequalities hold for any sufficiently large n by Chernoff’s
inequality (see, e.g., [1]), noting that k?/n = o(k/+/7). Define the event

R = {tx(B;,) < k/\/r for all r < k < 10¢} , (3.6)

and note that a union bound over all < k < 10q gives that P(R) > 1—n"5.
At this point, we have two cases concerning tx(B;,.).

e Case 1. The tree excess of B;, is 0 and the event R holds.
In this case, for any ¢ < r, conditioning on tx(B;,) = 0 we have
that the number of half-edges of B, is d + di — 2i = (d — 2)i + d, and
Ti+1 — T4 = Y;, where

Y; ~ Exp((d —2)i +d) (1t=0,1,...,r=1)
and all Y;’s are independent. Now, each matching that contributes to
the tree excess eliminates an extra half-edge instead of introducing d—1

new ones. Therefore, for each ¢ > r, conditioning on tx(B;,) < i/\/1
we have that 7,11 — 7; XY, where

Y; ~Exp((d—2)i +d—di/\/r)  (i=rr+1,..) (3.7)
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Applying the Laplace transform, and noting that for Y ~ Exp(p)
o0
Eet = / eMpe PYdy = P ,
0 p—=A

we obtain that

T (d—2)i+d—di/\T
2z—|—d N =y va=aijr=x

< (d - 2)%d—dl/\f>

r—1 q—1
d 1 d 1 1
< - - . il
eXp[d—2i:1i+d—2 [ 1/2;z]
< ex L(l O(r=1/2)) 1 2| < 10¢%/(d-2)
Sexp | o— (1+0(r™7%) ) logq +2| < 10¢ ,

where the last inequality holds for large n. Hence, in Case 1 we have

logn loglogn
P -7 > < — .
(Tq 71_2<d_2)+2(d_2)+€>_O(exp( de))

As 11 ~ Exp(d), altogether in this case

logn loglogn
> < — .
P(Tq_Q(d2)+2(d2)+€>_0(exp( de))

e Case 2. The tree excess of B;, is 1 and the event R holds.
Here, for any i < r, the following holds: Conditioned on tx(B;,) < 1,
the number of half-edges in By, is d for i = 0 and at least (d — 2)i for
1 > 1. Hence, 1541 — 75 2 Y;, where the Y;’s are independent variables

given by
Yo ~Exp(d), Y;~Exp((d—2)i) (i=1,...,r—1).

For ¢ > r, conditioned on tx(B;,) < i/+/r the bounds of Case 1 hold,
that is, 7,41 — 7; 2 Y] for the variables Y; as given in (3.7). This yields
that

‘ﬁ (d—2)i+d—di/\/r
(d—

r—1
’Tq T2 <
—H2 d— 21—)\ Ni+d—di/\Jr—\
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Taking A = 1, we get

1=r

r—1

11
<eXp[ QZTLd 2 1—[d 2)/r Z]

1=

1
<exp [d2 (1 + O(r_l/z)) logq + 2] < 10¢M(42)
where the last inequality holds for large n. Hence, in Case 2 ,

logn loglogn
P(Tq T2_2(d—2)+2(d—2)+£>_O(eXp( 0)),

and again, as 72 = Exp(d) + Exp(d — 2) with these two exponentials
being independent, in this case

logn loglogn
> < — .
P<Tq_2(d_2)+2(d_2)+€>_O(exp( 0))

Combining the above two cases using (3.5) and that P(R) > 1 —n"=5, we
conclude that for some ¢ > 0 fixed,

1
P(7g> X + Tloglogn+¢, R §ce*d€+£e*€+2n*3/2,
2(d —2) n

implying (3.4).
To obtain (3.3) we need the next simple lemma.

Lemma 3.3. With high probability, dist(u,v) < T,(q) + Tv(q) for all u,v.

Proof. Fix two vertices u,v and consider the aforementioned exploration
process. Explore B;(u) until reaching ¢ = T),(q), and condition on the event
that its tree-excess is o(q), as ensured by the event R defined in (3.6) (this
event holds with probability at least 1—n"?). Thus, there are (d—1—o0(1))q
half-edges in By, (,) except with probability n=o.

