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ABSTRACT

We hawe developeal a new algorithm and softwae for graph
coloring by systematicail combinirg seveal algorithmand
softwae developmenideas that had crucial impad on the
algorithm sperformane. Thealgorithmexploresthe divide-
and-conque paradigm globd seach for constained inde-
pendemh ses using a computationaly inexpensie objective
function assignmenof most-constined vertices to least-
constaining colors, reus and locality exploration of inter-
mediate solutions seach time managemenpost-pocessing
lottery-schedulig iterative improvementand statisticd pa-
ramete determinatio and validation The algorithm was
testal on a se of real-life examples We fourd that hard-to-
color real-life examples are commam especialy in domains

whee problem modelirg resuls in dense graphs System-

atic experimentatios demongtated that for numeous in-
stance the algorithm outperforme all othe implementa-
tionsreportal in literature in solution quality and run-time.

1 Introduction

Theever-increasig amoun of resourceencounterdin con-
temporay desigrs with exponentialy ascendig compkexi-
ties impacs optimizatian intengve development compila-
tion, ard fabricatian straegies Since mary problens re-
lated to resoure sharirg can be modela as gragh coloring,
its importaneis sef evident Possibé applicatiorsinclude
register assignmentacteline coloring logic minimization,
circuit testing operatiors schedulingetc [Cou97].

Graph coloring is an NP-comple¢ problem Previous
work shows tha so far algorithm developmern was focused
on establishig a single heuristc searth methodolog ex-
pectal to provide exceptiondresuls on all instances Such

algorithmsusually perfomwell only on smal subseof graph

modd classs or real-life examples For example Johnson
et al. [Joh9] simultaneousi employel three distina sim-
ulated annealilg gragh coloring techniquesand one multi-

Permission to make digital or hard copies of al or part of thiswork for
personal or classroom use is granted without fee provided that copies
are not made or distributed for profit or commercial advantage and that
copies bear this notice and the full citation on the first page. To copy
otherwise, to republish, to post on servers or to redistribute to lists,
requires prior specific permission and/or afee.

DAC 98, June 15-19, 1998, San Francisco, CA USA
ISBN 1-58113-049-x/98/06...$5.00

427

variarn succesise augmentatio XRLF algorithm on a se of
various gragh models All implementatios resultel in rela-
tively low-quality solutiors on sone instances.

Recenty, Coudet proposé a se of exad algorithns for
grarh coloring basel on the knowledge of the maximum
cliguein agraph [Cou97] Statisticaly, sut reduction of a
hard problem onto anothe hard problem is not agoad prob-
lem solving straegy especialy when the reductian resut is
finding a maximum clique in a graph a problem tha has
been suggesteddue to its difficulty, to hide information in
sone cryptographt protocok [Jue96] Coudet applied his
algorithm on alarge se of real-life examples However, he
did not provide experimentaresuls for mog graph classes
which correspod to difficult optimizatian problems.

Compkx problems sud as graph coloring, require ex-
tensgve exploration of the problam solution space Deploy-
mert of a single seart or constrait straegy usualy leads
to a limited adaptabiliy to particula problem topologies.
Moreove, finding strakgiestha med seart quality require-
mens for a large numbe of problem topologies is an ex-
tremel had task We have developal a new algorithm for
grarh coloring which outperforns all algorithnsreportel in
literature with respet to both solution quality and search
run-time In this pape, we descrile the key algorithm and
software developmer ideas tha had crucid impad on the
algorithiis performance The key algorithm development
technigus are divide-and-conqueparadign (coloring one
color class e.g one independense of vertices at atime),
globd probabilistc seart for the beg intermedia¢ solu-
tion (current color clasg and its computationall inexpen-
sive objectve function computation least-constrainig and
most-constraing heuristics reuse and locality exploration
of intermedia¢ solutions seart timing managemenpost-
processig iteraive improvemen using lottery-scheduling
probabilistt search and once the software is written, op-
timization of executian bottlenecls ard statisticd determi-
nation and validation of all parametesin the program.

