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Chapter 1 Introduction
1.1 Substituting (1.1) into (1.2) and then differentiating with resfptow; we obtain
!
X _ :
wjxh,  tn X, =0: (1)
n=1 j =0
Re-arranging terms then gives the required result.
1.4 We are often interested in nding the most probable value for somentity. In

the case of probability distributions over discrete variabiées poses little problem.
However, for continuous variables there is a subtlety arising tlt@mature of prob-
ability densities and the way they transform under non-lineangks of variable.

Consider rst the way a functioh (x) behaves when we change to a new varigble
where the two variables are related oy g(y). This de nes a new function of
given by

Bly) = f (9(y)): )
Supposé (x) has a mode (i.e. a maximum)laso thatf (R) = 0. The correspond-

ing mode off(y) will occur for a valuelp obtained by differentiating both sides of
(2) with respect ty

PUb) = f Aab) gAp) = 0: ®3)

Assumingg(p) 6 0 at the mode, thef (g(k)) = 0. However, we know that
f Yk) = 0, and so we see that the locations of the mode expressed in téaasto
of the variablex andy are related by = g(), as one would expect. Thus, nding
a mode with respect to the variablds completely equivalent to rst transforming
to the variabley, then nding a mode with respect tg and then transforming back
to Xx.

Now consider the behaviour of a probability dengify¥x) under the change of vari-
ablesx = g(y), where the density with respect to the new variablp,ig/) and is
given by ((1.27)). Let us writgXy) = sjgy)j wheres 2 f 1;+1g. Then ((1.27))
can be written

Py (¥) = Px(9(y)) sgYY):
Differentiating both sides with respectyahen gives

PI(Y) = sp(ay)fgUy)G + spc(9(y) 9ty): (4)

Due to the presence of the second term on the right hand side dig(4¢lationship

k = g(k) no longer holds. Thus the value wfobtained by maximizing, (x) will

not be the value obtained by transformingoidy) then maximizing with respect to

y and then transforming back ta This causes modes of densities to be dependent
on the choice of variables. In the case of linear transformatimsécond term on
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Figure 1

Example of the transformation of
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linear change of variables, illus- g 1(x)
trating the different behaviour com- -0 0 =
pared to a simple function. See the 'y |
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the right hand side of (4) vanishes, and so the location of thérman transforms
according td® = g().

This effect can be illustrated with a simple example, as shawFigure 1.  We
begin by considering a Gaussian distributjm(x) overx with mean = 6 and
standard deviation = 1, shown by the red curve in Figure 1. Next we draw a
sample ofN = 50; 000 points from this distribution and plot a histogram of their
values, which as expected agrees with the distribytidm).

Now consider a non-linear change of variables froio y given by

x=g(y)=InCy) In(1 y)+5: ®)
The inverse of this function is given by

1
l+exp( x+5)

y=g *x)= (6)

which is alogistic sigmoidfunction, and is shown in Figure 1 by the blue curve.

If we simply transfornpy (x) as a function ok we obtain the green curnys (g(y))
shown in Figure 1, and we see that the mode of the depgity) is transformed
via the sigmoid function to the mode of this curve. However, dieasity overy
transforms instead according to (1.27) and is shown by the magenta on the left
side of the diagram. Note that this has its mode shifted relatitbe mode of the
green curve.

To con rm this result we take our sample 56; 000values ofx, evaluate the corre-
sponding values of using (6), and then plot a histogram of their values. We see that
this histogram matches the magenta curve in Figure 1 and noteke gurve!

1.7 The transformation from Cartesian to polar coordinates is de ned by

X
y

r cos (7)
r sin (8)
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and hence we have + y? = r2 where we have used the well-known trigonometric
result (2.177). Also the Jacobian of the change of variablessityeseen to be

@x @x
ax;y) @Qr @
@r; ) @y @y

@r @

cos r sin
sin r cos

where again we have used (2.177). Thus the double integral in5)lbt2omes

Z 2 Z 1 r2
2
1< = exp 52 rdrd 9)
0 7 0
! u 1
= 2 . exp 52 id.u (10)
h u iq
= — 272 11
exp o i (1)
= 2 2 (12)
where we have used the change of variabfes u. Thus
1= 2 27,
Finally, using the transformation= x , the integral of the Gaussian distribution
becomes
z 1 _ ) 1 z 1 yz
1Nx1, dx—mlexp ﬁdy
— | —
e 97
as required.
1.8 From the de nition (1.46) of the univariate Gaussian distribotiwe have
Z 1 1=2
— 1 1 2 .
E[x] = > 3 exp ﬁ(x )° xdx: (13)
1
Now change variables using= x to give
Z 1 1=2
1 1, )
E[x] = 5 2 exp 55y (y+ )dy: (14)
1

We now note that in the factqly + ) the rst term iny corresponds to an odd
integrand and so this integral must vanish (to show this exiylieirite the integral
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1.9

as the sum of two integrals, one froih to 0 and the other fron@to 1 and then
show that these two integrals cancel). In the second terima constant and pulls
outside the integral, leaving a normalized Gaussian distabuwthich integrates to
1, and so we obtain (1.49).

To derive (1.50) we rst substitute the expression (1.46) for themad distribution
into the normalization result (1.48) and re-arrange to obtain

Z 1
(15)

We now differentiate both sides of (15) with respect foand then re-arrange to

obtain
1=2 Z 1

5 1 5 ) exp ﬁ(x > (x  )?dx= 2 (16)
which directly shows that
E[(x )*=var[x]= 2% (17)
Now we expand the square on the left-hand side giving

E[x?] 2 E[x]+ 2= 2

Making use of (1.49) then gives (1.50) as required.
Finally, (1.51) follows directly from (1.49) and (1.50)

E[X2] E[X]2 = 2 + 2 2 _ 2:

For the univariate case, we simply differentiate (1.46) with eespox to obtain

X

d HE 2 _ HE 2
&N X]; = N Xxj;

Setting this to zero we obtaimn=
Similarly, for the multivariate case we differentiate (1.52) wiglspect tox to obtain

@%N(xj )

INGG O ()T M)
N (i) )

where we have used (C.19), (C.2@nd the fact that * is symmetric. Setting this
derivative equal t®, and left-multiplying by , leads to the solutior =

INOTE: In the 18! printing of PRML, there are mistakes in (C.20); all instances ¢¥ector)
in the denominators should lxe(scalar).
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1.10 Sincex andz are independent, their joint distribution factoriz€g; z) = p(x)p(z),

112

and so 27
Ex+z] = (x + z2)p(x)p(z) dx dz (18)
Z Z
= xp(x)dx +  zp(z)dz (29)
= E[X]+ E[z]: (20)

Similarly for the variances, we rst note that
(x+z Ex+z)?=(x EX])*+(z E[)*+2(x EX])(z E[z]) (21)

where the nal term will integrate to zero with respect to the faizied distribution

p(x)p(z). Hence 77

(x+z E[x+ z])?p(x)p(z) dx dz
Z Z
(x EX]D’p(x)dx+ (z E[z])’p(z)dz

var[x + z]

var( x) + var( z): (22)

For discrete variables the integrals are replaced by summasindshe same results
are again obtained.

If m = nthenx,xy, = x2 and using (1.50) we obtai&[x2] = 2+ 2, whereas if

n 6 m then the two data points, andx., are independent and heneg,xm] =
E[Xh]E[Xm] = 2 where we have used (1.49). Combining these two results we
obtain (1.130).

Next we have
X

1
E[ m.]1= N Elxn] = (23)
n=1
using (1.49).
Finally, considerE[ Z, ]. From (1.55) and (1.56), and making use of (1.130), we
have
2 I 23
E[ 2,] = E4i>(\I X EX\I X 5
ML - N n N m
n=1 m=1
n #
1 X , 2 X 1 XX
= N E Xj WX” Xm > Xm X|
n=1 m=1 m=1 |=1
— 24 2 o9 24 i 2 4 2, i 2
N N

= = (24)
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1.15

as required.

The redundancy in the coef cients in (1.133) arises from intergeasymmetries
between the indiceis. Such symmetries can therefore be removed by enforcing an
ordering on the indices, as in (1.134), so that only one membeadh group of
equivalent con gurations occurs in the summation.

To derive (1.135) we note that the number of independent paeastetD; M )
which appear at ordeM can be written as

X X X
n(D;M) = 1 (25)

i1=1 i2=1 iM =1

which hasM terms. This can clearly also be written as

o O ixce )
n(D;M) = 1 (26)

i1:l i2:1 iM =1

where the term in braces hiss 1 terms which, from (25), mustequa(i,;M 1).
Thus we can write "

n(D;M) = niiip;M 1) (27)
i1:l
which is equivalent to (1.135).

To prove (1.136) we rst seD = 1 on both sides of the equation, and make use of
0! = 1, which gives the valué on both sides, thus showing the equation is valid for
D = 1. Now we assume that it is true for a speci ¢ value of dimensidypd and
then show that it must be true for dimensionality+ 1. Thus consider the left-hand
side of (1.136) evaluated f@ + 1 which gives

X' (i+m 20 _ (D+M 1)1 (D+M 1)
@ 1 1yt~ (D 1M! - DM 1)
_ (D+M 1ID+(D+M 1)M
- DIM!
- Swr @

which equals the right hand side of (1.136) for dimensiondlity 1. Thus, by
induction, (1.136) must hold true for all valuesf

Finally we use induction to prove (1.137). Rdr = 2 we nd obtain the standard
resultn(D; 2) = %D(D + 1), which is also proved in Exercise 1.14. Now assume
that (1.137) is correct for a speci c ord®t 1 so that

_ _ D+M 2
oM Do v

(29)



1.17

1.18

Solutions 1.17-1.18 13

Substituting this into the right hand side of (1.135) we obtain

L ® i+ M 2
;M) = G O] (30)
which, making use of (1.136), gives
) _(b+M 1)
n(D,M ) = m (31)

and hence shows that (1.137) is true for polynomials of okileiThus by induction
(1.137) must be true for all values bf.

