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ABSTRACT

We describe a family of stochastic auctions that are incentive-
compatible (i.e., “truthful”), and which generalize Vickrey
auctions. We describe situations in which such stochastic
auctions are useful. We then discuss contingent-payment
auctions and their incentive-compatible counterparts. Fi-
nally, we discuss how to utilize both reinforcement-learning
techniques and stochastic auctions to learn probabilities for
contingencies.
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1. INTRODUCTION

Contingent-payment auctions are widely used in online
advertising. Such auctions are used for sponsored search ad-
vertising and for contextual advertising. In both of these ex-
amples, advertisers bid to show an advertisement to a user.
For the sponsored search auctions, the ad is presented on
a search results page that matches some criterion (e.g., the
search query contained the phrase “plasma TV”). Similarly,
for contextual advertising, the ad is presented to the user
on a “content” page that matches some criterion (e.g., the
web-page contains “investment advice”). In both of these
examples, the contingency is typically a click on the ad-
vertisement, and there is uncertainty regarding this contin-
gency. Two natural ranking or allocation rules for advertise-
ments in this scenario are “by bid”, in which one allocates
the impressions to the advertisers with the highest bids, and
“by revenue”, where one allocates the impressions to the ad-
vertisers with the highest expected revenue (their payment
or bid multiplied by an estimate of the probability of the
contingency).

One issue with deterministic allocation rules (e.g., “by
bid”) in repeated auctions is that the auction can be be-
come prone to vindictive bidding by antisocial participants.
In Vickrey auctions, the price that the winner is charged is
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determined by the bids of the other participants. An an-
tisocial participant may figure out a competitor’s bid, and
then deliberately bid a large value to increase the price for
the winner, while not bidding high enough to be the winner
himself (Brandt & Weifl 2001). While vindictive bidding
may initially increase revenue for the auctioneer, the pres-
ence of vindictive bidding can encourage the participants to
bid less than their true value, which reduces revenue.

If one uses a stochastic auction for allocation then the auc-
tion is typically no longer efficient; that is, the items are not
allocated to the bidders with the highest value. Nonethe-
less, there are a number of reasons for considering stochastic
auctions, especially in the repeated auction setting. These
include: (1) increasing the diversity of bidders who are al-
located items, (2) allowing bidders with low bids to win
occasionally, (3) limiting vindictive bidding (discussed fur-
ther in the next section), and (4) adapting the auction (e.g.,
learning the click-through rates, discussed in section 3). Sev-
eral of these considerations could potentially lead to greater
participation in the auction. In addition, using a stochastic
incentive-compatible auction can improve revenue as com-
pared to a deterministic incentive-compatible auction.

We describe allocation rules that include stochastic mech-
anisms inspired by reinforcement learning algorithms for
exploration and reduction of uncertainties associated with
contingent events, and give pricing rules for these stochas-
tic contingent-payment auctions that make them incentive-
compatible (“truthful”). These stochastic auctions include
as a special case the usual Vickrey auctions with by-bid and
by-revenue allocations.

2. STOCHASTIC AUCTIONS

Allocation rules used in auctions are typically determin-
istic and only resort to stochastic allocation in the event
of identical bids. In this section, we describe a family of
stochastic allocation rules with incentive-compatible pricing
rules that generalize Vickrey auctions.

Consider a stochastic auction for k items with /V bidders.
We denote the set of bidders by N' = {1,..., N} and asso-
ciate with each bidder ¢ a bid b; € [0, c0) and a private value
v; € [0,00). We assume that there is either no reserve price
or that the bids and values are given in excess of the reserve
price (i.e., player ¢’s bid is b; + r and value is v; +r where r
is the reserve price). We denote the collection of all bids by
b, the collection of bids excluding bidder ¢ by b_;, and the
collection of all values by v.