The algorithm implementatio straggy can be general-
ized for a subsé of NP-had problens sud as graph parti-
tioning, and feedbak arc set The algorithm is well tested
on a numbe of real-life examples and graph modeb which
correspod to possibeé real-life optimizatian problems We
found that hard-to-colo real-life examples exist especially
indomairswhereproblen modelirgresulsin densegraphs.



2 Related Work ImXRLF algorithm performs an efficient solution space re-
duction by assigning the most-constrained vertices for col-
Algorithms for graph coloring can be classified into three oring to the class of least-constraining colors, i.e. colors
main classes: exact [Bre79, Pee83, Cou97], constructive withassigned early in the successive coloring process. The re-
[Hal93] and without [Bre79, Lei79] guaranteed coloring qual- maining vertices in the graph after each color assignment
ity, and iterative improvement coloring algorithms [Bol85, are expected to establish a graph coloring subproblem quan-
Cha87, Her87, Mor86, Joh91, Mor94, Fle96]. The best re- titatively and qualitatively easier to solve than the one in
sults up to date were reported for algorithms that utilize knowlthe previous step. Successive augmentation of the described
edge about the solution space topology in order to establishtechnique, that colors the most-constrained vertices with the
exceptional colorings. Such algorithms were implemented |east-constraining color, evolves into a complete INXRLF
Johnson et al. [Joh91], Morgenstern [Mor94], etc. An ef- algorithm. The objective function that quantifies the ver-
ficient hybrid genetic tabu search algorithm has been devel-tex constraints has crucial impact on the algorithm’s per-
oped by Fleurent and Ferland [Fle96]. The standard test ex-formance. We have determined experimentally the least-
ample, randon¥" = 1000 vertex graph wittlp = 0.5 prob-  constraining most-constrained objective of this search. The
ability of edge existence, averaged 85.5 for Johnson et al. pseudo-code of the algorithm is presented in Figure 1. In the
They required 136 hours on a Sequent Balance 21000 singlerest of this subsection we describe the INXRLF algorithm in
processor multicomputer. The recent attacks by both Mor- detail.
genstern, and Fleurent and Ferland resulted in 84-colorings  The outermost loop of the algorithm drives the search
of the G(1000, 0.5) graph, and took between 9 and 36 hours for the most objective-efficient independent set. Once the
on five Sparc-2s upgraded with 80MHz CPUs for Morgen- underlying search returns the subset, all vertices in the in-
stern’'s mix of distributed XRLF and simulated annealing dependent set are colored with the next available color and
based rejectionless Metropolis move selection, and 41.35deleted from the graph. The described graph reduction is
hours on a Sparc-10 workstation for the tabu search geneticunchangeable, i.e., deleted vertices are not revisited. The

algorithm implementation. objective function that decides the independent set selection
was experimentally determined and validated on a set of ex-
3 The New Approach amples [Kir98]. The objective function found to perform the

best on a set of benchmarks is:
The problem of graph coloring can be defined using the stan-
dardpGarey-Joh%sopn format [gGar79]: ’ ObjF(S) = ZVes(NON(VP'ZUeNeigh(V) NoN(U)?)

PROBLEM: GRAPH K-COLORABILITY

INSTANCE: GraphG(V, E), positive integel’ < |V|.

QUESTION: Is G K-colorable. i.e., does there exist
a functionf : V. — 1,2,3,.., K such thatf(u) # f(v)
wheneveu,v € E?

We introduce two novel distinct graph coloring algorithms
and propose their hybrid as a champion algorithmic solu-
tion to the graph coloring problem. The first algorithm is
a successive augmentation of a global probabiliktast-
constrainingnost-constrainedé&ended RLF (ImMXRLF). The
second islotteryscheduling-driven terative | mprovement
algorithm (Isll). Their hybrid (ImXRLF/Isll) uses initially
the ImXRLF algorithm to reduce the solution search space
to a statistically determined reduced graph size checkpoint.
Then, the Isll algorithm iteratively improves the solution un-
til the user stops the search for improvement.

whereS is the evaluated independent s¥iigh(V) re-
turns the set of vertices adjacenfitpandNoN (V') returns
the number of vertices adjacentlfo Thus, vertices found to
have large number of incident edges as well as neighborhood
with large number of neighbors are treated as constrained.
Finding a set of vertices which has the largest accumulated
sum of constraints corresponds to the INDEPENDENT SET
problem [Gar79].