Using integration by parts we have
Z,
(x+1) = u*e “du
0 Z 1
= e“ux(l) + xu¥ e Ydu=0+ x(x): (32
0
Forx =1 we have
Z 1
— f— 1 — .
1) = e'du= e" =1 (33)

0

If x is an integer we can apply proof by induction to relate the garfumetion to
the factorial function. Suppose thétx + 1) = x! holds. Then from the result (32)
wehave( x+2)=(x+1)( x+1)=(x+1)!. Finally, (1) =1 =0! , which
completes the proof by induction.

On the right-hand side of (1.142) we make the change of variabtes? to give

1 Z1 1
=Sp e YuP=2 'du= ZSp ( D=2) (34)
270, 2

where we have used the de nition (1.141) of the Gamma functiamth@ left hand
side of (1.142) we can use (1.126) to obtair?. Equating these we obtain the
desired result (1.143).

The volume of a sphere of radidsn D -dimensions is obtained by integration

Z, <
Vo =Sp rP ldr= 2 (35)
0 D

ForD =2 andD = 3 we obtain the following results

S=2 S3=4; Vo= a? Vs =
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Solutions 1.20-1.24

1.20 Sincep(x) is radially symmetric it will be roughly constant over the stedlradius

1.22

1.24

r and thickness. This shell has volum&p r® 1 and sincekxk? = r? we have
Z

p(x)dx " p(r)Spr® * 37)

shell

from which we obtain (1.148). We can nd the stationary pointp@f) by differen-
tiation

d h (o r?
ap(r)/ (D r® 2+r® 1 —  exp > =0: (38)
Solving forr, and usind® 1, we obtainb " pﬁ .
Next we note that
(b+ )?
plo+ ) [ (b+ )° texp
_ (b+ )? be 1 :
= exp 52 +(D 1inb+ ) : (39)

We now expandy(r) around the poinb. Since this is a stationary point @fr)
we must keep terms up to second order. Making use of the expelingio+ x) =
X x2=2+ O(x®), together withD 1, we obtain (1.149).

Finally, from (1.147) we see that the probability density at thigin is given by

1
p(x = 0) = m
while the density akxk = b is given from (1.147) by
1 b? 1 D

where we have usdnl' P D . Thus the ratio of densities is given bxp(D=2).

SubstitutingL; =1 K into (1.81), and using the fact that the posterior proba-
bilities sum to one, we nd that, for eachwe should choose the claggor which

1 p(Gjx) is a minimum, which is equivalent to choosing §héor which the pos-
terior probabilityp(G jx) is a maximum. This loss matrix assigns a loss of one if
the example is misclassi ed, and a loss of zero if it is correclssi ed, and hence
minimizing the expected loss will minimize the misclassiton rate.

A vectorx belongs to clas§ with probagility p(Gjx). If we decide to assigr to
classG we will incur an expected loss of | L p(Gjx), whereas if we select the
reject option we will incur a loss of. Thus, if
X
j =arg mlin L p(Gjx) (40)
k
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then we minimize the expected loss if we take the followingosct

P
classj, if minj | Lip(Gijx) < ;

choose X .
reject; otherwise.

(41)

Foraloss matrity; =1 I we haveP « L P(Gjx) =1 p(Gjx) and so we
reject unless the smallest valuebf p(Gjx) is less than , or equivalently if the
largest value op(Gjx) is less tharl . In the standard reject criterion we reject
if the largest posterior probability is less thanThus these two criteria for rejection
are equivalent provided= 1

The expected squared loss for a vectorial target variable is iye
7

E[L] = ky(x) tk®p(t;x)dx dt:
Our goal is to choosg(x) so as to minimizéE[L]. We can do this formally using
the calculus of variations to give
ey _ -
y(x)
Solving fory (x), and using tf%e sum and product rules of probability, we obtain

2(y(x) t)p(t;x)dt =0:

tp(t;x)dt Z
y(x)= £—— = tp(tjx)dt
p(t;x)dt

which is the conditional average btonditioned orx. For the case of a scalar target
variable we have Z

y(x) = tp(tjx)dt
which is equivalent to (1.89).

Since we can choosgx) independently for each value &f the minimum of the
expected. 4 loss can be found by minimizing the integrand given by
Z

Jy(x)  tjp(tjx) dt (42)

for each value ok. Setting the derivative of (42) with respectytx) to zero gives
the stationarity condition
z

diy(x) tj? *sign(y(x) t)p(tjx)dt
Z y(x) Z,

= q jy(x) tj? 'p(tjx)dt q jy(x) tj *p(tjx)dt =0
1 y(x)
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Solutions 1.29-1.31

1.29

131

which can also be obtained directly by setting the functioeaiMdtive of (1.91) with
respect togy(x) equal to zero. It follows that(x) must satisfy

Z y(x) Z,
jy(x)  tj® *p(tjx)dt = jy(x)  tj? *p(tjx) dt: (43)
1 y(x)
For the case off = 1 this reduces to
Z y(x) Z 4
p(tjx)dt = p(tjx) dt: (44)
1 y(x)
which says thay(x) must be the conditional median of

Forq! O we note that, as a function of the quantityjy(x) tj9 is close to 1
everywhere except in a small neighbourhood araundy(x) where it falls to zero.
The value of (42) will therefore be close to 1, since the dengityis normalized, but
reduced slightly by the "notch' close ta= y(x). We obtain the biggest reduction in
(42) by choosing the location of the notch to coincide withldrgest value op(t),
i.e. with the (conditional) mode.

The entropy of aM -state discrete variabbecan be written in the form

X X

HOO=  p)inp) = px)in et (45)

The functionin(x) is concave and so we can apply Jensen's inequality in the form
(1.115) but with the inequality reversed, so that
!
X 1
H(x) 6 In p(xi)—— =1In M: (46)
- p(xi)

We rst make use of the relatiof(x;y) = H(y) H(yjx) which we obtained in
(1.121), and note that the mutual information satisies;y) > 0 since it is a form
of Kullback-Leibler divergence. Finally we make use of thatieln (1.112) to obtain
the desired result (1.152).

To show that statistical independence is a suf cient caadifor the equality to be
satis ed, we substitute(x;y) = p(x)p(y) into the de nition of the entropy, giving
ZZ

p(x;y)In p(x;y)dx dy

H(x;y)
zz

p(x)p(y) fIn p(x) +In p(y)g dx dy
Z Z

p(x)In p(x)dx +  p(y)In p(y)dy
H(x) +H(y):
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To show that statistical independence is a necessary comdite combine the equal-
ity condition
H(x;y) = H(x) +H(y)

with the result (1.112) to give

H(yjx) = H(y):

We now note that the right-hand side is independertarfid hence the left-hand side
must also be constant with respecktaUsing (1.121) it then follows that the mutual
informationl[x;y] = 0. Finally, using (1.120) we see that the mutual information is
a form of KL divergence, and this vanishes only if the two disttibns are equal, so

thatp(x;y) = p(x)p(y) as required.

1.34 Obtaining the required functional derivative can be done sirhplyispection. How-
ever, if a more formal approach is required we can proceed as folloing tise
techniques set out in Appendix D. Consider rst the functional

z

[p(x)]=  p(x)f (x)dx:

Under a small variatiop(x) ! p(x)+ (x) we have
Z Z

IpO)+ (1= pOOf (x)dx + ()f (x) dx

and hence from (D.3) we deduce that the functional derivativevengdy

I
P ()
Similarly, if we de ne 7
JPG)I = p(x)In p(x) dx

= f(x):

then under a small variatigo(x) ! p(x)+ (x) we have

Z
Jp(x)+  (X)] = p(x) In p(x) dx
Z Z L
+ (X)In p(x) dx + p(X)ﬁ (x)dx + O(?)
and hence
W =p(x)+1:

Using these two results we obtain the following result for the fiomal derivative

Inp(x) 1+ 1+ x+ 3(x )%
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Solutions 1.35-1.38

1.35

1.38

Re-arranging then gives (1.108).

To eliminate the Lagrange multipliers we substitute (1.108) each of the three
constraints (1.105), (1.106) and (1.107) in turn. The solutiondstraasily obtained
by comparison with the standard form of the Gaussian, and ndtatghe results

1
1 =1 Sh2 2 (47)
2 = 0 (48)
1
3 = 22 (49)

do indeed satisfy the three constraints.

Note that there is a typographical error in the question, whicdulshread "Use
calculus of variations to show that the stationary point offtheetional shown just
before (1.108) is given by (1.108)".

For the multivariate version of this derivation, see Exercidd 2.

NOTE: In PRML, there is a minus sign (") missing on the I.h.s. of (1.103).

Substituting the right hand side of (1.109) in the argumenheflbogarithm on the
right hand side of (1.103), we obtain

z
H[x] = p(x) In p(x) dx
z
= p(X) ;m(zz 2) (X2 2)2 dX
_ % n@ 2+ 5 px)x  )?dx

N2 2)+1 ;

NI =

where in the last step we used (1.107).

From (1.114) we know that the result (1.115) holdsNbr= 1. We now suppose that

it holds for some general valld and show that it must therefore hold figr + 1.