Next, begin exposing B;(v); each matching adds a uniform half-edge to
the neighborhood of v, and so the probability that Br,,) does not intersect
BTu(q) is at most

(1 _ (d‘ld—no(l))qf < exp(—4(d — 1 — o(1))logn) < n~"

for any large n. A union bound over u, v now completes the proof. |

To infer (3.3) from (3.4) and the above lemma, argue as follows. Choose
¢ = Llogn+k in (3.4) to obtain that for some constant ¢ > 0, a uniformly
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chosen vertex u has
Cc

P(Tu o1 1y Tlogl k) Codb Sk g3
() = (57 + 4) logn + Tloglogn + < e et

(with room to spare), and by taking a union bound over w it follows that,
for some other ¢ > 0, the probability of

{Tu(Q) < (2(?172) + é) logn + 7loglogn + k:} for every u

is at least 1 — ce™ — 2/\/n. Combining this with Lemma 3.3 gives the
estimate for the decay of the diameter, as given in (3.3). [

We also need the next simple lemma, which bounds the number of edges
in a path achieving dist(u,v) for any u,v.

Lemma 3.4. With high probability, for any two vertices u,v, the number of
edges in the path achieving dist(u,v) is at most 4delogn.

Proof. Consider a simple path consisting of ¢ edges, and let X; denote the
Exp(1) variable that corresponds to the i’th edge. Setting Sy = >, , Xi,

e)\af

(1+N)E7

where the last equality is by the fact that fooo e Me Ty = p%)\ Choosing
A = (1 —a)/a and subsequently a = 1/(2de), we get that

P(Sp < al) = P(e™*% < ) < AR =

P(S; < al) < (ac')" < (2d).

Fix a starting position u for the path. Summing over all d(d —1)~! possible
simple paths of length ¢ originating from u, we have that the probability
that one of these paths would have weight smaller than af is at most 2.
In particular, if A, denotes the event that there exist an integer £ > 2log, n
and a simple path originating from u has length ¢ and weight at most a/,
then P(A,) < n~2. Taking a union bound over the vertices u gives this for
any vertex of the graph w.h.p.

By the estimate of Theorem 3.2 on the diameter we deduce that, w.h.p.,
for any wu, v either the path achieving dist(u,v) has at most 2log, n edges,
or it has at most

2
diam(G)/a < 2de( +-=+ 0(1)) logn < 4delogn

d—2 d
for large n, thus concluding the proof. |
The upper bound on the diameter of the weighted graph G will follow

immediately from the results we have established so far. For the lower
bound, we need to the following lemma.
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Lemma 3.5. Let u,v be two uniformly chosen vertices of the graph G de-
fined in Theorem 3.2. Let Bj(z) = {y : dist(y, Ng(x)) < t}, where Ng(x)
denotes the neighbors of x in G. Then w.h.p., Bj (u) N Bj (v) = 0 for
ty = 2@71_2) logn — 3loglogn.

Proof. Fix a vertex u, consider the exploration process defined in the proof
of Theorem 3.2 from the set Ng(u) (comprised of d(d — 1) half-edges), and
again let 7; be the time of the i’th matching. As argued before, 7,41 —7; > Y,
where the Y;’s are independent exponential variables given by

Y; ~ Exp ((d — 2)i + d(d — 1))

(this follows from the fact that the worst case is when the explored set forms
a tree). At this point, setting b = d(d — 1) — (d — 2), we get
z
P(r, < 1) < / T]((d - 2)i + bye~ Sima(@=2i00mi g, g,
Y wms<t;
4

/ ((d = 2)i + b)e Wz DX imaviqy, .. dy, .
0<y1<..<y<t ;4

Changing variables and accounting for all permutations over the y;’s, we
have the following for z = \/n/logn.

P(r, <t) < / te—(d—2+b>yw
Do z!

: (/[ | (d— 9)2e=(=2) X vigy, | ..dy“) dy
0,y]*~

where ¢ > 0 is an absolute constant. Setting tg = ﬁ(logz — 2loglogn),
we obtain that

t
P(r, <t) <ec(d— 2)2Ti2 / e~ log” "dy = o(n°).
0

To conclude the proof, observe that the above argument showed that
w.h.p. |Bj,(u)| < z. Choosing another uniform vertex v (which misses this
mentioned set with probability 1 — o(1)) and exposing B} (v), again w.h.p.
we obtain a set of size at most z. Crucially, each matching is uniform among
the remaining half-edges, and so its probability of hitting the boundary of
| Bi, (u)] is at most z/n. Altogether,

z

2
+o(1) =0(1),

B(Bj, (u) 1 Bl,(v) £0) < =

as required. |
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We are now ready to prove the asymptotic behavior of the diameter.