Important property of the objective function is its local
computation and usage of simple search operations such as
remove nodendadd nodegrom/to the current independent
set. Local cost computation means that the objective func-
tion is not computed over the entire graph, but only over the
nodes in the independent set. The random numbers and their
squares and cubes used in the computation are precomputed
to avoid complex arithmetic operations. This approach en-

The performance evaluation and validation of a graph . :
. . ; ables fast independent set evaluation and boosts the number
coloring algorithm is strongly dependent on the benchmark " : .
of independent sets considered in the search.

graph topologies. We used several diverse graph models: The search for the most objective-efficient independent

random, geometricak-cooked, and uniquely-cooked graph . . : . .
. . : set is performed in the following way. The algorithm first
model. The details about the generation algorithms for each L o
creates a random initial independent Set Then it itera-

of the used graph models are given in [Kir9g]. tively randomly deletes vertices froifi until there exists

at least one node in the graph not adjacent to the remain-
3.1 ImXRLF ing vertices in the set. The uncovered vertices are then ran-
domly selected and added $ountil it becomes an indepen-

Problem solution space reduction is essential in fast solving , .
dent subset. We experimented greedy strategies for vertex

of problems with large domains such as graph coloring. The
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exclusion/inclusion but they did not yield any performance deleted from the list. The remaining independent sets are a
improvement over the fully probabilistic search. Besides in- good starting point for the next search iteration.

troducing larger computation delays between generatingtwo  Since the first iteration in the color class search is handi-
independent sets, controlling the convergence of the greedycapped due to lack of previous results, the number of search
probabilistic search strategies is time-consuming and highly iterations is adjusted to the number of solutions available
sensitive to graph topologies [Joh91]. On the other hand, from previous searches and the cardinality of the remain-
fully probabilistic search showed unexpectedly good results ing graph. For the first color clags- GLOBAL candidates

Xperi i . . Vi u i , um-
for all experimented instances are generated. For every succeeding color class, the num
ber of generated candidates during the global search equals
ColoredVerts?
Color=0 GLOBAL - (1 — =555 55). Therefore, the program
Repeat , search time is managed in such a way that difficult to find
If Color=0then Globallterations = I' - GLOBAL subsets in the beginning of the search are given longer time-
ElseGloballterations = GLOBAL - (1 — %) . . .
Generate a random independentSetnd add it to the list of outs. A visual example how the search is performed IS pre-
solutionsListO f BestSolutions with largest objective costs sented in [Kil’98].
RepeatGloballterations times

Delete randomly vertices frorfi until at least one vertex does

not have a colored neighbor (not counting the deleted ones) 3.2 Isll

Add randomly vertices which do not have colored neighborS to . S

If ObjF(S) > min(ObjF(ListO f BestSolutions;)),t = 1..F L

AddStothelist . ' There exist instances (e.g. small or extremely dense graphs),
End Rapnd soutonSi= wih min(ObjF (S,) from the list for which iterative solution improvement algorithms, that
For eachindependent sef in the ListO f Best Solutions use probabilistic search to traverse the solution space, per-

R‘gpfai s form exceptionally well. While searching, the best colorings

RepeatL OC AL times are memorized and successive trials are conducted in order

Sx =S . . . .
Delete randomly vertices frorfi+ until at least one vertex to |mprove upon the best memorlze_d solution. AF a”}’ time
does not have a colored neighbor (not counting the deleted ones) during the search, the vertex selection and coloring is non-
Add randomly vertices which do not have colored neighborS:to Lt . oA ;

It ObjF(Sx) > ObjF(S+) then S — S deterministically greedy, i.e. some .probab|I|ty of trayersmg

S =5+ towards worse solutions always exists. The main disadvan-

until there is at least one improvement ; ; ;