Consider the left hand side of (1.115)
|

%+1 ' W
f i Xi = f MaXuwsa * i Xi (50)
i=1 i=1

= f wmMaxwat+t@  wme) iXi (51)

where we have de ned
= (52)
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We now apply (1.114) to give
! !
f iXi 6 maf(xm+)+(1 M1 )f iXi - (53)

i=1 i=1

We now note that the quantities by de nition satisfy

i=1 (54)

and hence we have

i=1 M +1 (55)

= — i=1: (56)

Thus we can apply the result (1.115) at orl¥erand so (53) becomes

|
K+1 ' hd +1
f iXi 6 Maf(Xm+a)+@  wma) if (xi) = if (xi) (57)
i=1 i=1 i=1

where we have made use of (52).

1.41 From the product rule we hay¥x;y) = p(yjx)p(x), and so (1.120) can be written
as

Y4 Y4

pO;y)Inp(y)dxdy +  p(x;y)In p(yjx)dxdy
z zz

p(y)Inpy)dy +  p(x;y)In p(yjx)dx dy
H(y) H(yjx): (°8)

L (X;y)
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Chapter 2 Probability Distributions

2.1 From the de nition (2.2) of the Bernoulli distribution we have

X
p(xj ) = p(x=0j )+ p(x=1j)
x2f 0;1g
« =@ )+ =1
Xp(xj ) = 0p(x=0j )+L1:p(x=1j)=
x2f 0;1g
(x )?p(xj) = Zp(x=0j )+ )*p(x=1j)

x2f 0;1g
= 21 H)+@ ¥ =@ )

The entropy is given by

HIx] p(xj )Inp(xj )

x2>f(0;1g
= @ ) *fxin +(@ x)In( g
x2f 0;1g

a HIna ) In :

2.3 Using the de nition (2.10) we have

N N! N!

n T on 1 T AN n o (n DAN+I n)
O (N+1 nN!+nN!_ (N +1)
B n(N+1 n)  n(N+1 n)
— N +1 .
= o (59)

To prove the binomial theorem (2.263) we note that the theoremivially true
for N = 0. We now assume that it holds for some general viluand prove its
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correctness foN + 1, which can be done as follows

N +1 — >G N n
1+ x) = (1+ x) X
n=0 n
+1
_ X x”+,X N o
n n 1
n=0 n=1
N 0 >@ N n N N +1
= + + +
0 X - n n 1 X N X
_ oN+1 o X N+ N+L1
0 - n N+1
[X+l N +1
= 0 X" (60)

n=0

which completes the inductive proof. Finally, using the bimartheorem, the nor-
malization condition (2.264) for the binomial distributiorvgs

X XV n
T R L R
n n 1
n=0 n=0
N
= (1 W1+ =1 (61)
as required.
Making the change of variabte= y + x in (2.266) we obtain
Z 1 Z 1
(a)( b= x2 1 exp( t)(t x)° tdt dx: (62)
0 X

We now exchange the order of integration, taking care over thigsliof integration
Z 1 z t

(a)( b= x2 texp( t)(t x)° ldxdt (63)
0 0

The change in the limits of integration in going from (62) to (63) & understood
by reference to Figure 2. Finally we change variables irxthgegral using< = t
to give
Z 1 Z 1
exp( t)t2 tP ‘tdt a1 )b ig
Z, °
(at+hb a 'l )b id: (64)

0

(a)(b

0
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Figure 2 Plot of the region of integration of (62)

Solution 2.9

in (x;t) space.

>

X

2.9 When we irlgegrate overy 1 the lower limit of integration i€, while the upper

limitis 1 jle 2 j since the remaining probabilities must sum to one (see Fig-
ure 2.4). Thus we have
P

Z 1 M:l2 ]
pv 1( it om 2) = pm( 1w 1)d v o

0

n I
Wy 2 Zy Pz VT
= Cw ¢ Wil L i dwv
k=1 0 j=1

In order to make the limits of integration equal @eand 1 we change integration
variable from y; 3 tot using

M( 2
M 1=t 1 i
j=1
which gives
v 1( 131 m 2) " ! L
My 2 w2 M o1t M Zl
= Cw P | j tv oY1 tdt
W K7L 4 = 0
2 2 " M 1t M 1
C e T X (wDCw) gy
k=1 j=l ( M l+ M)

where we have used (2.265). The right hand side of (65) is seen toerealized
Dirichlet distribution oveM 1variables, withcoefcients 1;:::; m 2; m 1+
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m ,» (note that we have effectively combined the nal two categg)riend we can
identify its normalization coef cient using (2.38). Thus

_ (1t iit wm) (vt wm)
(D Cwm20C w1+ m) (v ) wm)

(i ow)

DB (66)

Cm

as required.
We rst of all write the Dirichlet distribution (2.38) in the form

Dir( j )= K()
k=1

where

(o

KOy

Next we note the following relation

@
k 1

In jexpf( « 1)In kg

I
5

~
=

from which we obtain

Elln ;]

1
A
—~
~
=3
x~
=~
[N
o
N
o
<

@
= K( )@71 Jotdgrid oy

0 0 k=1

_ @ 1
- KO)g kO
@

= —InK :
@, ()
Finally, using the expression f&t ( ), together with the de nition of the digamma

function (), we have

Elln 1= () (o)
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2.14 As for the univariate Gaussian considered in Section 1.6, werede use of La-
grange multipliers to enforce the constraints on the maximum gysolution. Note
that we need a single Lagrange multiplier for the normalizationstraint (2.280),
a D-dimensional vectom of Lagrange multipliers for th® constraints given by
(2.281),and ® D matrixL of Lagrange multipliers to enforce tii¥* constraints
represented by (2.282). Thus we maximize

Z Z
Alp] = p(x) In p(x) dx + p(x)dx 1
Z
+m’ p(x)x dx
Z
+Tr L p(x)(x  )(x )T dx : (67)

By functional differentiation (Appendix D) the maximum of thisnfttional with
respect t@(x) occurs when

0= 1 Inpx)+ +m'x+TrfL(x )x )'g
Solving forp(x) we obtain
p(x) = exp 1+m™x+(x )'L(x ) : (68)

We now nd the values of the Lagrange multipliers by applying tonstraints. First
we complete the square inside the exponential, which becomes

T

1 1 1
1+ + 2L 1 L + 2L tm + T “mTL 'm:
X 5L 'm X 5L m m m m
We now make the change of variable
1
= X + 2L m:
y 2
The constraint (2.281) then becomes
z 1 1
exp 1+yTLy + ™m 21mTL Im  y+ éL Im dy=

In the nal parentheses, the term jnvanishes by symmetry, while the term in
simply integrates to by virtue of the normalization constraint (2.280) which now
takes the form

Z

exp 1+yTLy + T

m lemTL m dy=1:

and hence we have
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where again we have made use of the constraint (2.280). mhgs 0 and so the
density becomes

p(x) = exp 1+(x  )L(x )

Substituting this into the nal constraint (2.282), and makihg change of variable
X = z we obtain
z

exp 1+2z"Lz zz"dx =

Applying an analogous argument to that used to derive (2.64)anL = %
Finally, the value of is simply that value needed to ensure that the Gaussian distri-
bution is correctly normalized, as derived in Section 2.3, amt&és given by

o
(2 )D=2j jl=2

We havep(x1) = N (X1j 1; ; ') andp(xz) = N (Xzj 2; 5 ). Sincex = X1 + X
we also havep(xjxz) = N(xj 1 + X2; ; 1). We now evaluate the convolution
integral given by (2.284) which takes the form

=2 121 n . ) Y
exp E(X 1 Xp)? E(XZ 2)? dxa:

1 2
2 2 1
(69)
Since the nal result will be a Gaussian distribution fatx) we need only evaluate
its precision, since, from (1.110), the entropy is determined byahance or equiv-
alently the precision, and is independent of the mean. Thaw/alus to simplify the
calculation by ignoring such things as normalization cortstan

p(x) =

We begin by considering the terms in the exponent of (69) whiglede orx, which
are given by

1
éxg( 1+ 2)+ Xof (X 1)+ 2 20

2

1(Xx 1)+ 22 2+f1(X 1)+ 2 20

= L+ ) x
- vt e 1+ 2 2(1+ 2)

where we have completed the square over When we integrate ouwt,, the rst
term on the right hand side will simply give rise to a constantdamdependent
of x. The second term, when expanded out, will involve a term?n Since the
precision ofx is given directly in terms of the coef cient of? in the exponent, it is
only such terms that we need to consider. There is one other texfnarising from
the original exponent in (69). Combining these we have

1 z 1 1>
L2y 1 2= = X2
2 2(1+ 2) 21+
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Solutions 2.17-2.20

2.17

2.20

from which we see that has precision; ,=( ; + »).

We can also obtain this result for the precision directly by ajipg#o the general
result (2.115) for the convolution of two linear-Gaussian disttions.

The entropy ok is then given, from (1.110), by

2 (1% 2)

1
H[x] = ZIn
[x]= 3 -

We can use an analogous argument to that used in the soldtiEreocise 1.14.
Consider a general square matrixwith elements j . Then we can always write

= A+ Swhere

] = . 2 L 1 ﬁ\ = ! 2 L (70)
and it is easily veri ed that ° is symmetric so thatﬁ = f; ,and * is antisym-
metric so that ﬁ‘ = Jsl . The quadratic form in the exponent oDadimensional
multivariate Gaussian distribution can be written

10 X
5 i D) g ) (71)
i=1 j=1
where = !is the precision matrix. When we substitute=  * + Sinto

(71) we see that the term involving” vanishes since for every positive term there
is an equal and opposite negative term. Thus we can always téké&e symmetric.