Proof of Theorem 3.1. For the upper bound, apply Theorem 3.2 with,
say, ¢ = loglogn, to obtain that w.h.p.
diam(G) < (L + g) logn + 16loglogn = (L + 2 + 0(1)) logn .
d—2 d d—2 d
It remains to provide a matching asymptotic lower bound.
Set

1 1
D2 glogn — gloglogn,

and call a vertex “good” if the weight on all the d edges connected to it is
larger than D. For a vertex u € V, let A, denote the event that u is good.
Clearly, P(A,) = 105”, and so if Y = ) 14, holds the number of good

vertices, we have that EY = logn. Furthermore,

Var(Y) = Cov(la,,14,) =Y Var(la,)+» > Cov(la,,1a,)

U v:uwveE(Q)

u,v

<EY + > dP(A,) = (d+ 1EY,

and by Chebyshev’s inequality we deduce that, for instance, Y > %logn
w.h.p. In particular, the number of pairs of distinct good vertices, denoted
by R, satisfies R > %log2 n w.h.p.

On the other hand, recalling Lemma 3.5 and taking

to = 2(d1_2)logn —3loglogn,
we have that two uniformly chosen vertices u, v satisfy Bj (u) N Bj, (v) =0,
where the ball Bj(z) includes all vertices of distance ¢ from the neighbors
of z. In particular, condition on the events A, and A,, the probability that
Bj, (u) does not intersect By (v) remains the same (since the weights on the
immediate edges incident to u,v do not play a part). Therefore, for two
uniformly chosen vertices u, v we have

P (Ay, Ay, Bi,(u) N Bi, (v) #0) = o(P(Ay, Av)).

Denoting by R’ the the number of pairs of good vertices that are of distance
at most 2D + deQ logn — 6loglogn, we deduce that

ER = o(EY?) = o((EY)?) = o(log®n)..

By Markov’s inequality, R’ < %loan w.h.p., and hence R — R’ is w.h.p.
nonempty. This implies the existence of two vertices whose distance is at
least (ﬁ + %) logn — 7loglogn, completing the proof. |



12 JIAN DING, JEONG HAN KIM, EYAL LUBETZKY AND YUVAL PERES

3.2. Diameters of metric graphs. We next consider the following contin-
uous analogue of the diameter of a weighted graph (see, e.g., [2] for further
related information).

Definition 3.6. Let G = (V, E) be a graph with non-negative weights on
its edges {w(e) : e € E}. The corresponding metric graph X = X(G) is the
graph obtained by replacing every e € E by a line segment L. of length w(e),
with the (uncountable) vertex set UcL. and the obvious shortest path metric.

That is, the distance between any x,y € X', lying on two distinct L. and
Ler resp., is the minimum of |2 — x|z, + [y — y|z,, + distg(2',y') over all
4 possible choices of endpoints 2’,y" of L., Lo resp., where | - |z, is the Eu-
clidean distance in the interval [0, w(e)] and we identified 2,y with vertices
of G (When e = ¢’ the distance is the minimum of the above and |z —y|r.).

For a fixed integer d > 3, Let G ~ G(n,d) be a random d-regular graph
with i.i.d. rate 1 exponential weights on its edges. At times we will identify
the metric graph X with its points (the union of its line segments). As
before, we let diam(X') = max, yex dist(z,y).

The next theorem establishes the typical diameter of X', which differs
from that of G by a term of (% +0(1)) logn.

Theorem 3.7. Fizd > 3, let G ~ G(n,d) be a random d-regular graph onn
vertices with i.i.d. Exp(1) variables on its edges, and let X (G) be its metric
graph. Then diam(X) = (1 + ﬁ) logn + O(loglogn) w.h.p.

The proof follows the same arguments used to prove Theorem 3.1, but
instead of exposing a neighborhood of an initial vertex, it does so while
excluding one of the edges incident to this vertex. We will therefore focus
on the modifications required to adapt the original argument to our new
setting.

Recall that we defined T3,(g) in the discrete setting as the minimal ¢ such
that |B¢(u)| > ¢. In the continuous case, we will still have B;(u) count the
number of vertices of GG, that is, endpoints of line segments in X'. Further
define By(e) for a directed edge € = (x, y) as the set of all vertices of G whose
distance from y is at most ¢, without using the edge € (in any direction).
That is, Bi(e) is the set B;(y) minus vertices that depend on é for being
included in this set. As before, let Tz(q) = min{t : |By(€)| > q}. We can now
formulate an exponential decay statement for the diameter of X', analogous
to Theorem 3.2.