End Reapeat tage of employleg such algorithms is the fect that they d'o.not
End For have fixed run-times. Moreover, the run-times for obtaining
ForeachV; € maz(ObjF(ListO fBestSolutions;),i =1..F) : ; ;

COLORV; with Color a _solutlon may dlffe.r su.b.stantlally fromone graph to another

DiscardV; from further color consideration with the same cardinalities and topology. Finally, search pa-
End For H 73 :

Delete all solutionsS' € ListO f BestSolutions with at least one rameters, such as annealmg rate, are difficult to establish and
commonV; with maa(Obj F(ListOf BestSolutions; ), i = 1..F) greatly vary depending on the graph topology [Joh91].
Color = Color +1 H ; ; :
until there are uncolored vertices We developed a novel |tera'§|ve |m'provement algorithm
End Repeat for graph coloring. The Isll algorithm tries to color the graph
with K colors. The graph is initially, usually incorrectly,
Figure 1: Pseudo-code of the INXRLF algorithm. colored randomly usinds colors. The incorrectly colored

vertices are considered for recoloring using the steepest de-
During the problem reduction search, at each step a num-gcent rule and the lottery-scheduling paradigm for vertex and
ber of independent sets is generated. The search is termigojor selection probability distribution [Wal94]. The recol-
nated wherGlobal Iterations successive randomly gener-  oring step is iterated until feasible coloring is found. The
ated independent sets do not yield any solution improve- gigorithm is described using pseudo-code in Figure 2.

der to find better solution. While searching locally)C'AL assigned describing the vertex’ constraint. An incorrectly
number of independent sets are generated starting from the;g|ored vertex is selected using a lottery scheduling driven
solution returned by the global search. probabilistic selection such that vertices with higher con-

While searching for the most objective efficientindepen- siraints are given proportional selection priority. As an ob-
dent set, a set of color class candidates is generated. Whefctive function to quantify the vertex constraint, we used the
an extensive search is performed, candidates may have disnymper of adjacent vertices colored with the same color as
joint color classes. In order not to discard the solutions the incorrectly colored vertex. In the second phase, the col-

which may be objective-competitive and most probably not qrs are assigned objectives which correspond to their con-
reachable in the next search iteration, a liskahost objective-  straints. The constraint of a color is computed according to

efficient solutions is maintained throughoutthe search. Whenge following formula:
the search is stopped and the best independent set is col-

ored and deleted from the graph, all other independent sets ObjF(V,C) =
in the list are checked for mutual vertices and if conjunctive,

1
14+VertsAdjTo(V,C)«
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whereq is fixed parameter anderts AdjTo*(V,C) re-
turns the number of vertices adjacenfitand colored with
C'. According to the individual constraint of each color lot-
tery scheduling driven probabilistic selection is used to se-
lect the one in which the selected incorrectly colored vertex
is to be colored. Priority is given to colors rarely used in the
incorrectly colored vertex’ neighborhood. The algorithm it-
eratively performs the recoloring phases until a viable color-
ing is found.

Randomly color allV" vertices withK colors
Repeat
Generate random number
R € [0, ZVEICVeris(G) VertsAdjTo(V,V.Color)
Select verteX/,, such that

R > Zj:vo..vlwflleICVeris(G) VertsAdjTo" (V;, V;.Color)

andw is minimum
Generate random number

1
QE D i) corons TFVemadTeme I
Select color”',, such that

Q> Zj:co"c[z—l] VertsAdjTo(Vy,Cj) andz is minimum

ColorV,, with C,
If EVEICVET‘is(G) VertsAdjTo(V,V.Color)

of the current coloring= is minimum
MemorizeG as the best coloring: +
If there is no improvement of
VertsAdjTo(V,V.Color)
VEICVerts(G)

after SUC'C successive colorings
Color all vertices with colors off +
until graph colored properly
ICVerts(Q) returns the set of incorrectly
colored vertices in the grapf.
VertsAdjTo(V, V.Color) returns the number of
vertices adjacent t¥” colored with colorV.Color.