Sinceu;;:::;up constitute a basis fdRP , we can write
a="ayu; +auL,+ i+ apup;
wherey; :::;8p are coef cients obtained by projectirsgonuy;:::;up . Note that

they typically donot equal the elements af.
Using this we can write

a'a = &u] +:i:+%Bpul (Auup+ i+ /Apup)
and combining this result with (2.45) we get
AUl + 1ii+/Apul (B qUp+ ii+/Ap pUp):
Now, sinceu/ uj =1 onlyif i = j, andO otherwise, this becomes
& |+ i+ p

and sincea is real, we see that this expression will be strictly positivedioy non-
zeroa, if all eigenvalues are strictly positive. It is also clear tlan eigenvalue,

i, IS zero or negative, there exist a vecadgie.g.a = u;), for which this expression
will be less than or equal to zero. Thus, that a matrix has egtovs which are all
strictly positive is a suf cient and necessary condition foe thatrix to be positive
de nite.
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2.22 Consider a matriM which is symmetric, so thaé! T = M. The inverse matrix
M ! satises
MM l=1:

Taking the transpose of both sides of this equation, and ubmgelation (C.1), we
obtain

M ETMT=1T =
since the identity matrix is symmetric. Making use of the syrimgneondition for
M we then have

M 1M =

and hence, from the de nition of the matrix inverse,
M 1 T - M 1
and soM ! is also a symmetric matrix.

2.24 Multiplying the left hand side of (2.76) by the matrix (2.287) taily gives the iden-
tity matrix. On the right hand side consider the four blocks @& tasulting parti-
tioned matrix:

upper left
AM BD !CM =(A BD !C)A BD !C) '=1

upper right

AMBD !'+BD '+BD !cMBD ‘!

= (A BD 'C)A BD !c)'BD '+BD ?

= BD '+BD '=0
lower left

CM DD CM =CM CM =0

lower right

cCvBD *+DD '+DD !CcMBD '=DD '=1I:
Thus the right hand side also equals the identity matrix.

2.28 For the marginal distributiop(x) we see from (2.92) that the mean is given by the
upper partition of (2.108) which is simply. Similarly from (2.93) we see that the
covariance is given by the top left partition of (2.105) and ise¢fare given by

Now consider the conditional distributiqgeiyjx). Applying the result (2.81) for the
conditional mean we obtain

yx=A +b+A ' (x )= Ax+b:
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Solution 2.32

2.32

Similarly applying the result (2.82) for the covariance of theditanal distribution
we have

covyjx]=L *+A AT A ! IAT =L 1
as required.

The quadratic form in the exponential of the joint distributisrgiven by
S0 ) Sy A bLy Ax by (72)

We now extract all of those terms involvingand assemble them into a standard
Gaussian quadratic form by completing the square

1
= éxT( + ATLA )X + xT +ATL(y b) +const

= %(x m)"( + ATLA)(x m)
+ %mT( + ATLA )m + const (73)
where
m=( +ATLA) ! +ATL(y b):

We can now perform the integration ovemwhich eliminates the rst term in (73).
Then we extract the terms in from the nal term in (73) and combine these with
the remaining terms from the quadratic form (72) which depenyg tmgive

= %yT L LA( +ATLA) 'ATL y
+yT L LA( +ATLA) 'ATL b
+LA( +ATLA) ! : (74)
We can identify the precision of the marginal distributja{yr ) from the second order

term iny. To nd the corresponding covariance, we take the inverse of theigion
and apply the Woodbury inversion formula (2.289) to give

1

L LA( +ATLA) 'ATL "=L *+A AT (75)

which corresponds to (2.110).

Next we identify the mean of the marginal distribution. To do this we make use of
(75) in (74) and then complete the square to give

1
E(y Y L Y+A AT '(y )+const
where

= L¥+A AT (L +A AT) p+LA( +ATLA) !
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Now consider the two terms in the square brackets, the rst onadving b and the
second involving . The rst of these contribution simply gives, while the term in
can be written

= LA AT LA( +ATLA) !
= A(+ ATLA(+ ATLAY Y 1 = A

where we have used the general re¢@IC) * = C !B . Hence we obtain
(2.109).

Differentiating (2.118) with respect to we obtain two terms:
Ne, . 1eX
E@'”J J 2@ (Xn )T H(xa ):
n=1
For the rst term, we can apply (C.28) directly to get
@ . N 1 T _ N 1.
2@ M= 3 = 7
For the second term, we rst re-write the sum
X
(Xn )T 1(Xn )= NTr 's ;
n=1
where
s= 2 o e T
- NI n n .
N n=1
Using this together with (C.21), in whioch=j (element(i;j ) in ), and proper-
ties of the trace we get
X
@ e )T e ) = NZTr s
@i _, @ jj
@
= NTr S
@ j
@
= NTr 1 S
@ jj
@ 1 1
= N Tr S
@ j
— N g 1

ij
where we have used (C.26). Note that in the last step we have djtizedact that
i = ji,sothat@ =@ has al in position(i;j ) only and0 everywhere else.
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Treating this result as valid nevertheless, we get

1 @ X
e ) e )

=1
Combining the derivatives of the two terms and setting the tésulero, we obtain

N 1 N 1 1
— = — S :
2 2

Re-arrangement then yields

as required.

2.36  NOTE: In the 1% printing of PRML, there are mistakes that affect this solutione T
sign in (2.129) is incorrect, and this equation should read

(N) = (N 1 an 12( (N 1)):

Then, in order to be consistent with the assumption tifa) > Ofor > ? and
f( )< Ofor < 7?inFigure 2.10, we should nd the root of the expecteajative
log likelihood. This lead to sign changes in (2.133) and (2),184t in (2.135), these
are cancelled against the change of sign in (2.129), so in eff2di35) remains
unchanged. Alsas,, should bex, on the I.h.s. of (2.133). Finally, the labelsand

mL in Figure 2.11 should be interchanged and there are corresporftanges to
the caption (see errata on the PRML web site for details).

Consider the expression fofN) and separate out the contribution from observation
XN to give

1
(2N) = N (Xn )?

1 L )?
- (N 1) N (N 1) N

(2N nt o (Xn )? (2N n - (76)

If we substitute the expression for a Gaussian distributiontimaesult (2.135) for
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the Robbins-Monro procedure applied to(maximizing likelihowd,obtain

@ 2 (XN )2

Ny = N optan 1z Zin N 1 5
@(N 1) 2 - (N 1)
( . ( )2)
X
_ 2 N
= N ptan o1 5 2 > 4
(N 1) (N 1)
an 1
_ 2 2 2 .
R (XN ) (N 1) * (77)
(N 1)

Comparison of (77) with (76) allows us to identify

4
— 2(N 1.
an l_T.

The posterior distribution is proportional to the product of tHemand the likelihood
function .

p( JX)/ p( ) p(xnj 3 ):
n=1
Thus the posterior is proportional to an exponential of a quidiatm in  given
by

1 T 1 1X\I T 1
5( o) o ( 0) 3 (Xn ) (Xn )
n=1 |
1 . 1 1 T 1 1>(\I
= = ot + N + ol oF Xn +const

n=1
where tonst' denotes terms independent of Using the discussion following
(2.71) we see that the mean and covariance of the posteriobdisdr are given by
1

NoT ol Nt ol ot N (78)
N o PN (79)
where , is the maximum likelihood solution for the mean given by
1 X
ML TN . Xn

From (2.158), we have

Z, el b) a 1 1=2 N ,0
0
=Z
_ P 1 a 1=2 (X )?
{3 2 . exp b+ 5 d
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We now make the proposed change of variglde  , where = b+(x  )?=2,

yielding
= Z

ba 1 = a 1=2 ' a 1=2

— = - z% ““Cexp( z)dz

(a) 2 : P

b 1 = a 1=2
= — - + 1=
(a) 2 (a+1=2)

where we have used the de nition of the Gamma function (1.14X)albi, we sub-
stituteb+ (x  )?=2for , =2foraand =2 forh:

( a+1:2)ba i =2 a 1=2

(a) 2

(O D R SN GO
(=2 2 2 2 2

B R U S A B S N C S R
(=2 2 2 2

_ 1=2 5 ( +1) =2
(G Le )
(=2
2.47 Ignoring the normalization constant, we write (2.159) as
2 (D=2
Stxj:: ) /14 X )
2
= exp 1In l+u (80)

For large , we make use of the Taylor expansion for the logarithm in the form

In1+ )= + O(? (81)
to re-write (80) as
exp > ! In 1+ ()(7)2
= exp 21 Yo 3
- ep X Vo
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We see thatinthe limit ' 1 this becomes, up to an overall constant, the same as
a Gaussian distribution with meanand precision . Since the Student distribution

is normalized to unity for all values of it follows that it must remain normalized in
this limit. The normalization coef cient is given by the stiard expression (2.42)
for a univariate Gaussian.