Theorem 3.8. Let G and X be as in Theorem 3.7. Then there exists some
c > 0 so that the following holds. For any £ > 0,

P (diam(X) > (1 + ﬁ) logn + 15loglogn + Z) <ce 2 yon~V2, (3.8)
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and for g = 2/dnlogn and a uniformly chosen directed edge €,

P <Té(q) + sw(e) > 2(1;%_712) + 7loglogn + 6) <ce 42732 (3.9)
Proof. Consider the exploration process from the endpoint y of the uniformly
chosen edge € = (z,y), while disregarding e. This process is identical to the
process defined in the previous subsection except that it starts with d — 1
half-edges rather than d half-edges.

Letting 7; be the time of the ¢’th exploration step, we have that there
are at most d — 1 4 (d — 2)i half-edges in B;, out of dn — 2i half-edges in
total. It follows that the number of half-edges, introduced at time 741 and

connecting back to B is stochastically dominated by a binomial variable

Ti+17

Bin(d — 1,a) where o = 4=1HE=204) £ o2

Thus, we apply the same analysis of the tree excess of B;, as in the proof of
Theorem 3.2 (stochastically dominating it via a binomial Bin(d, (i + 1)/n))
to obtain the exact bounds of (3.5), as well as that P(R) > 1 —n"° for R
defined in (3.6).

Examining the two cases for tx(B;,.), we now have that 7,11 —7; XY for
i.i.d. exponential variables Y; defined as follows:

e Case 1. (The tree excess of By, is 0 and the event R holds)
Yo~Exp(d—1), Yi~Exp(d—1+4+(d—2)i) (i=1,...,7r—1),
Y; ~ Exp(d—1+ (d—2)i —di/\/r) (i=mrr+1,...).

e Case 2. (The tree excess of B;, is 1 and the event R holds) Since we
can assume that no loops or multiple edges are formed via the configu-
ration model (our graph G is simple), we have that the first matching
adds d — 2 half-edges to the boundary (d — 1 new ones at the cost of
1 half-edge lost, as there are no loops), and the second matching adds
d — 2 half-edges as well (no multiple edges). Thus,

Yo~Exp(d—1), Yi~Exp(2d—3), Y2~ Exp(3d—5),

Y ~ Exp(2d — 5+ (d —2)(i — 2)) (1=3,...,m—1),

Yi ~Exp(2d =5+ (d—2)(i —2) —di//r) (i=nr,r+1,...).
Notice that, as d > 3, the rates of the above Y;’s are all at least 2. It is then
easy to verify that, by choosing A = 2 for the Laplace transform in both

cases and following the same calculations as in the proof of Theorem 3.2 we
obtain that

1
P (Té(q) > _osn

> m + Tloglogn + £> < ce 2l 4 opn3/2
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(notice that since A = 2 was used for both cases, we could absorb the ﬁe_%
term corresponding to the decay of Case 2 into the ce™2¢ term obtained
from Case 1). Crucially, w(é;) is independent of T, (¢) by definition, and as
w(é) ~ Exp(1) (and so 2w (é;) ~ Exp(2) has decay rate 2) we immediately
obtain (3.9).

Choosing ¢ = %logn + k and taking a union bound over €, we have that

{Té(q) + %w(é) < (ﬁ + %) logn + 7loglogn + k} for every x € X
(3.10)
with probability at least 1 — ce™ 2k 4 2n,~1/2,

To conclude (3.8) from (3.10), argue as follows. For two points z,y € X,
write g, uy for their closest points in G respectively, and let €, €, denote
the directed edges containing z,y and ending at u,,u, respectively. Clearly,

dist(z, y) < dist(ug, uy) + %w(éx) + %w(éy) .
Now, by Lemma 3.3, w.h.p. we have dist(u,v) < T,(q) + T(q) for all u,v.
Furthermore, for any directed edge € = (u,v), as By(€) C By(v) we get that
T:(q) > Ty (q). Altogether, w.h.p.

1 1
dist(z,y) < Te,(q) + Te,(q) + §w(éx) + gw(éy) for all z,y € X,

and the exponential decay of the diameter, as stated in (3.8), now immedi-
ately follows from (3.10). [ |

Proof of Theorem 3.7. The upper bound on diam(X) follows directly
from the exponential decay estimate in (3.8), e.g., by taking ¢ = loglog n.