An allocation of the k items is a vector a € {0,1,...}"
that indicates how many items are allocated to each bid-



der, where ). a; = min(k, N). Note that the sum is equal
to the minimum of & and N because all bidders have bids
at or above the reserve price. We concentrate on exclusive
allocations in which no bidder can obtain more than one
item, that is, a € {0,1}". The set of exclusive allocations is
A={a€{0,1}" : 3, a; = min(k,N)}. A trivial auction
is one in which there are not more bidders than items (i.e.,
N <k).

A stochastic auction (or stochastic mechanism) (B, x, p)
has the following components: (1) a set of possible messages,
one from each player B = B x---x By, (2) an allocation rule
w : B — pa from messages to a probability distributions over
allocations, and (3) a pricing rule 1 : Bx.A — RY that maps
each possible bid vector and allocation to a price for each
bidder. A direct auction is an auction in which the message
from each player is precisely their bid and thus B = R".

2.1 Incentive-Compatible Stochastic Auctions

A direct stochastic auction is incentive compatible (or
“truthful”) if each bidder can maximize their ezpected pay-
off by bidding their value (see, e.g., Milgrom 2004), or more
formally, if for each bidder 7 and for all possible bids of the
other players b_;, the expected value of v; — pi((b—;,b;), a)
is maximized by choosing b; = v;. We say that the auction
is strictly incentive compatible if for each bidder ¢ and for
all possible bids of the other players b_;, the bid b; = v; is
the only bid for player i that maximizes v; — p; ((b—s,b:), a).
The usual Vickrey auction with the highest bidder winning
the auction is incentive compatible, but it is not strictly in-
centive compatible, because an antisocial participant i, if he
knows the other bids b_;, might bid b; > v; with no loss
of revenue. Strictly incentive-compatible auctions do not
rule out vindictive bidding altogether, but any bidder who
chooses b; # v; will have strictly less expected revenue.

Define p;,_, (b;) to be the probability that bidder ¢ wins
exactly one item when bidding b; and the other players bid
b_;. In other words,

p{)_i(bi): Z Trb—i,bi(a)'

a:a; =1

We say that an allocation rule 7 is non-decreasing (or strictly
increasing) if, for all bidders ¢ and all bids from other bid-
ders b_;, pi,_, (bi) is non-decreasing (or strictly increasing).
When the allocation rule 7 is non-decreasing (or strictly
increasing), we present a pricing rule that is incentive com-
patible (or strictly incentive compatible).
For convenience, let us assume for the moment that pi,_l_ (bs)

is differentiable. We define the condez pricing rule for a non-
decreasing allocation rule 7 as follows: bidder ¢’s price given

bids b is
b dpb (s
/ s Pb_l( )ds
0 ds

(bi)

Note that in the event that there are not more bidders than
items (i.e., N < k), if every participant always gets an item,
then p;(b) = 0 regardless of the bids.

The name “condex” is short for conditional expectation
and is due to the following interpretation: the price p;(b) is
the expected value of the minimum winning bid for bidder
¢ given that the bidder ¢ wins the auction with a bid of b;

palb) = (1)

—1i

(and given the remaining bids b_;). From this we see that

pi(b) < bi.

THEOREM 1. If a direct stochastic auction has a non-
decreasing (or strictly increasing) allocation rule and the
corresponding condex pricing rule, then the stochastic auc-
tion is incentive compatible (or strictly incentive compati-

ble).

Proof: Player i wins the auction with probability p},_, (b;)
for a profit of (v; — pi(b—i,b;)), and therefore has expected
revenue

(vi — pi(b—i,b:)) ph_, (bi)

b dpy,_.(s)
/0 s B

; b dpj,_,(s)
—Uipb_i (b;) — /0 ST dS.

