PATTERN RECOGNITION
ano MACHINE LEARNING

CHAPTER 8: GRAPHICAL MODELS




Bayesian Networks

Directed Acyclic Graph (DAG)
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Bayesian Networks

= p(x1)p(x2)p(x3)p(Tsa|T1, T2, 23)
P($5 |$1, 373)17(376 |33'4)P($7|$4, $5)

General Factorization

p(x) = | | p(zxlpay,)
k=1




Bayesian Curve Fitting (1)

Polynomial

M
ylz, w) =Y w;az’
j=0




Bayesian Curve Fitting (2)




Bayesian Curve Fitting (3)

Input variables and explicit hyperparameters

N
p(t,w|x,a,02) = p(w|a) H p(tn|w, :r:n,orQ).
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Bayesian Curve FittinglLearning

Condition on data

p(w|t) o< p(w

||’,:]2




Bayesian Curve FittingPrediction

Predictivedistribution: p(Ez,x, t, @, 02) / Pt W, x, a, 0%) dw
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Generative Models

Causal process for generating images

Object Position Orientation

Image




Discrete Variables (1)

General joint distributionK 2{ 1 parameters

K

X1 X9
O O p(X17X2|”) = H Hﬂxlkl’m

k=11=1

Independent joint distribution2(K { 1) parameters

X1 X2 K
O O 31, Xo|pt) = H M Hu%“}”

=1




Discrete Variables (2)

General joint distribution ovelM variables:
KM{1 parameters

M-node Markov chainK {1+ ( M {1)K(K {1)
parameters




Discrete Variables: Bayesian Parameters (:
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Discrete Variables: Bayesian Parameters (.

H1 H Shared prior

M
p({xm} iy, ) = p (i () p (1) ] P mlxm—1, 1) p (1)
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Parameterized Conditional Distributions

Ifzq,...,2zps  are discrete,
K -state variables,

p(y = 1|xq,...,xp) 0N
general ha®O(KM)
parameters.

The parameterized form

M
ply =1lz1,...,2:) =0 (’wo + Zwm) =o(w'x)
i=1
requires onlyM + 1 parameters




L iInearGaussian Models

Directed Graph
p(x;|pa;) =N (xz Z Wi T —H)i,'vi)

Each node is Gaussian, the mean
IS a linear function of the parents.

Vectorvalued Gaussian Nodes

p(Xﬂp&i) =N (X@' Z Winj + b, Zz)

JEPa;




Conditional Independence

a s independent obgivenc

p(alb, ) = p(alc)

Equivalently  p(a,b/c) plalb, c)p(blc)

plalc)p(blc)

Notation allb|c




Conditional Independence: Example 1

c p(a, b, c) = plalc)p(ble)p(c)
p(a,b) =Y plale)p(ble)p(c)

all b|0




Conditional Independence: Example 1

p(a,b,c)
p(c)
= p(ale)p(blc)

. » s

p(a,,b|c) —




Conditional Independence: Example 2

O—O0—O

p(a,b,c) = p(a)p(cla)p(blc)

p(a,b) = p(a) Y _ p(cla)p(ble) = p(a)p(bla)

all bl




Conditional Independence: Example 2

a() c b

p(a, b|C) —




Conditional Independence: Example 3

p(a,b,c) = p(a)p(b)p(cla, b)

Note: this is the opposite of Example 1, watbhnobserved.




Conditional Independence: Example 3

a,blc) = p(a, b, c)
p(a, blc) o0
_ p(a)p(b)p(cla, b)
p(c)
all b]c

Note: this is the opposite of Examplewlith c observed
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p(G=1B=1,F=1
p(G=1B=1,F=0
p(G=1B=0,F=1
p(G=1B=0,F =0
p(B=1) =
p(F=1) =
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p(F=0) =
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G M

Battery (O=flat, 1=fully charged)
Fuel Tank (O=empty, 1=full)
Fuel Gauge Reading

(O=empty, 1=full)




'Y L 2dzii 2F FdzSf

p(G =0|F = 0)p(F = 0)

p(F=0|G=0) = (G =0)

~ (0.257

Probability of an empty tank increased by observihg O.