The proof of the lower bound will follow from essentially the same argu-
ments used to prove Theorem 3.1. Here, instead of defining a “good” vertex,
we call an edge “good” if its weight is larger than

D =logn —loglogn,

and obtain that the probability that a given edge e is good is 1ngL . The
same second moment argument that showed that R, the number of pairs
of distinct good vertices, is at least ilogzn w.h.p., now yields the same
estimate on the number of pairs of distinct good edges.

The argument in Theorem 3.1 then proceeded with an application of
Lemma 3.5, which bounds the probability that two uniformly chosen vertices
u,v have intersecting neighborhoods B} (u) and Bj (v) for a prescribed tg
(where Bj(x) consists of vertices that are of distance at most ¢ from Ng(x),
the neighbors of x in G). We now note that the statement of this lemma
holds also for any uniformly chosen points z,y € X', when Ng(z) still stands
for the neighbors of z in the graph G (i.e., the endpoints of the incident
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edges). To see this, simply replace the b by 2(d —1) — (d — 2) in the proof of
that lemma, accounting for the 2(d — 1) initial half-edges in the exploration
process. Since the value of b does not play a role in the proof (as long as
it is a constant), the proof holds without any further changes (for the same
value of tp).

Therefore, as before we may deduce that the expected number of pairs of
good edges, whose distance is at most 2, is o(log2 n), and so w.h.p. (using
Markov’s inequality) there exists a pair of good edges, e, f, whose distance
in X is at least 2t3. The proof is now concluded by choosing the middle
points in e, f to obtain a distance of

D 1
2-5 + 2ty = <1+m> logn — 7loglogn,

as required. [}

4. THE YOUNG GIANT COMPONENT

In this section, we focus on the giant component in the regime e*n — oo

and ¢ = o(n~Y*). In order to relate the results of the previous section
(concerning diameters of weighted random regular graphs) to this setting,
we apply the main result of the companion paper [9], which provides a
complete and tractable description of C;.

Theorem 4.1 ([9, Theorem 1]). Let Ci be the largest component of the
random graph G(n,p) for p = %, where e3n — oo and € = 0(n‘1/4). Then

Cy is contiguous to the model Ci, constructed in 3 steps as follows:

1. Let Z ~ N (%63n,53n), and select a random 3-reqular graph K on N =
2| Z| wvertices.

2. Replace each edge of K by a path, where the path lengths are i.i.d. Geom(g).

3. Attach an independent Poisson(1 — ¢)-Galton- Watson tree to each verter.

That is, P(C, € A) — 0 implies P(C; € A) — 0 for any set of graphs A.

In the above, a Poisson(u)-Galton-Watson tree is the family tree of a
Galton-Watson branching process with offspring distribution Poisson(u).
Throughout the paper, we will use the abbreviation PGW-tree to denote
this object.

4.1. The 2-core and its kernel. In light of the above theorem, the kernel
K of the giant component in the regime of p = 1% for e3n — oo and
e = o(n"'/*) is a random 3-regular graph G ~ G(N,3). The 2-core C£2) is
obtained by replacing the edges of this graph by 2-paths (i.e., paths whose
interior vertices all have degree 2) of lengths i.i.d. geometric with mean 1/e.
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Proof of Theorem 2 for the regime ¢ = o(n~'/%). Let G ~ G(N, 3) be
a random 3-regular graph with i.i.d. Exp()) edge weights {w(e) : w € E(G)},
where e™* = 1 — e. Further let H be the unweighted graph obtained by
taking the underlying graph of G, and replacing each of its edges by paths
of length i.i.d. geometric variables with mean 1/e. Let K denote the subset
of the vertices of H of degree at least 3.

By Theorem 4.1, for N as defined as in Step 1 (which in particular satisfies
N = (% + o(1))e®n w.h.p.), H corresponds to Cf), the 2-core of the giant
component of G(n,p), and the graph G corresponds to its kernel K.

We can clearly couple G and H such that, each 2-path P in H, corre-
sponding to some edge e € E(G), would satisfy ||P| — w(e)| < 1.

By Theorem 3.2, the diameter of the weighted graph G is w.h.p.

diam(G) = (2 + o(1))(1/A) log N,

and by Lemma 3.4 the path achieving it consists of O(log N) edges. Hence,
recalling that 1/A = (1 + o(1))(1/e) — oo, the distance between any two
vertices u,v € K in the graph H differs from their distance in G by at most
O(log N) = o(diam(G)), and so w.h.p.