If player ¢ bids b; # v;, then the expected change in revenue
(vis-a-vis bidding v;) is

bi dpy_, (s)
/v i (vi — s) T ds,
which is nonpositive, and is furthermore strictly negative if
the allocation rule 7 is strictly increasing. [

If one uses a deterministic allocation rule for allocating the
items then pj,_,(z) is non-decreasing but is not continuous
and in particular does not have a derivative. One can relax
this differentiability assumptions through the use of measure
theory where one replaces the Lebesgue integrals above with
their measure theoretic counterparts:

b; )
/ sdpp_,(s)
0 - .
Py, (bi)

When this is done, the auction with the deterministic alloca-
tion rule in which the k items are allocated to the k highest
bidders and its corresponding condex pricing rule is equiv-
alent to the standard Vickrey multiple-item auction (see,
e.g., Krishna 2002, page 171 for a discussion of multiple-
item Vickrey auctions).

pi(b) =

Example 1: Consider a stochastic auction for k = 1 item to
N bidders. We allocate the item to bidder ¢ with probability
pb_,(bi) = b/ 3, b7, where b7 is bidder j’s bid to the 3"
power. As 3 — oo the stochastic assignment rule approaches
the deterministic assignment to the bidder with the highest
bid. We give the condex pricing rule for a few choices of .
For convenience, let x = b; and yﬁ = _Zj# bf.

When 8 = 1, we may substitute py, ,(r) = z/(z +y) in
(1) and apply some basic algebra and calculus to obtain the
pricing rule

pi(b—i,bi = ) = y(=1+ (1 +y/x)log(1l + z/y)).

We note that the pricing rules for 8 =1/2 is

pi(b—i,bi = x) = /oy + 2y — 2y(1 + /y/x)log(1 + /z /y),



and the pricing rule for 8 =2 is
pi(bisbi = @) = —y*/a + y(1 + y* /o) arctan(a/y).

More generally, the pricing rule for > 0 can be expressed
in terms of the hypergeometric function 2 Fi:

s s 8
(bib =)= 22 v L, 1B a”
ui(b—i,bi =) = xxﬁ+x(1+a:5)F(1+1/ﬂ y? )"

2.2 Stochastic Prices

For repeated auctions it may sometimes be desirable to
use stochastic prices. If the actual price never exceeds the
bid, and the expected price is given by the condex pricing
rule (1), then the auction remains incentive compatible. One
reason to use a stochastic price is that it may be easier to
select a random price with the desired expected value than
to actually compute the expected value.

In the course of making an allocation, the auctioneer flips
some coins that are summarized in the random variable U
and then computes the allocation as a deterministic function
¢ of U and the bids b: a = ¢(U,b). A realizably monotone
allocation rule is one with the following property: for every
U, for every bidder 7, and for every set of bids b_;, the allo-
cation a; to bidder ¢ is monotone increasing in b;. In other
words, an allocation rule is realizably monotone if bidding
more can only help the bidder win. If the allocation rule is
realizably monotone, then, for a given U and b_; there is
some critical bid b; above which the bidder wins. We can
define the price p;(U, b_;,b;) for player ¢ to be this critical
bid b;:

wi(Uyb_i, b)) =inf{s € R : ¢;(U,b_;,s) =1}. (2)

In expectation, this price is a condex pricing rule for a real-
izably monotone allocation rule— that is, one can show that
Elpi (U, b_i,bi)|¢ps(U,b_;,b;) = 1] satisfies (1)— so the re-
sulting stochastic auction with stochastic prices is incentive-
compatible.

Remark: One feature of using stochastic prices is that, con-
ditional on the auctioneer’s random coins U and the other
bids b_;, bidder ¢’s price is independent of b;. In contrast, if
deterministic prices are used for the stochastic auction, the
price for bidder ¢ depends on b;.