Figure 2: Pseudo-code of the Isll algorithm.

The probability distribution using lottery scheduling is
accomplished in the following way. A binary tree is built
such that each candidate is assigned to one leaf. The node
of the tree are assigned the sum of objectives of all leaves
contained in the subtree to which the current node is the root.
Then, a random numbét is selected uniformly in the range
of the objectiveObj F'(root) assigned to the root of the en-
tire tree. According to this number the tree is depth-search
traversed to the left child iR < ObjF(currentN ode)
or right otherwise, until a particular leaf is reached. The
reached leaf is the lottery winner and the selected candi-
date. Implementation details for efficient lottery scheduling
are presented in [Wal94].

Parametetr has strong impact on the convergence speed
of the algorithm. Large values leave no room for non-greedy
recolorings. This results in fast but inflexible convergence
and usually oscillations. Smaller values result in longer con-

ber of edges (see Table 1). Graphs with large number of
edges induce non-tolerable run-times which make the algo-
rithm impractical for such graphs. General characteristic of
all improvement algorithms is that their run-time is highly
unpredictable. Standard deviations of typical run-times re-
ported in literature reach the order of magnitude of the av-
erage search run-time [Mor94]. Therefore, we employ this
algorithm only to small graph instances where the effect of
extremely variant expected run-times can be neglected.

3.3 The Hybrid InXRLF/IslI Algorithm

In order to explore the benefits of both the constructive and
iterative improvement algorithm, we coordinated their appli-
cation to the graph coloring problem. The flow of the algo-
rithm is depicted in Figure 3. The InXRLF algorithmis used
to reduce the search space by peeling sets of color classes
until a graph of edge cardinality equal to or less tliaaR
remains. Then, the Isll algorithm is invoked. The starting
chromatic numbet for the Isll algorithm is obtained as

a result of the application of the ImNXRLF algorithm to the
remaining subgraph. Every time the Isll returns successful
coloring it, is reinvoked with decremented trial chromatic
numberK . The coloring process is either timed-out or ter-
minated by the user.

ImMXRLF

Global probabilistic
least-constraining
most-constrained

heuristic

S

ISl
Local lottery scheduling
driven greedy probabilistic
iterative improvement
heuristic

Figure 3: The global algorithm flow: coordinated

ImXRLF/Isll deployment for graph coloring.

4 Experimental Results

vergence, but explore the search space more extensively. Inn this section the conducted experiments are described and

our experiments, we dynamically convergeérom starting
a = 10 to asymptotica = 4, andSUCC = 1000. An
example how lottery scheduling is used in order to achieve
probabilistic color perturbation is presented in [Kir98].

The developed Isll iterative improvement algorithm per-
forms exceptionally well on graphs with relatively small num-
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results are presented. Obtained colorings are presented for
sets of randomk-cooked, uniquely colorable-cooked, ge-
ometric [Kir98], real-life, and DIMACS benchmark graphs.
The independent set selection function was determined
and validated by performing a statistic evaluation of perfor-
mance measurements for a set of objective function candi-



dates [Kir98]. FunctiorDbj F' (see subsection 3.1) appeared sulted in three 49-colorings. We obtained 85-colorings af-
to have statistically the best performance from the set of ter 30-minutes and reached 85.4 average after less than 1.9
function candidates. Therefore, in the rest of the conductedhours on a sample of ten 1000-node graphs. We obtained

experiments objective-efficientindependent sets were evalu-one 84-coloring in 1.9 hours and two in 5+ hours. The Isll

ated using this function.