. o § 3

U%:é);(dlstf[(u,v) = (3 +0(1))(1/e)log(e’n) .
Furthermore, by the coupling of G and H, given the metric graph X(G)
we clearly have that distance between two given points x,y € X is up to a
difference of 2 the distance between two other points u,v € H (simply take

the closest points to x,y in the subdivision of the corresponding edges), and
vice versa. Since we know by Theorem 3.8 that w.h.p.

diam(X) = (2+0(1))(1/A)log N,
we can now deduce that w.h.p.
diam(H) = (2 + 0(1))(1/¢) log(3n),
as required. |

4.2. The diameter of the giant component. We next wish to prove
Theorem 1, which establishes the asymptotics of the diameter of the giant
component.

The next lemma estimates the diameter of a Poisson-Galton-Watson tree.
Throughout the proof, let 0 < p < 1 be some function of n satisfying

p=1-e+0(?).

Lemma 4.2. Let T' be a PGW (u)-tree for p as above, and let Ly, be the k-th
level of T. For any k > 1/e we have P(Lj, # 0) = © (e exp [—k(e + O(?))]).
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Proof. Let T' be a Galton-Watson tree with a Binomial offspring distribution
Bin(b, u/b). Then T is precisely the open cluster containing the root after
percolating on a b-ary tree Tp, where the percolation probability is p/b. Let
L) be the k-th level of 7”. The next lemma gives a sharp estimate for the
probability that L] is non-empty.

Lemma 4.3 ([17, Theorem 2.1], restated). Assign each edge e from level
h—1 to level h in T, the edge resistance ro = (1 — 4)(¥)™". Let Ry be the
effective resistance from the root to level k of Ty. Then,

1 2

< P(L < )
1+ Ry — ( k#w)_l—i-Rk

In our case, the resistance Ry satisfies (see, e.g., [19, Example 8.3])
A i -5 b—1 [0+55)/4]
— o011 b—p [+l p] -1

Note that for k > 1/ we have

k+1
g

: (1/M>k+1 —1 -1 2
Iim Ry =~———+——— =0 (e "exp |k(e+O(e .
b—oo (1/p)—1 ( [ ( ( ))])
Applying Lemma 4.3, we obtain that
2
<P(L < :
1+ R — (k#w)_l—FRk

Letting b — oo and using the fact that Bin(b, §) converges to a Poisson ()
distribution, we obtain that for any k > 1/e,

P(Li #0) = © (eexp [ k(e + 0())]) .
as required. |
We are now ready to prove the main result.

Proof of Theorem 1 for the regime ¢ = o(n~'/). For N as defined in
Theorem 4.1, let G ~ G(N, 3) be a random 3-regular graph with i.i.d. Exp()\)
edge weights, denoted by {w(e) : w € F(G)}, where e™* = 1 — . Again, let
H be the unweighted graph obtained by taking the underlying graph of G,
and replacing each of its edges by paths of length i.i.d. geometric variables
with mean 1/e.

In what follows, we will shift between the shortest distances in the metric
graph X(G) and those in the weighted graph H. Since we have

A=1/log(1/(1 —¢)) = (1/e) + O(1),
Lemma 3.4, together with the aforementioned coupling between the two
models, implies that this shift will only cause an error of O(log(¢3n)), which
is easily absorbed in our estimate for the diameter.
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Set 6 > 0. and consider m = O(e?n) iid. PGW(1 — ¢)-trees. By
Lemma 4.2, the probability that a given such tree will have height at least

h™ = (1 —6)(1/e)log(en)
is, for some ¢ = ¢(d) > 0, at least

3 )7(176)(1+O(€))

65(8 n 3 )71+6+o(1) 2

= ce(e’n q.

Therefore, standard estimates for the binomial variable Bin(m,q) (whose
mean is mq = (£1)°~°1)) imply that there exist at least 2 such trees w.h.p.

Let H, denote the height of the PGW-tree attached to a vertex u in the 2-
core. By the above discussion, the two vertices u, v with largest H,, H, have
H,, H, > h™, and clearly they are uniformly distributed among the vertices
of Cf) (by the definition of our model). As such, Lemma 3.5 asserts that
their distance in G is w.h.p. at least 2ty = (1 + o(1)) log N, and re-scaling,
we obtain that their distance is at least (1+0(1))(1/¢) log(¢3n) in the 2-core.
Altogether, the distance between a level-H,, leaf of the PGW-tree of v and
a level-H,, leaf of the PGW-tree of v is at least

(3—25+0(1))(1/e)(3n),

and letting 6 — 0 completes the lower bound.
For the upper bound, let B = {u € C§2) : H, > 1/e}. Applying
Lemma 4.2 and Markov’s inequality, we infer that w.h.p.