Example 2: Consider a stochastic auction for k items to IV
bidders. The auctioneer picks N independent positive ran-
dom numbers u1,...,un distributed in some fashion. The
distribution of u; may depend on ¢. Let i; be the identity of
the bidder with the jth largest value of b;u;. The winners of
the auction are ¢1,...,%;. Then the stochastic pricing rule
assigns a price of

pi(U,b_i, b;) = Dot iy 3)

Ui

to a winning bidder ¢ and zero to every non-winning bid-
der. Note that u(b_;,b;) < b; if bidder ¢ wins the auction.
Also note that this price is easier to compute than, say, a
hypergeometric function.

Remark: We recover the Vickrey auction when the wu;’s
deterministically take the same value.

Example 1 revisited: Recall that in example 1, bidder
i wins with probability b7/ 3 ; bf . This allocation scheme

can be realized by using N independent standard exponen-
tial random variables Xi,...Xn, and picking the ¢ which
minimizes Xi/bf, or equivalently, the ¢ which maximizes
binl/ﬁ. We see then that this allocation scheme is a spe-
cial case of Example 2 where ¥k = 1 and u; = X;l/ﬁ
we may use the stochastic price given in (3).

, and

2.3 Vindictive Bidding and Expected Revenue

In a ome-time incentive-compatible auction, bids among
competitors need not accurately reflect the bidders’ private
values for the items. For instance, consider a second-price
sealed-bid auction for one item in which there are two bid-
ders {1,2} with private values v; = 11 and v2 = 1. Let
us further assume that bidder 2 knows that bidder 1 values
the item highly and will bid more than 9 in the auction. If
bidder 2 is a vindictive bidder then bidder 2 can safely bid
9 without risk. If bidder 1 bids his value then he will pay
9 for the item. If we use the simple lottery scheme describe
in Example 1 above (8 = 1), there is a risk to the vindictive
bidder that he will win the auction and have to pay more
than he values the item.

Table 1 provides three bidding scenarios. In all scenar-
ios, bidder 1 bids truthfully and has the same value, and
bidder 2 has the same value (but different than bidder 1).
The three scenarios differ in bidder 2’s bidding behavior: he
either bids much above his own value (vindictive), slightly
above his own value (mean), or his value (truthful). For
each bidding scenario, the prices are determined using the
stochastic auction from the example above and the expected
revenue for the seller is provided.

In the vindictive scenario, bidder 2 actually has an ex-
pected loss of 1.2 with the stochastic auction. In the mean
scenario, bidder 2 reduces his bid to 2.1 so that his expected
loss is zero.

While this stochastic auction doesn’t completely remove
the possibility of vindictive bidding, it does reduce the incen-
tive for this behavior. Using alternative stochastic allocation
rules (such as 8 < 1) can further reduce this incentive.

It is interesting to compare the revenue of stochastic auc-
tions with alternative deterministic auctions. For this ex-
ample it is natural to compare with the second-price Vick-
rey auction. As noted earlier, auctions from the family of
stochastic auctions described above approach a Vickrey auc-
tion as § — oo. For smaller values of 3 the behavior is in-
teresting. Consider the expected revenue from the truthful
scenario. In this case, the stochastic auction has an expected
revenue that is 60% higher than a Vickrey auction. How-
ever, if the bids of the two bidders are more tightly coupled,
for instance in the vindictive scenario, the expected revenue
drops dramatically. This is not surprising as the allocation
rule is far from efficient for § = 1.

3. CONTINGENT-PAYMENT AUCTIONS

A contingent-payment auction is the same as a regular
auction except that a winning bidder only pays for the item
when a bidder-specific contingency occurs; otherwise, the
item is free. Contingent-payment auctions are used to sell
impressions of advertisements on the web, typically using
a pay-per-click model in which the advertiser-specific con-
tingency is that the displayed advertisement is clicked. For
web advertising, contingent-payment auctions also work for
other types of arrangements such as pay-per-acquisition and



[ Scenario | Values | Bids | Prices | Elrevenue] |
vindictive | v1 =11;v2 =1 | by = 11;b2 = 9.0 | p1 = 4.0; u2 = 3.6 3.9
mean vi =112 =1 | by =11;b2 =2.1 | 1 =2.5;u2 = 1.0 2.2
truthful vi =112 =1 | by =11;b2=1.0 | p1 =1.7;42 = 0.5 1.6

Table 1: Bidding scenarios for a two bidder one item stochastic auction using the allocation scheme from

Example 1 with 8 =1 and deterministic prices.

pay-per-call. The special case of pay-per-impression is the
contingency that happens with probability one.