Table 1 shows the experimental results for coloring a set
of randomR(V,p),p € {0.5,0.1,0.9} graphs. First two
columns describe th€ = GLOBAL andL = LOCAL
properties of the ImMXRLF algorithm or signify that the IslI

algorithm was applied only to the set of 125- and 250-vertex
graphs. Although significantly better results were obtained
on smaller graphs than with InXRLF, competitive coloring
of 500-vertex and larger graphs took more than 5+ hours.
Moreover, finding 17-colorings on 125-graphs took from 5

algorithm was used. The size of the window used to store theto 300 seconds. In one out of twenty cases, the algorithm

best independent sets wA's= 10 for InXRLF. Next eight

columns present obtained average colorings and run-times

could not find a 17-coloring in less than 1 hour.
Using the hybrid ImXRLF/Isll algorithm, we were al-

in seconds for a set of 10 graph instances for each vertexways able to obtain 84-colorings of our set®f1000, 0.5)

count. The timings are shown with respect totheOBAL
and LOC AL parameters. The simulations of the instances

graphs. The 84-colorings were obtained evenlfor trials
of InNXRLF andCAR = 8000 for Isll. The obtaining of

with vertex count equal to 125, 250, and 500 were executed84-colorings averaged 50-minutes.

on a 40MHz Sparc4, while the 1000-node graphs were col-

ored on a 200MHz Ultrall processor. Rows detoned with
x(G) specify probabilistically determined chromatic num-
ber of each graph.

Table 1: Average random € {0.5,0.9,0.1} graph color-
ings using IMXRLF and Isll.

During the simulations, for the 125-node graphs, we suc-
ceeded to obtain 17-colorings on two graphs for two differ-
ent number of trials10® and3 - 10%). For the set of 250-
vertex graphs, we succeeded to obtain 29 coloring only for
one graph, while for all others, we obtained 30-colorings.
The 500-node graphs were all colored with 50 colors after

less than 10 minutes, while more extensive searching re-
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We succeeded to obtain one 12- and two 21-colorings
for the R(500,0.1) and R(1000,0.1) graphs. Johnson et
al. reported for their XRLF implementation that it took 16.5
hours to get 13-coloring foR(500,0.1) and 35 hours for a
22-coloring of (1000, 0.1). The ImXRLF did not perform
well for p = 0.9 type of graphs. Isll demonstrated more

Trials | R(125,0.5) | R(250,0.5) | R(500,0.5) | R(1000,0.5) s
(@) 16 27 6 30 powerfull search capabilities on such graph samples.
G-L Cols | Time | Cols | Time | Cols | Time | Cols | Time
1-1 21 | 008 | 356 | 033 | 61.8 | 2.16 | 113 | 3.28
10-10 | 18.9 | 0.80 | 31.1 | 327 | 53.9 | 183 | - - 7 & = 1000; G = 100000;
100-100 | 183 | 5.18 | 30.7 | 21.9 | 51.8 117 - - L =100; F =6 L =100; F =8
10%-100 | 18.3 | 6.41 | 30.3 | 25.3 | 51.1 133 90.6 150 Single | Single Single | Single
10*-100 | 182 | 9.67 | 30.2 | 35.3 | 50.9 | 174 | - - k| 32 | 64 | 64 96 32 | 64 | 64 96
10°-100 | 182 | 462 | 299 | 172 | 50 | 625 | 85.9 | 2850 01| 32 | 64 - - 32 | 64 - -
10-100 | - - 30 | 420 | 49.7 | 4612 | 85.1 | 18083 02| 32 | 64 - 32 | 64 -
Isll 18 0.23 30 112 - - - - 0.3 | 33.7 64 71.2 - 325 64 71.5 -
17 117 29 - - - - - 0.4 | 38.2 65 74.7 102 32 64 73 102
Trials R(125,0.1) | R(250,0.1) | R(500,0.1) | R(1000,0.1) 05| 322 657 | 77.7 | 1057 | 33 | 65 755 | 105.5
X(G) 5 7 11 19 06| 32 | 66.2| 775 109.7 | 335 | 645 71 109.5
1-1 77 | 001 | 115] 003 | 182 ] 0.16 | 293 | 0.25 07| 32 | 66 | 645 | 113 | 32 | 66 | 645 | 111
10-10 6 017 | 91 | 079 | 149 | 553 - - 08| 32 | 645 64 102 | 32 | 64 64 103
100-300 | 6.1 | 228 | 9.2 | 9.47 | 144 | 642 | - - 09| 32 | 64 64 965 | 32 | 64 64 96.5
10%-300 | 6 | 254 | 9 | 101 | 14 | 658 | 23 | 304
4 .
100-3001 6 | 3311 9 | 12 | 141} 723 - - Table 2: Averagé-cooked and uniquely colorabtecooked
10 - 300 6 13.9 9 38.7 13.9 172 22 1319 . .
10°-300 | - - 9 | 289 | 13.3| 1045 | 21.8 | 9079 graph colorings using ImMXRLF.
Isll 6 0.01 9 0.86 13 471 22 4516
: 5 | 823 8 | 146 12 | - | 21 - The algorithm performance for coloringcooked and
Thals | fi(125,09) | R(260,09) | R(509,0.9) | F(1099,0.9) single solutiork-cooked 500-node graphs is presented in Ta
(@) 0 70 122 217 - - -
1%- 10 jg-; %194 87654 g; ig;‘ 6327 279 | 144 ble 2. Table 2 presents obtained colorings for a set of 500-
100-300| 46 | 17 | 77 | 68 | 133 | 424 | - . node with fixedk and variablep. Single solution graphs are
102 -300 | 45.8 | 19 | 77.5| 77 | 133 | 511 | 234 | 904 created for two values df = 64,96, while regular cooked
10° - 300 46 244 | 77.7 97 133 791 - - _ . .
10°-300 | 458 | 965 | 773 | 213 | 132 | 4481 | 231 | 10935 graphs are created fér = 32,64. The .tablellr_1d|cates the
Tsil 43 | 225 | 73 | 1117 | - - - - correlation betweert, p, and the coloring difficulty when
a2 | U8 72| - - - the solution is unique.