Using the relation (2.296) we have
1 =exp(iA)exp( iA)=(cos A+ isinA)(cosA isinA)=cos?A +sin?A:

Similarly, we have

cosA B) = <expfi(A B)g
= <exp(A)exp( iB)
<(cosA + isinA)(cosB isinB)
= cosA cosB +sin AsinB:
Finally
sinf(A B) = =expfi(A B)g

= =exp(A)exp( iB)
= =(cosA + isinA)(cosB isinB)
sin AcosB  cosAsinB:

We can most conveniently cast distributions into standardmeaptial family form by
taking the exponential of the logarithm of the distributiorr Ehe Beta distribution
(2.13) we have

Beta( ja:b) = ((:)Jr(z))expf(a Din +(b i@ )g
which we can identify as being in standard exponential form (2. h8uh
h() = 1 (82)
. (a+b
9@ = (83)
T R L (84)
. _ a 1
@b = | ] (85)

Applying the same approach to the gamma distribution (2.146)btein

Gam( ja;b) = (b:)expf(a 1)In bg:
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from which it follows that

h() =1 (86)
P
ab = —— 87
9ah = (87)
u) =, (88)
ab = b 89
@b = (89)
Finally, for the von Mises distribution (2.179) we make use efidrentity (2.178) to
give
p( j o;m)= mexpfmcos COoS o+ msin sin og
from which we nd
h() = 1 (90)
1
g( 0;m) 21 o(m) (91)
_ cos
u() = gn (92)
. _ m COS o
(oim) = oy’ (93)

2.60 The value of the densify(x) at a pointx,, is given byh; (»), where the notatiop(n)
denotes that data poirt, falls within regionj. Thus the log likelihood function
takes the form

X X

Inp(xn) = In hj ny:
n=1 n=1
We now need to take account of the constraint i) must integrate to unity. Since
p(x) has the constasit valure over region, which has volume ;, the normalization

constraint becomes ; h; ; = 1. Introducing a Lagrange multiplier we then
minimize the function
!
X X
In hj m t hi 1
n=1 i

with respect tdg to give N
k
0= —+
hi K

whereny denotes the total number of data points falling within redioMultiplying
both sides byhy, summing ovek and making use of the normalization constraint,
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Solutions 3.1-3.4 35

we obtain = N. Eliminating then gives our nal result for the maximum
likelihood solution forhy in the form

2
~

Note that, for equal sized binsy =  we obtain a bin heightty which is propor-
tional to the fraction of points falling within that bin, as eqted.

Linear Models for Regression

3.1

NOTE: In the 1% printing of PRML, there is & missing in the denominator of the
argument to thetanh' function in equation (3.102).

Using (3.6), we have
2

B 2 1+e 2
T l+e® l+e2
1 e 2a
- l+e2
et e?d
- erten
= tanh(a)
If we now takeg; = (x  j)=2s, we can rewrite (3.101) as

X
Wo + W, (28)
j=1

y(x;w)

wo+ L2 () 1+1)

= Up+ u; tanh(a;);
i=1

P wm

j=1 Wi =2.



Solution 3.5

3.4 Let

b3
¥n = Wot Wi(Xni+ ni)
i=1

= Yt Wi ni
i=1

wherey,, = y(Xn;w) and p;

N (0; ?) and we have used (3.105). From (3.106)
we then de ne

X
E = } fen tngz
n=1
— l>(\l 2 2
= 3 8 Zgnty + ]
n=1 8 | ,
X< X X
= 5 . Ya+2Yn W+ Wi ni
n=1" i=1 i=1
9
Ne =

I
[y

If we take the expectation & under the distribution of,,; , we see that the second
and fth terms disappear, sindg ;] = 0, while for the third term we get
2 ! 23
X X
E4 Wi 0= w;
i=1 i=1

since the ,,; are all independent with variancé.
From this and (3.106) we see that
h i 1®
EEB =Ep+ > w? 2
i=1
as required.

3.5 We can rewrite (3.30) as

1 .
> jwj j9 60
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where we have incorporated the2 scaling factor for convenience. Clearly this does
not affect the constraint.

Employing the technique described in Appendix E, we can camtiiis with (3.12)
to obtain the Lagrangian function
!
L X X
Lw; )= 35 fta wh ()@ + 5 jw; j
n=1 j=1

and by comparing this with (3.29) we see immediately that theydentical in their
dependence ow.

Now suppose we choose a speci ¢ value of 0 and minimize (3.29). Denoting
the resulting value ofv by w?( ), and using the KKT condition (E.11), we see that
the value of is given by

= w(O)i%
j=1

3.6 We rst write down the log likelihood function which is given by
N X
nL(W: )= —Zinjj 5 (t WT ()T Hta WT (xn)):

First of all we set the derivative with respectWé equal to zero, giving

X
0= e WT (xn)) (xn)":

n=1

Multiplying through by and introducing the design matrix and the target data
matrix T we have
T W = T-I-

Solving forW then gives (3.15) as required.

The maximum likelihood solution for is easily found by appealing to the standard
result from Chapter 2 giving

1 X T T T
= N (th Wae Xo))(th - Wy (X)) "
n=1
as required. Since we are nding a joint maximum with respect tinbd and
we see that it i8V . which appears in this expression, as in the standard result for
an unconditional Gaussian distribution.

3.8 Combining the prior
p(w) = N (wjmy;Sn)
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3.10

3.15

and the likelihood

1=2

P(EN +1 XN +1 ;W) = exp E(tN+1 whoyg)? (94)

™|

where y,; = (Xn+1), Wwe obtain a posterior of the form

P(Wjtn +1 ;XN +1;MN ;SN )

1 1
I exp E(W mN)TSNl(W my) é(tN+1 whoyg)?

We can expand the argument of the exponential, omitting tive? factors, as fol-
lows
(w mN)TSNl(W my)+ (e W' )P
=w'S'w 2w’ S 'my
+ W' (. W 2 W'y, tnsr +const
=wi(Sy'+ na Ne)W 2WT(Stmy + g ter ) +const;

whereconst denotes remaining terms independentvofFrom this we can read off
the desired result directly,

P(Wjtn+1;XN+1;MN;SN) = N (Wjmp 41 ;Sn+1);
with
Syl =Syt Nw N+t (95)
and
Mn+1 = SN+1 (SNlmN + N+t EN ) (96)

Using (3.3), (3.8) and (3.49), we can re-write (3.57) as
z

pltix;t; 5 )= Nt ()Tw; "N (wjmy;Sy)dw:

By matching the rst factor of the integrand with (2.114) and seeond factor with
(2.113), we obtain the desired result directly from (2.115).

This is easily shown by substituting the re-estimation form(3a@2) and (3.95) into
(3.82), giving
E(mN):Ekt m Nk2+§mLmN
_ N _ N
= 5

+ — =
2 2
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3.18 We can rewrite (3.79)

3.20

kt w K+ —wTw

2 2
= —t't 2w +w' Tw +_-w'w
2 2
1
= 5 t"t 2tTw +w'Aw

where, in the last line, we have used (3.81). We now use the trickdding0 =
miAmy mJAmy andusind = A A, combined with (3.84), as follows:

1

5 t't 2tTw +w'Aw

t"t 2tTA Aw + wTAw

t't 2miAw + wTAW + m{iAmyy  m] Am y

NIERNIRNE-

1
t't myAmy +§(W my)TA(W  my):

Here the last term equals term the last term of (3.80) and so it ren@mshow that
the rst term equals the r.h.s. of (3.82). To do this, we use theesizitks again:

% t't miAmy =% t't 2m{Amy + mJ Am y
=% t't 2miAA 1 Tt +ml 1+ T my
=% t't 2mf, Tt + m§ "m g+ mimy
=2 mTe mo)+ mimy
:Ekt m Nk2+§mLmN

as required.

We only need to consider the terms of (3.86) that depend,omhich are the rst,
third and fourth terms.

Following the sequence of steps in Section 3.5.2, we stahnttiv last of these terms,
1
= InjAj:
5 NIA

From (3.81), (3.87) and the fact that that eigenvectgrare orthonormal (see also
Appendix C), we nd that the eigenvectorsAftobe + ;. We can then use (C.47)
and the properties of the logarithm to take us from the left to the sigle of (3.88).
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The derivatives for the rst and third term of (3.86) are more easiliamied using
standard derivatives and (3.82), yielding

1

.
- —+mymy
2 N

We combine these results into (3.89), from which we get (3.92) vi@0}3. The
expression for in (3.91) is obtained from (3.90) by substituting

for M and re-arranging.

3.23 From (3.10), (3.112) and the properties of the Gaussian and Ganstndoations
(see Appendix B), we get

ZZ
p(t) = p(tiw; )p(wj )dwp( )d
zz N=2
= 5 exp E(t w)'(t w)
M=2
> jSoi " exp E(W mo)' Sy '(w  mg) dw

(@) " * ‘exp( by )d

o 2z
T @pese P2t W)

exp E(w mo)"Sy'(w myp) dw
aps 1 N=2 M=2exp( h) )d

ZZ
exp E(w my)TSyt(w  my)  dw

@0
(2 YM+NjSe))

exp 5 t't+m{S;'mg m{Sy'my

2
1 MZexp( by )d
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where we have completed the square for the quadratic fomn using

mNy = Sy Sp'moe+ Tt
Sy! = Spt+ T
an = at N
2 I
b = b+ % mgSy mo miSytmy + * t2

n=1

Now we are ready to do the integration, rst owgrand then , and re-arrange the

terms to obtain the desired result
Z

tﬁo M=2; 1=2 a 1
t 2 S N d
P = e s exp( by )
1 jSni'2 H (aw),
(2 V2 So*2 By (a0)”

Chapter 4 Linear Models for Classi cation

4.2 Forthe purpose of this exercise, we make the contribution dfitkeweights explicit
in (4.15), giving

Ep(tv) = %Tr (XW + 1w T)T(XW +1w] T) ; (97)

wherew  is the column vector of bias weights (the top rowbuf transposed) antl
is a column vector of N ones.

We can take the derivative of (97) w.niy, giving
2Nwo +2(XW  T)"1:
Setting this to zero, and solving fary, we obtain
wo=1t WTx (98)
where

1 1
t= —T"1 and x= —XT1:
N N

If we subsitute (98) into (97), we get

1 . .
ED(W)=§Tr XW +T XW T)'(XW +T Xw T) ;
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where o o
T=1t" and X = 1x":
Setting the derivative of this w.r¥ to zero we get

W =(RTR) 1RTH = RvP;
where we havedene® = X X andP=T T.
Now consider the prediction for a new input vecxdt,
y(x?) = WTx?+ wg
= W'x?+t WTx
T
t P RY  (x? x): (99)

If we apply (4.157) td, we get

1
T — T4Tq — .
at=—aT'l= b:
N

Therefore, applying (4.157) to (99), we obtain
.
a'y(x?) = a't+a P’ R (x? x)
= a't= b;
sincea™T=a(T T)T=K1 1)T=0".