In this section, we extend the results about incentive-
compatible payments from the previous section to contingent-
payment auctions, and we discuss methods for learning con-
tingency probabilities when those probabilities are used by
the allocation rule. For the remainder of the section, we con-
sider auctions in which there is a single contingency (e.g.,
pay-per-click); more complicated scenarios allow bidders to
submit different bids based on the outcome of multiple con-
tingencies. For example, an advertiser might submit a bid
for which they agree to pay $1 each time an advertisement
is clicked, and they agree to pay an additional $4 if a sale is
made as a result of the click.

3.1 Incentive-Compatible Auctions

We let vy denote bidder i’s value for the item if the con-
tingency c¢; does not occur, and v;/ be the additional value
if the contingency does occur. Let v; denote bidder i’s a pri-
ori value for the item (without knowing whether or not the
contingency will occur). We have v; = v{ + qi(ci)v;/ , where
qi(c;) is bidder #’s estimate of the probability g(c;) that the
contingency ¢; occurs. Since the bidder only pays if the con-
tingency c¢; occurs, the average value received per payment
is v§ /qi(ci) + v;/. We say that the contingent-payment auc-
tion is incentive compatible if each bidder ¢ can maximize
their expected payoff by bidding v;/q;(c;i) = v{ /qi(ci) + v;/.

In some scenarios, the bidder may only value the item if
the contingency occurs (e.g., an advertiser may only value
impressions that get clicked). In these scenarios, we have

vi = qi(ei)vy,

and thus incentive compatibility requires the bidder to have
maximum expected return whenever b; = Ui‘/ , which elim-
inates the need for the bidder to estimate a contingency
probability.

As we show in the following corollary, the results from the
previous section apply to contingent-payment auctions using
a slightly modified version of the argument in the proof of
Theorem 1.

COROLLARY 1. If a direct stochastic contingent-payment
auction has a non-decreasing (or strictly increasing) alloca-
tion rule and the corresponding condez rule, then the stochas-
tic auction is incentive compatible (or strictly incentive com-
patible).

Proof: As in the proof of Theorem 1, we express the ex-
pected return to the bidder for submitting a bid of b;. The
only change is that the value is received and the payment is
made only when the contingency occurs:

E[profit for bidder ¢] = (v; — qi(ci)ui(b_i,bi))pi,_i(bi).

Using the same approach as in the proof of Theorem 1, it
is easy to show that this expectation is maximized when
b; = vi/qi(c;i), and if we have a strictly increasing allocation
rule, that this maximum is unique. [l

It is natural for auctioneer to take into account his or
her estimates g¢.(c;) of the contingency probabilities q(c;)
when making the allocation. We may for instance modify
the scheme from Example 1 so that bidder ¢ wins with prob-
ability

i s (ci)bi
ph_(bi) = LG
SR SPATIY
For convenience we let © = b; and y =3, . (¢;)b;/gx(ci)-

Then pi,_,(bi) = z/(z + y), and the same derivation from
before yields the pricing rule

pi(b-i; bi) = y(=1+ (1 + y/x)log(1 + z/y)).

Another natural choice is to use the allocation and pricing
rule from Example 2, and take for instance u; = g.(ci) X
Uniform(0,1)?. In the limit when 3 — 0, this yields the “by
revenue” allocation rule with Vickrey pricing.