The ImXRLF algorithm was applied to the challenge graphs
at the DIMACS site. Tables 3 and 4 contain a report on
the obtained colorings using three different sets of search
parameters. In both tables, the first column represents the
file name. Next three columns represent graph’s vertex and
edge cardinalities, and the optimal coloring if known. Next
three columns represent three different search trials with dif-
ferent parameter sets. Note that none of the coloring runs
did not take more than 1.5 hours on a Sparc4. We report
84-coloring in 50 minutes of the DSJC1000.5 graph when
ImXRLF/Isll algorithm was applied. Similarly to Coudert’s
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DSJC500.1 500 | 24916 | ? 19 14 14 CSD, UCLA, 1997.
DSJC500.5 500 | 125248 | ? 64 51 50 [Lei79] Leighton, F.T. A Graph Coloring Algorithm for Large Scheduling Algorithms.
DSJC500.9 500 | 224874 | ? | 156 | 134 | 134 Journal of Res. Natl. Bur. Standards, vol.84, pp.489-506, 1979.
DSJR500.1 500 | 7110 | ? | 15 | 13 | 13 [Mor86] Morgenstern, C., Shapiro, H. Chromatic Number Approximation Using Sim-
DSJR500.1c | 500 | 242550 | 2 | 97 | 96 | 96 ulated Annealing. Unpublished, 1986.
DSJRS500.5 500 | 117724 ? | 144 | 128 | 128 [Mor94] Morgenstern, C. Distributed Coloration Neighborhood Search. DIMACS Se-

anna 138 986 1) 11 11 11 ries in Disc. Math., vol.0, 1994.

david 87 812 11 11 11 11

[Pee83] Peemoeller, J. A correction to Brelaz’s modification of Brown’s coloring algo-

flat100050.0 1000 | 245000 | 50 | 112 | 87 50 rithm. Communications of the ACM, vol.26, (no.8), pp.595-7, 1983.