4.4 NOTE: In the 1% printing of PRML, the text of the exercise refers equation (4.23)
where it should refer to (4.22).

From (4.22) we can construct the Lagrangian function
L=w'(m, my)+ w'w 1:
Taking the gradient of we obtain
rL = m, my+2 w (100)

and setting this gradient to zero gives

1
W = T(mz mj)
form which it follows thatw / m, mjy.
4.7 From (4.59) we have

1 1+e? 1
l+ea  l+ea@

e 1 ( a)
l+ea e@+1 :

1 (3




Solutions 4.9-4.12 43

The inverse of the logistic sigmoid is easily found as follows

1
y= @ = l+e 2
1
1 = e?
) y
) In u = a
y
y - - 1
)y a=  (y)
4.9 The likelihood function is given by
_ Y K _ .
p(f nitagif «Q)= fp( njG) «g™
n=1 k=1
and taking the logarithm, we obtain
. »I % .
Inp(f n;tngjf Q)= tak FInp( njG) +1In «Q: (101)
n=1 k=1

In order tppmaximize the log likelihood with respect tp we need to preserve the
constraint |, ¢ =1. This can be done by introducing a Lagrange multipli@nd
maximizing |
. % .
Inp(f n;tagif «g)+ ko1

k=1

Setting the derivative with respect tQ equal to zero, we obtain

X th + =0:
n=1 k
Re-arranging then gives
X
K = tok = Ni: (102)
n=1
Summing both sides ovérwe ndthat = N, and using this to eliminate we

obtain (4.159).
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4.12 Differentiating (4.59) we obtain

a _ _e®
da (1+e a)2
e a
= @ 174
l+e?® 1
= @ o7 rea
= (@@ ()
4.13 We start by computing the derivative of (4.90) wyq.
@E 1 tn tn
== = n 103
@y 1 yn ¥n (103)
— Yn(1 th) th(1 Vyn)
yn(1  Yn)
Yn Yntn tn + Yntn
104
Yn(1 Yn) (104)
Yn tq
= = 105
yn(1  Yn) (105)
From (4.88), we see that
@y _ @ (an)
=N _ = 1 a,)) = 1 : 106
@a @a (an)( (an)) = Yn( Yn) (106)
Finally, we have
ra,= , (107)

wherer denotes the gradient with respectto Combining (105), (106) and (107)
using the chain rule, we obtain

n
o @Y @4
= (Yn th) n
n=1
as required.
4.17 From (4.104) we have
@y _ & oe
=7 = ! ! = 1 :
@a & & Y k)
@ e e
L P——= = WY j6k

@a . edi
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4.23

Solutions 4.19-4.23 45

Combining these results we obtain (4.106).

Using the cross-entropy error function (4.90), and following Exer4i48, we have

@E_  yn tn
== n . 108
@y  yn(1 yn) (108)
Also
ra, = g (109)
From (4.115) and (4.116) we have
@y _ @ an) 1 2
- = = piie n: 110
@& @& 2 (110)
Combining (108), (109) and (110), we get
X X "
re= QEOV Yo I b eat o @

L@@ " (@ oy 2

In order to nd the expression for the Hessian, it is is convenientst determine

@ yn _ Ya(L yn)  (Yn )@ 2yn)

@y yn(1  yn) Y2(1  yn)? y2(1 yn)?
Ya+th  2¥ntn.
- 112
YA(1  yn)? (112)

Then using (109)—(112) we have

)(\I @ yn tn l 2

m E = — ——  p—e * ot
@y w@ v "2 nt o
yn tn 1 a2
+————p—e “( 24 ra
yn(1 VYn) 2 ( n) ol an
X 2 2a2 T
yn+tn 2yntn 1 a2 € " n on .
: —pje n 2a t ‘pi—.
S T S NS

NOTE: In the1® printing of PRML, the text of the exercise contains a typogreghi
error. Following the equation, it should say tlais the matrix of second derivatives
of thenegativelog likelihood.

The BIC approximation can be viewed as a lakj@pproximation to the log model
evidence. From (4.138), we have

A = 1 Inp(Dj map )P( map )

H o Inp( wap)
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Solution 5.2

Chapter 5

andifp( )= N( jm;Vy), this becomes
A=H+V,"u

If we assume that the prior is broad, or equivalently that thebamof data points
is large, we can neglect the tevh, * compared tdH . Using this result, (4.137) can
be rewritten in the form

Inp(D) " Inp(Dj mar ) %( war MV '( map M) %InjHj + const

(113)
as required. Note that the phrasing of the question is mislgadince the assump-
tion of a broad prior, or of larg8l, is required in order to derive this form, as well
as in the subsequent simpli cation.

We now again invoke the broad prior assumption, allowing usgglett the second
term on the right hand side of (113) relative to the rst term.

Since we assume i.i.d. datd, = rr Inp(Dj wmap ) consists of a sum of terms,
one term for each datum, and we can consider the following appedion:

whereH ,, is the contribution from the™ data point and

X
B = Hp:

n=1

L
N
Combining this with the properties of the determinant, we have

NjHj=In jNBj=In NMjBj =M InN +In jiRj
whereM is the dimensionality of . Note that we are assuming tHathas full rank

M . Finally, using this result together (113), we obtain (4.13%mpping thdnjlhj
since thisO(1) compared tdn N .

Neural Networks

5.2

conditional distribution (5.16) is given by
W

N tnjy(Xniw); 1

n=1
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5.6
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If we take the logarithm of this, using (2.43), we get

X
NN tajy(Xn;w); 'l

n=1
1 X .

= 3 (o y&aiw))  ( D(th y(Xa;w))+ const
n=1

= 5 ktn  y(Xn;wW)k?+ const
n=1

where “const' comprises terms which are independent ofThe rst term on the
right hand side is proportional to the negative of (5.11) and éenaximizing the
log-likelihood is equivalent to minimizing the sum-of-squara®e

For the given interpretation ofx (x; w), the conditional distribution of the target
vector for a multiclass neural network is

Ptiwe; i wk) = Y
k=1

Thus, for a data set i points, the likelihood function will be

. YO t
p(Tjwy;iii;wk) = yloe
n=1 k=1
Taking the negative logarithm in order to derive an error functienoltain (5.24)

as required. Note that this is the same result as for the mukitdgsstic regression
model, given by (4.108) .

Differentiating (5.21) with respect to the activatiaf corresponding to a particular
data pointn, we obtain

@E 1 @y 1 @y
— = th——+ (1 ty))—— 114
@ "wea " "1y @a (t14)
From (4.88), we have @
W
=X =y,(L V) 115
@a ) 1 ) (115)
Substituting (115) into (114), we get
@E yn(1  yn) yn(1  yn)
—— = (1 )
@a Yn ( ) 1 yn)
= ¥n fIj

as required.
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Solutions 5.9-5.10

5.9

5.10

This simply corresponds to a scaling and shifting of the binatputs, which di-
rectly gives the activation function, using the notation fromi ), in the form

y=2 (& 1

The corresponding error function can be constructed from (5.21) blyiagphe
inverse transform tg, andt,, yielding

X
E(w) = 1+t In1+2y“+ 1 l+2t” In 1 1+2y“
n=1
1 X
= 5 f@+t)hn@+y)+@d t)In@  ya)g+ Nin2

n=1
where the last term can be dropped, since it is independemnt of

To nd the corresponding activation function we simply applg tmear transforma-
tion to the logistic sigmoid given by (5.19), which gives

2
2 () 1= 1+ea
1 e? ¢e¥2 g a2
l+ea =2+ ¢ a2
tanh( a=2):

y(a)

From (5.33) and (5.35) we have
ufHu; =uf jui = ;:
Assume thatl is positive de nite, so that (5.37) holds. Then by setting= u; it
follows that
i = ujHu; >0 (116)
for all values ofi. Thus, ifH is positive de nite, all of its eigenvalues will be
positive.
Conversely, assume that (116) holds. Then, for any veetore can make use of
(5.38) to give
I+ !
X X
VIHv = qui H G Uj
i j
! !
X X
= GUi Gy
X j

icZ >0

where we have used (5.33) and (5.34) along with (116). Thus, if #ibeigenvalues
are positive, the Hessian matrix will be positive de nite.
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5.12

5.19

Solutions 5.11-5.19 49

NOTE: In PRML, Equation (5.32) contains a typographical errorshould be .

We start by making the change of variable given by (5.35) whitdwal the error
function to be written in the form (5.36). Setting the value of the refumction
E (w) to a constant valu€ we obtain
. 1%,
E(w?)+ S i 7=C:
2 i
Re-arranging gives X
i 2=2C 2EW?)=€

i
where€ is also a constant. This is the equation for an ellipse whoss are aligned
with the coordinates described by the varialilesg. The length of axig is found
by setting ; =0 foralli 6 j, and solving for  giving

which is inversely proportional to the square root of the corresimgneigenvalue.

NOTE: See note in Solution 5.11.

From (5.37) we see that,H is positive de nite, then the second term in (5.32) will
be positive whenevegfw ~ w?) is non-zero. Thus the smallest value whEEkw)
can take i€ (w?), and sow? is the minimum ofE (w).

Conversely, ifw? is the minimum ofE (w), then, for any vectow 6 w?, E (w) >
E(w?). This will only be the case if the second term of (5.32) is pusifor all
values ofw 6 w? (since the rst term is independent uf). Sincew w? can be
set to any vector of real numbers, it follows from the de nition (B.3hatH must
be positive de nite.