3.2 Learning Contingency Probabilities

In this section, we consider situations where bidders par-
ticipate in a single auction multiple times, and therefore the
auction system can use repeated observations about contin-
gencies to estimate the contingency probability ¢(c;) for each
bidder i. When the allocation rule in a contingent-payment
auction depends on the probability of each bidder contin-
gency, it is important for the auction system to have an
accurate estimate of these probabilities. For example, in a
(non-stochastic) second-price auction for selling web impres-
sions to advertisers, the allocation rule might be to award
impressions to those advertisers with highest expected value
per impression: b;q. (AdGetsClick). If, for a particular ad-
vertiser, the auction system underestimates the true click
rate of the advertisement by too much, there is the risk that
the advertisement will never be shown and thus the system
will never be able to update the estimate with new data.

In general, if a non-stochastic contingent-payment auc-
tion system can only update the estimate for g(c;) if bidder
¢ wins the auction, then the system is vulnerable to the
starvation problem: if the system has inaccurate estimates
of contingency probabilities, or if contingency probabilities
can change over time, then an underestimate can result with
a bidder never winning and thus the underestimate cannot
be corrected. Stochastic contingent-payment auctions are
less vulnerable to the starvation problem whenever the allo-
cation rule assigns some probability to each bidder winning;
this way, an underestimate of a contingency probability will
eventually be corrected.

Intuitively, the auction system should trade off (1) the im-
mediate reward of optimally allocating items according to



the current probability estimates, and (2) the future reward
of gaining better estimates by performing a non-optimal
allocation. The starvation problem is well studied within
the reinforcement-learning community; we discuss two well-
known algorithms and describe how they can be applied to
an auction system.

Let 0; = q(c;i) denote the true probability that the contin-
gency will occur if bidder ¢ wins the auction. Since we are
learning 6;, we assume that ; has a posterior distribution
governed by a beta distribution:

['(a+0b)
[(a)l'(b)

A standard point estimate for 6; is the expected value a/(a+
b) of this distribution. There are a number of advantages
to having a distribution over ;. First, we have an explicit
representation for our uncertainty of 6; that can be used
by a reinforcement-learning algorithm. Second, assuming
pdf(6;) is a beta distribution allows us to easily update the
distribution whenever bidder ¢ wins: if the contingency oc-
curs, we increment a by one; otherwise, we increment b by
one. Finally, we can initialize pdf(f;) for new bidders us-
ing prior knowledge about both the expected value (e.g., we
know the click rates of similar advertisements) and the vari-
ance (e.g., there is a wide variety of click rates of similar
advertisements).

Using the interval-estimation algorithm (Kaelbling, 1993),
we calculate a 95% confidence interval (or more generally,
any confidence interval) for §;. Then, instead of using the
expected value of 6; to allocate and price items, we use
the high bound on the confidence interval. The result is
that we “inflate” our estimates of contingency probabilities
about which we are uncertain. As a bidder wins more and
more auctions, the variance of 6; decreases, and thus the
high bound will tend toward the expectation of ;. This
algorithm can still lead to the starvation problem if 6; can
change over time. We note that Kitts and Leblanc (2004)
use the interval-estimation algorithm for optimizing bidder
behavior in continuous pay-per-click auctions.

In an alternative reinforcement-learning algorithm, origi-
nally due to Thompson (1933), we choose the winners for the
auction based on the probability that they would win if we
knew the true contingency probabilities. For example, in a
single-item auction in which the winner is the one for which
biq(c;) is largest, we use pdf(f;) to determine the proba-
bility that b; - 0; is larger than for any other bidder. This
algorithm changes the deterministic allocation rule into a
stochastic one, although as the variances of pdf(6;) decrease
it converges to the original (deterministic) rule. To mitigate
the problem of contingency probabilities changing over time,
we can artificially keep the variance of pdf(6;) from getting
too low by, for example, renormalizing a and b such that
their sum never exceeds some constant.

pdf(8;) = 0:° (1 —6;)"
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