|B| < e3nlog(e3n). (4.1)

Recall that the attached trees are independent of the 2-core and hence B is
independent of the structure of the 2-core. Moreover, for any u,

P (Hu >1/e+ ¢ ‘ u € B) = O(e*(1+0(s))€€) 7

since we have P(u € B) = O(¢).
Now, as in (3.2), let T, = T,(¢) be minimum time ¢t at which B;(u)
(counting vertices in the kernel) reaches size ¢ = 2y/nlogn. For § > 0, set

tn = (5 + ) (1/e)log(e’n) .
Since H, and T, are independent, using (3.9) we deduce that for any u,
P(H, >l |u€ B, T,) < O(e”(1T0E))
P(T, >ty +la|u€ B, H,) < O(e”110E)L)
and a convolution over ¢ + fo = £ now gives that
P(H, + Ty >t + ¢ |u€ B) < O(e”1T0E)Et)

Taking
¢ = (146)(1/¢)log(3n)
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and recalling the bound (4.1) on |B|, we conclude that w.h.p. every u € B
satisfies

H,+T,< ((% + 25)5_1 log(sgn)) )

It remains to treat vertices not in B. Again applying (3.9), w.h.p. we have
T, < (14 6)(1/e)log(e3n) for all u € C{Q), and thus for all u € CEZ) \ B,

Hy, + Ty, < (1/e) + (1 +6)(1/¢) log(en) .

Altogether, we conclude that w.h.p. every u € sz) satisfies

H,+T, < ((% +20)(1/e) log(a3n)) ,

and Lemma 3.3 now concludes the proof of the upper bound. |

5. DIAMETERS IN THE SUPERCRITICAL GIANT COMPONENT

The goal of this section is to extend the proofs of Theorem 1,2, provided
in the previous section for the special case of ¢ = o(n™/4), to any € = o(1).

The proofs follow from essentially the same arguments, by replacing The-
orem 4.1 with its following more general form:

Theorem 5.1 ([9, Theorem 2]). Let Cy be the largest component of G(n,p)
forp= %, where e3n — oo and € — 0. Let u < 1 denote the conjugate of
1+e, that is, pe= " = (1+e)e~ 149 Then Cy is contiguous to the following

model Cy:

1. Let A~ N (1+¢e—p, Ein) and assign i.i.d. variables D,, ~ Poisson(A)
(u € [n]) to the vertices, conditioned that > Dy1p, >3 is even.

Let N, = #{u : Dy = k} and N = ) -3 Nj. Select a random
graph K on N wvertices, uniformly among all graphs with Ny, vertices
of degree k for k > 3.

2. Replace the edges of K by paths of lengths i.i.d. Geom(1 — ).
3. Attach an independent Poisson(p)-Galton- Watson tree to each vertex.

That is, P(C; € A) — 0 implies P(Cy € A) — 0 for any set of graphs A.

Indeed, a Taylor-expansion of the above defined parameter p shows that
p = 1—e+0(g?), hence our treatment of the re-scaling of the weighted graph
by paths of length i.i.d. Geom(1 — p) will be essentially the same as in the
case of i.i.d. Geom(e) variables, and the same applies to the PGW (u)-trees
(rather than PGW(1 — ¢)-trees). Step 1, however, is somewhat different
here, as the degree distribution of the kernel is richer. Nevertheless, with
only minor modifications the original proofs will hold for this case as well.
We next address these adjustments that one needs to make.
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5.1. The 2-core and kernel. To extend the upper bounds from the case
e = o(n~'/*%) to the general case, consider the kernel K. While before K was
a random 3-regular graph, now it has a degree distribution of a truncated
Poisson, resulting in an order e*n expected number of vertices of degree k
for k > 3. As we will now show, this will only assist us in establishing the
upper bound on the diameter.

Consider the weighted graph G studied in Section 3. A crucial element
in the proofs of all the upper bounds was the decay of the distance of two
typical vertices in the 2-core. This was achieved by analyzing the exploration
process starting from a uniformly chosen vertex. While previously every
vertex had 3 half-edges, now the degree distribution is more complicated:

e On one hand, encountering a vertex of large degree in the explo-
ration process would contribute extra half-edges to our boundary,
and hence accelerate the exposure speed (by increasing the rate of
the exponential waiting times 7;).

e On the other hand, larger degrees might result in a larger tree-excess,
slowing down the growth of the number of exposed vertices.