flat100060.0 1000 | 245830 | 60 | 112 | 89 61

flat100076.0 1000 | 246708 | 76 | 112 | 89 85 [Wal94] Waldspurger, C.A.; Weihl, W.E. Lottery scheduling: flexible proportional-
flat300.20.0 300 21375 | 20 | 39 20 20 share resource management. The First USENIX Symposium on Operating
flat300.26.0 300 21633 | 26 | 41 31 28 Systems Design and Implementation, pp.1-11, 1994.
flat300.28.0 300 | 21695 | 28 | 41 | 33 | 32
fpsol2.i.1 496 | 11654 | 65 | 65 | 65 | 65
fpsol2.i.2 451 | 8691 | 30| 30 | 30 | 30
fpsol2.i.3 425 | 8688 30| 30 | 30 | 30 PILENAME | V. b k1A B L C
games120 120 1276 9 9 9 9 latin_squarel0 900 307350 ? 129 | 109 | 100
homer 561 3258 13 14 13 13 le45Q15a 450 8168 15 21 17 17
huck 74 602 11 11 11 11 1e45Q.15b 450 8169 15 21 17 17
inithx.i.1 864 | 18707 | 54 | 54 | 54 | 54 le45015¢ 450 | 16680 | 15| 29 | 22 | 21
inithx.i.2 645 | 13979 | 31| 31 | 31 | 31 le45Q15d 450 | 16750 | 15| 29 | 22 | 21
inithx.i.3 621 | 13969 | 31| 31 | 31 | 31 le45Q25a 450 | 8260 | 25| 26 | 25 | 25
cachelnel | 822 | 22117 | 7 | 64 | 48 | 46 le45025b 450 | 8263 | 25 27 | 25 | 25
cacheline3 | 585 | 9912 | ? | 37 | 34 | 31 le45025¢ 450 | 17343 | 25| 33 | 28 | 28
A= GLOBAL = GLOCUAL =L F =1 le4505a 450 | 5rid 4 5 1 124 TS
B — GLOBAL = 1000; LOCAL = 100; F = 6 'Igjgggg jgg g;g‘g‘ g ig g g
C — GLOBAL = 100000; LOCAL = 100; F = 8 le4505d 450 9757 5 16 5 5
miles1000 128 6432 42 45 43 42
Table 3: ImXRLF-Algorithm performance for the DIMACS ml!;s51255%0 gg 1?326 783 795 783 783
miles.
set of challenge graphs. miles500 128 | 2340 | 20| 20 | 20 | 21
miles750 128 | 4226 | 31| 33 | 32 | 32
mulsol.i.1 197 | 3925 | 49| 49 | 49 | 49
mulsol.i.2 188 | 3885 | 31| 31 | 31 | 31
. mulsol.i.3 184 | 3916 | 31| 31 | 31 | 31
5 Conclusion mulsol.i.4 185 | 3946 | 31| 31 | 31 | 31
mulsol.i.5 186 | 3973 | 31| 31 | 31 | 31
; . : myciel7 91| 2360 | 8| 8 | 8 | 8
We have develqp_ed a novel algorlthm desgn strategy wr_uch queen1515 225 | 10360 | 2 | 20 | 17 | 17
focuses on building an effective software implementation queen1616 256 | 12640 | ? | 23 | 18 | 18
; : B s : schooll 385 19095 | 14 | 39 16 14
of a mix of various constraint qgantlflcgtlon and prqblem schoolinsh 355 | 14613 | 14| 35 | 16 | 14
search strategies rather than using a single heuristic. We zeroin.i.1 211 | 4100 | 49 | 49 | 49 | 49
: zeroin.i.2 211 3541 30 | 31 30 30
de_monstrated the efflc_acy of th_e strate_gy on the graph col- Zoroini.3 206 | 3240 | 301 30 | 30 | 30
oring problem. Extensive experimentations showed that the cacheline2 | 1121 | 287220| 2 | 74 | 53 | 50
algorithm outperforms all other implementations reported in cachelined L ez | 15001 | 7 L 24 1 37 |
literature for order of magnitude in search run-time while B = GLOBAL = 1000; LOCAL = 100; F = 6
maintaining the solution quality. C = GLOBAL = 100000; LOCAL = 100; F = 8

Table 4: ImXRLF-Algorithm performance for the DIMACS
6 References set of challenge graphs.

[Bol85] Bollobas, B., Thomason, A. Random Graphs of Small Order. Annals of Disc.
Math., vol.28, pp. 47-57, 1985.
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