If we take the gradient of (5.21) with respectvtg we obtain

X @E X
r E(W) = @77' an = (Yn tn)r an;
n=1 A n=1
where we have used the result proved earlier in the solution tocEeeb.6. Taking
the second derivatives we have
X
rr E(w)= @r anl an +(yn to)rr an

@a

n=1

Dropping the last term and using the result (4.88) for the derigaiivthe logistic
sigmoid function, proved in the solution to Exercise 4.12, wally get

X x i
o E(w)’ Ya(1  Yn)r agr a, = Yn(1  Yn)bnby

n=1 n=1



50

Solution 5.25

5.25

whereb, r a,.

The gradient of (5.195) is given
rE=Hw w?’)
and hence update formula (5.196) becomes

Pre-multiplying both sides with we get

Wj() = ufw®) (117)
= ufwl P uHWO D w?)
1
= w Y juf(w w?)
1 1
= w P jwt YWy (118)

where we have used (5.198). To show that

wi=f1 @ ) ow
for =1;2;:::, we can use proof by induction. For= 1, we recall thaw© = 0
and insert this into (118), giving

[CO 0) w0 ?
W = W i (W, w;')
- ?
= j Wj
2.
= f1 (1 Pgw;

Now we assume that the result holds for N 1 and then make use of (118)

WJ-(N) — WJ-(N 1) j(Wj(N 1) WJ’))
= wh e e W
= 1 (1 j)N ! Wr(l j)+ jo?
= @ D@ N W+ gw
= 1 a2 MW
as required.
Provided thajl jj < 1then we havgl j) ! Oas !1 ,andhence
1 ON 1 landw() 1 w®.
If is nite but ( ) muststil be large, since; 1, even though

?

jl il < LIf islarge, it follows from the argument above tl\mft) tow
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If, onthe otherhand,;, () ?,this meansthat ; must be small, since ;
land is an integer greater than or equal to one. If we expand,

a ;) =1 i +0( P

and insert this into (5.197), we get

-
-

o= it @) ow]
= 1@ +o( ) Wi
S W)

Recall thatin Section 3.5.3 we showed that when the regutasizparameter (called
in that section) is much larger than one of the eigenvaluéie(cg in that section)
then the corresponding parameter valyewill be close to zero. Conversely, when

is much smaller than; thenw; will be close to its maximum likelihood value.
Thus is playing an analogous role to .

If s(x; )= x+ ,then
@§ = 1y, i.e.,@ =1;
@ @
and since the rst order derivative is constant, there are no higider derivatives.
We now make use of this result to obtain the derivativeg wfr.t. ;:

@y_* @y@s_ @y_
@i @@ @s

k

b

@ _ @_X @b@s_ @b

@@ @ @@ @ °

k

Using these results, we can write the expansiol afs follows:
2727

e - fy(x) tg®p(tjx)p(x)p( )d dxdt
277
+ fy(x) tgb" p( )p(tix)p(x)d dx dt
2727
+ % T fy(x) tgB+bbT p( )p(tix)p(x)d dx dt:

The middle term will again disappear, singg ] = 0 and thus we can writ€ on
the form of (5.131) with
277

- % T fy(x) tgB+bbT p( )p(tix)p(x)d dx dt:
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5.28

5.29

5.34

Solutions 5.28-5.34

Again the rst term within the parenthesis vanishes to leadirdgoin and we are
left with

Z7Z
% T bbT  p()p(x)d dx
ZZ
- Y qace T bt p( )p(x)d dx
2
Z
= % Trace | bbT p(x)dx
Z Z
= % bpr(x)dx:% kr y(x)k?p(x) dx;

where we used the factthef "]= 1.

The modi cations only affect derivatives with respect to weigim the convolutional
layer. The units within a feature map (indexadl have different inputs, but all share
a common weight vectow (™). Thus, errors (™ from all units within a feature
map will contribute to the derivatives of the corresponding Weigector. In this
situation, (5.50) becomes

7@5 = X 7@5 @gn) = X .(m)Z.(.m):
@\Nn) j @gﬂ) @\N’“) j J ]

Here aj(m) denotes the activation of thé" unit in them™ feature map, whereas

Wi(m) denotes thé™" element of the corresponding feature vector and, naw,)

denotes thé™ input for thej ™ unit in them™ feature map; the latter may be an
actual input or the output of a preceding layer.

Note that j(m) = @E.:@J%E”) will typically be computed recursively from thes
of the units in the following layer, using (5.55). If there are layppi®ceding the
convolutional layer, the standard backward propagation emn&will apply; the
weights in the convolutional layer can be treated as if thesewdependent param-
eters, for the purpose of computing thefor the preceding layer's units.

This is easily veri ed by taking the derivative of (5.138), usifig46) and standard
derivatives, yielding

@ D 1 X . 2 (Wi j)

= =] . iN(wij i; 7)———
@Qw e kN (Wij i 2) j PN a5 7) 2

Combining this with (5.139) and (5.140), we immediately obthmsecond term of
(5.141).

NOTE: In the 1% printing of PRML, the I.h.s. of (5.154) should be replaced with
nk = «k(thjXn). Accordingly, in (5.155) and (5.156)« should be replaced by
nk and in (5.156)t; should bet, .
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We start by using the chain rule to write

@k _ X @R @
@ | @ @

(119)
i
Note that because of the coupling between outputs causdtkelsoftmax activation

function, the dependence on the activation of a single outpiitinvolves all the
output units.

For the rst factor inside the sum on the r.h.s. of (119), standindivatives applied
to then™ term of (5.153) gives

@& _ o Noi . o, (120)
@; =1 INn j

For the for the second factor, we have from (4.106) that

o= 10k (121)
Combining (119), (120) and (121), we get
@F Xy
@a L iUk ®)
X
= ni (Ijk K)= okt k= ko nks
j=1 j=1

P
where we have used the fact that, by (5.154}11 nj =1 foralln.

Using (4.135), we can approximate (5.174) as

p(DjZ' ) P(Djwmapr 5 )P(Wwmap | )
1

EXp > (W Wuap )T AW wyap) dw;
whereA is given by (5.166), ap(Djw; )p(wj ) is proportional tqp(wjD; ; ).

Using (4.135), (5.162) and (5.163), we can rewrite this as
. W ) . (2 )W=2
P(Dj; )" N(tajy(Xn;wwmap );  IN (Wuap jO; 1) A

n

Taking the logarithm of both sides and then using (2.42) andj2we obtain the
desired result.
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Solutions 5.40-6.1

5.40 For aK -class neural network, the likelihood function is given by

Chapter 6

¥ K
Yic(Xn ;W)
n k

and the corresponding error function is given by (5.24).

Again we would use a Laplace approximation for the posteridritigion over the
weights, but the corresponding Hessian mattix,in (5.166), would now be derived
from (5.24). Similarly, (5.24), would replace the binary cross entrapgréerm in
the regularized error function (5.184).

The predictive distribution for a new pattern would again havee@pproximated,
since the resulting marginalization cannot be done analjgic However, in con-
trast to the two-class problem, there is no obvious candidatdieapproximation,
although Gibbs (1997) discusses various alternatives.

Kernel Methods

6.1

We rst of all note that] (a) depends oa only through the fornKa . Since typically
the numbemMN of data points is greater than the numidrof basis functions, the
matrix K = T will be rank de cient. There will then b& eigenvectors oK
having non-zero eigenvalues, add M eigenvectors with eigenvalue zero. We can
then decomposa = a, + a» wherea{ a, =0 andKa, = 0. Thus the value of
a» is not determined by (a). We can remove the ambiguity by settiag = 0, or
equivalently by adding a regularizer term

Eag a»
to J(a) where is a small positive constant. Thear= a, whereay lies in the span
of K = T and hence can be written as a linear combination of the colwhins
, SO that in component notation
X
ah = U i(xn)
i=1
or equivalently in vector notation
a= u: (122)

Substituting (122) into (6.7) we obtain

1
Ju) = S(Ku ) (Ku  t)+ EuT TKu
1
= 5 Tyt ! Tu t+§uTT Tu (123
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Since the matrix "

given by

has full rank we can de ne an equivalent parametrization

w= Tu
and substituting this into (123) we recover the original rega&dierror function
(6.2).

The results (6.13) and (6.14) are easily proved by using (6.1) veldates the kernel
in terms of the scalar product between the feature vectors for tput wectors. If
k1(x;x9) is a valid kernel then there must exist a feature vector) such that

ki(x;x% = ()7 (x9:

It follows that
cka(x;:x% = u(x)Tu(x9

where
u(x) = ¢7? (x)

and sacky (x; x9 can be expressed as the scalar product of feature vectors, ared henc
is a valid kernel.

Similarly, for (6.14) we can write

f (ki (x;xYF (X% = v(x)Tv(x9Y

where we have de ned
vix)= f(x) (x):

Again, we see that (x)ky(x;x9f (x% can be expressed as the scalar product of
feature vectors, and hence is a valid kernel.

Alternatively, these results can be proved be appealing to ¢émergl result that
the Gram matrixK , whose elements are given ByX,;Xny), should be positive
semide nite for all possible choices of the det, g, by following a similar argu-
ment to Solution 6.7 below.