We now show that the effect of the second item is negligible. First, notice
that w.h.p. the largest degree in the kernel is at most log N (in fact, it is

O(lolgoigN) w.h.p.). Assuming that this holds, (3.5) can be replaced by

P(ex(By,) 2 1) < B(Bin (dr, (r + 1)'%Y) = 1) = 0(r?%Y) = 0(™).

P(tx(B,,) > 2) < P(Bin (r,r%%Y) > 2) = O(rt1le’N) — o(N—3/2) ,

which is indeed sufficient. Therefore, the probabilities of the events we con-
dition on to control the tree-excess have the same effect. A straightforward
stochastic domination argument for the first item above (where the larger
degrees are in our favor) now completes the upper bounds specified in Sec-
tion 3 for the new degree distribution.

Establishing the lower bounds is slightly more delicate. Fix § > 0. By
standard large deviation arguments, there exists some ¢ = ¢(d) > 1 such
that, with probability at least 1 — 9,

(3¢)"
Kl

Set z = y/N/log N. Let S; be the number of unmatched half-edges in our
explored set at time 7; (where 7; denotes the time of the ¢’th matching) and

let X; = S; —S5;—1. Recall that after ¢ < z matchings we have at least N3 — 2
vertices of degree 3 and at most N vertices of degree k for k& > 4, and

N3 = (% + 0(1))6371, N <c

n forall k > 4. (5.1)

that each matching samples a half-edge uniformly at random. With this in
mind, the following variable Y would stochastically dominate the degree of
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this random half-edge, then

_ . 3(N3 —Z)
PY =3)= 3(N3 —z) + Zj24ij ’
P(Y = k) = il (k=4,5,...).

3(N3 —2) + Zj24ij
Since each matching to a newly exposed degree-k vertex costs one half-edge
and introduces k — 1 new ones, it follows that X; < Y; — 2 where the Y;’s
are i.i.d. with ¥; ~ Y. Setting S; = >r_,(Y; — 2) we get that S; < So + S
for all ¢.

By our assumption (5.1),

c(k +2)(32)*2n/(k +2)! _ ,(3e)"""
(4—o(1))e3n =kt

for some constant ¢’ > 1. Hence, the Laplace transform for Y; — 2 satisfies

P(Y; —2=k) < (k=2,3,...)

e (3€)k—1
EerMYi=2) < A 4 Z ! ) < e’ exp(e3e) .
k=2
Setting A = log(1/¢), we arrive at EeYi < ¢e3/e. Now, an application of
Markov’s inequality gives that for large n,

~ ded\t
P <St - (1 + loglo;(l/a))t> - (T) P <_)\t<1 * loglo;(1/€)>>

< <C/63 exp ( — 10{;?;;{{%)) <ot

where the last inequality holds for any large n. We can now infer that

P (St > (1 + M)t) — 0(27YVE) = o(1).

t>4/1/¢
On the other hand, as P(X; > 2) < P(Y; > 4) = O(e), it follows that
P(X;=1forall1<i<1/ye)>1-0(e)=1-0(1).

Altogether, we conclude that given (5.1), we have that w.h.p.

Sy < So+t+ =(1+o0(1)t+3 forallk=1,2,...,z, (5.2)

t
log log(1/¢)
where we used the fact that Sy is the degree of the starting vertex for the
exploration and is thus equal to 3 w.h.p.

Letting 6 — 0, we obtain that (5.2) holds w.h.p. Therefore, we may per-
form the exploration process according to the argument of Lemma 3.5, and
at every step t condition that the event in (5.2) indeed holds up to that
point, and so the estimate on 7, immediately follows in the same manner as
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before. Since the second moment argument is only affected by the asymp-
totic number of vertices in the kernel (or edges, for the case of the metric
graphs), this concludes the proof of the lower bound.

Finally, note that, as u = 1—e+0(e?), writing the final estimate involving
the term 1/e rather than 1/(1 — p) results in a multiplicative factor of
1+ 0(e) =1+ o(1), keeping the statement valid.

5.2. The giant component. Having extended the treatment of the 2-core
and kernel to the case of € = o(1), it remains to address the attached trees.
Note that Lemma 4.2 applies directly for the value of u as defined in The-
orem 5.1, hence our estimates for H,, the height of the tree attached to a
vertex u of the 2-core, remain unchanged. As the rest of the arguments are
applications of the results for weighted graphs and metric graphs (already
discussed in the previous subsection), they hold without modification.
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