'Y L 2dzi 2F FdzSf

G

p(G=0|B=0,F=0)p(F=0)
EFE{[}11}p(G =0|B =0, F)p(F)
~ (0.111

p(F =0|G =0,B =0)

Probability of an empty tank reduced by observihg O.
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D-separation

AA, B, andC are nonintersecting subsets of nodes in a
directed graph.
AA path fromA to B is blocked if it contains a node such that
either
a) the arrows on the path meet either head-tail or tail
to-tail at the node, and the node is in the et or
b) the arrows meet heado-head at the node, and
neither the node, nor any of its descendants, are in the
setC.
Alf all paths fromA to B are blockedA is said to be d
separated fronB by C.
Alf A is dseparated fronB by C, the joint distribution over
all variables in the graph satisfigs | B | C




D-separation: Example

all b|c

all b|f




D-separation: I.1.D. Data




Directed Graphs as Distribution Filters




The Markov Blanket

_ p(X1,...,Xp)
/p(xl, coy X)) dx;
HP(Xk|Pak)
k

| T ptexelpas) ax

Factors independent of; cancel
between numerator and denominator.




Cligues and Maximal Cliques

Clique

/
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Joint Distribution

p(x) = 7 [T velxe)
C

where Yo (Xc) is the potential over cli@uand
z=_]Ivetxe)
x C

is the normalization coefficient: notd K -state variables KM terms inZ.

Energies and the Boltzmann distribution

Vo (xco) = exp{—E(xc)}




lllustration: Image Dd&oising (1)

Original Image Noisy Image




lllustration: Image Ddoising (2)




lllustration: Image D&loising (

Noisy Image Restored Image (ICM)




lllustration: Image D&oising (4)

Restored Image (ICM) Restored Image (Graph cuts)




Converting Directed to Undirected Graphs (1)

X1 X2 ITN-1 TN

p(x) = p(x1)p(z2|21) p(w3]z2) - - plan|rn-1)

I

p(x) = 7 P1,2(x1,22) Y2,3(T2,23) - YN_1,N(TN-1,ZN)

Iy Zo IN -1 TN




Converting Directed to Undirected Graphs (2)

Additional links

T 3 T T3

T4 X4

p(x) = p(z1)p(z2)p(xs3)p(Ts|T1, T2, T3)

1
= quA(xl,xg,xg)?,DB(ﬂiQ,$3,$4)¢C(xlax2ax4)




Directed vs. Undirected Graphs (1)




Directed vs. Undirected Graphs (2)
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Inference in Graphical Models

L4

_ N 1y — PW2)P(2)
p(y)—;p(m )p(z) p(z|y) o00)




Inference on a Chain

I Zo IN -1 TN
1
p(x) = §¢1,2($1,$2)¢2,3(ﬂ$2, x3)- - UN_1,N(TN-1,ZN)
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Inference on a Chain
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Inference on a Chain

pa(@n—1)  pra(Tn) pp(@n)  pp(@ni1)
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pp(Tn) = Z Un,n+1(Tny Tng1) {Z }

Tn41 Tn42
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Inference on a Chain

ta(Tn_1) ta(Zn) ﬂﬁ(xn)

15(Tni1)




Inference on a Chain

To compute local marginals:

ACompute and store all forward messages(z,)
ACompute and store all backward messageg,,)
AComputeZ at any nodex,,

ACompute

p(xn) = %Moz (n)ps(xn)

for all variables required.




Trees

Undirected Tree Directed Tree Polytree




Factor Graphs

T )] T3

fa fb fc fd
p(x) = fa(x1,22) fo(x1, 22) fe(22, 23) fa(x3)

p(x) = HfS(Xs)




Factor Graphs from Directed Graphs