(6.17) is most easily proved by making use of the result, diszlies page 295, that
a necessary and suf cient condition for a functik(x;x9 to be a valid kernel is
that the Gram matriX , whose elements are given k{x,, ; X, ), should be positive
semide nite for all possible choices of the det,g. A matrix K is positive semi-
de nite if, and only if,

a"Ka > 0

for any choice of the vecta. LetK ; be the Gram matrix fok;(x;x% and letK »
be the Gram matrix fok,(x; x%. Then
a'(Ki+ Kjya=a'K;a+a'K,a>0

where we have used the fact thé&t andK , are positive semi-de nite matrices,
together with the fact that the sum of two non-negative numiwitstself be non-
negative. Thus, (6.17) de nes a valid kernel.
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Solutions 6.12—-6.14

6.12

6.14

To prove (6.18), we take the approach adopted in Solution 6.5eSue know that
ki(x;x9 andky(x;x9 are valid kernels, we know that there exist mappings)
and (x) such that

ki(;x9= ()T (x)  and  ko(x;x9= ()T (x9:

Hence

k1 (x; x9ka(x; x9)
= )" XY 07 (x9

k(x;x9

bl X

= m (X) m(XO) n(X) n(XO)
m=1 n=1
XN

= m(X) m(X9 n(x) n(x9
m=1 n=1
X

= "r(X)" k(X9
k=1

= 00" (<%

whereK = MN and

k(X)) = (ko N (X)) (k1) Nz (X);
where inturn and denote integer division and remainder, respectively.

NOTE: In the 1% printing of PRML, there is an error in the text relating to this
exercise. Immediately following (6.27), it sayj#j denotes the number slibsets
in A; it should have said/Aj denotes the number efementsn A.

SinceA may be equal t® (the subset relation was not de ned to be strict{D)
must be de ned. This will map to a vector 8! 1s, one for each possible subset
of D, includingD itself as well as the empty set. Far D, (A) will have 1sin
all positions that correspond to subset®\odnd Os in all other positions. Therefore,

(A1)T (A») will count the number of subsets sharedfyandA,. However, this
can just as well be obtained by counting the number of elesrarthe intersection
of A; andA,, and then raising 2 to this number, which is exactly what (6d08s.

In order to evaluate the Fisher kernel for the Gaussian we rst ti@tthe covari-
ance is assumed to be xed, and hence the parameters comprysherlements of
the mean . The rst step is to evaluate the Fisher score de ned by (6.32)ntwe
de nition (2.43) of the Gaussian we have

gl ;x)=r InN(xj ;S)=S }(x ):
Next we evaluate the Fisher information matrix using the déomit(6.34), giving

F=E 9( ;x)9( ;x)" =S 'Ex (x )x ) stk
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Here the expectation is with respect to the original Gaussistnilolition, and so we
can use the standard result

Ex x )x ) =5
from which we obtain
F=s
Thus the Fisher kernel is given by
k(;x9=(x )'s *(x® )
which we note is just the squared Mahalanobis distance.

6.17 NOTE: Inthel® printing of PRML, there are typographical errors in the text relating
to this exercise. In the sentence following immediately afte89%f (x) should be
replaced byy(x). Also, on the L.h.s. of (6.40)(xn) should be replaced by(x).
There were also errors in Appendix D, which might cause confusieasp consult
the errata on the PRML website.

Following the discussion in Appendix D we give a rst-principlderivation of the
solution. First consider a variation in the functipfx) of the form

yx) b y(x)+ (x):
Substituting into (6.39) we obtain
X )
Ely + ]:E fyxn+ )+ (Xn+ ) thg” ()d:

n=1

Now we expand in powers ofand set the coef cient of, which corresponds to the
functional rst derivative, equal to zero, giving

W Z
fy(xn+ ) tag (Xa+ ) ()d =0: (124)

n=1

This must hold for every choice of the variation functiaix). Thus we can choose

x)= (x 2
where () is the Dirac delta function. This allows us to evaluate thegrakover
giving
X Z X
fy(xn+ ) thg (Xn+ z) ()d = fy(z) thg (z Xn):
n=1 n=1

Substituting this back into (124) and rearranging we then olitenmequired result
(6.40).
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6.20 Given the joint distribution (6.64), we can identify ., with x5 andt with xj in
(2.65). Note that this means that we are prepending rather thamdimgity +; tot
andCy .1 therefore gets rede ned as

Cnva = ¢y
It then follows that

a:0 b:O Xb:t

aa = C bb = Cn ab = .kl)-a:kT
in (2.81) and (2.82), from which (6.66) and (6.67) follows directly.

6.21 Both the Gaussian process and the linear regression model gevgoriGaussian
predictive distributiong(ty +1 jXn+1) SO we simply need to show that these have
the same mean and variance. To do this we make use of the eppré8$4) for the
kernel function de ned in terms of the basis functions. Using 2§ e covariance
matrix Cy then takes the form

1 5

Cn = + Yy (125)

where is the design matrix with elements,x = «(Xn), andly denotes the
N N unit matrix. Consider rst the mean of the Gaussian process gtigdi
distribution, which from (125), (6.54), (6.66) and the de nitionglie text preceding
(6.66) is given by

1
Mmy+1 = L (XN+1)T 1 L 1|N t:
We now make use of the matrix identity (C.6) to give

1 1
T 1 T+ 1IN - T + IM T: SN T:

Thus the mean becomes
My+1 = (Xn+1)"Sn Tt

which we recognize as the mean of the predictive distributiothf®tinear regression
model given by (3.58) witimy de ned by (3.53) andsy de ned by (3.54).

For the variance we similarly substitute the expression (125jHerkernel func-
tion into the Gaussian process variance given by (6.67) anduse(6.54) and the
de nitions in the text preceding (6.66) to obtain

! (XN+1)T (Xn+1)t !
2 (xna )T T ooTe 1y (Xn+1)
Y+ (xna)T Hw

2T 1 Tyt (xna ) (126)

l%l+1 (XN+1)
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We now make use of the matrix identity (C.7) to give

1
1|M 1|M T ( llM) T+ 1|N

1
= 1+ T = Sn;

lIM

where we have also used (3.54). Substituting this in (126), werobta
1
ROns1)= =+ (Xn+)"Sn (Xn+1)

as derived for the linear regression model in Section 3.3.2.

NOTE: In the 1% printing of PRML, a typographical mistake appears in the text
of the exercise at line three, where it should say. ‘a training set of input vectors

If we assume that the target variables,:::;tp, are independent given the input
vector,x, this extension is straightforward.

Using analogous notation to the univariate case,
P(tn+1JT) = N(tnaajm(Xn+1); (Xn+2)1);
whereT isaN D matrix with the vectors{;:::;t], as its rows,
MmN+ )T = kKTCNT

and (Xy+1) is given by (6.67). Note thaCy , which only depend on the input
vectors, is the same in the uni- and multivariate models.

Substituting the gradient and the Hessian into the Newtorh&apformula we ob-
tain

new
ay

an +(Cyt+Wy) oty N Cplan
(Cpyt+ Wy) in N+ Wyan]
Cn(l+WnNCn) *tn N+ Wyan]

Sparse Kernel Machines

7.1

From Bayes' theorem we have

p(tjx) /- p(xjt)p(t)
where, from (2.249),

(xjt) = L1 k(x;xn) (t;th):
p J - th:l Tk »An s tn /-
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7.4

HereNy is the number of input vectors with laltef+1 or 1)andN = N,; + N ;.

(t;tn) equalsl if t = t, andO otherwise. Zy is the normalisation constant for
the kernel. The minimum misclassi cation-rate is achieved if, dach new input
vector,x, we chosd to maximisep(tjx). With equal class priors, this is equivalent
to maximizingp(xjt) and thus

8 1 X 1 X
< +1iff N k(¢ i) > N k(% X;)
t= ) +1 ity =+1 lj:tj= 1
1 otherwise.

Here we have dropped the factirZy since it only acts as a common scaling factor.
Using the encoding scheme for the label, this classi catida can be written in the
more compact form |

th

t=sign K(%;Xn)

n=1 n
Now we takek(x;xn) = X' X,, which results in the kernel density
1 X

p(xjt =+1) = N

n:it,=+1

Here, the sum in the middle experssion runs over all vectgrior whicht, = +1
andx® denotes the mean of these vectors, with the correspondingtimrior the
negative class. Note that this density is improper, sincainot be normalized.
However, we can still compare likelihoods under this denségulting in the classi-
cation rule

= +1 ifx"XT > %xTx ,

1 otherwise.

The same argument would of course also apply in the feature sgage

From Figure 4.1 and (7.4), we see that the value of the margin

— l 1_ 2.
= Tk and so —2-kwk.

From (7.16) we see that, for the maximum margin solution, thersterm of (7.7)
vanishes and so we have

L(w;b;a) = %kwkz:
Using this together with (7.8), the dual (7.10) can be written as
1 X 1
ékwk2 = n an ékwkz;

from which the desired result follows.
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7.8 This follows from (7.67) and (7.68), which in turn follow from the KKT aditions,
(E.9)-(E.112), for n, n, bn andP,, and the results obtained in (7.59) and (7.60).

For example, for , and ,, the KKT conditions are

n > 0
n > 0
nn = 0 (127)
and from (7.59) we have that
n=C a: (128)

Combining (127) and (128), we get (7.67); similar reasoningotplandbn lead to
(7.68).

7.10 We rst note that this result is given immediately from (2.113)—(@&}, but the task
set in the exercise was to practice the technique of compl#tiagquare. In this
solution and that of Exercise 7.12, we broadly follow the prestém in Section
3.5.1. Using (7.79) and (7.80), we can write (7.84) in a form simdg3t78)

NE2g Y z
ptjixX; ;)= =

2 (2 )=2 i=1 |

expf E(w)g dw (129)
where
E(w)= 5kt w k?+ :—ZLWTAW

andA =diag( ).
Completing the square over, we get

E(w):%(w m)’  w m)+ E() (130)

wherem and are given by (7.82) and (7.83), respectively, and

=

E(t) = t't m" 'm: (131)

2
Using (130), we can evaluate the integral in (129) to obtain
Z
expf E(w)gdw =expf E(t)g2 )M? ¥ (132)

Considering this as a function ofwe see from (7.83), that we only need to deal
with the factorexpf E(t)g. Using (7.82), (7.83), (C.7) and (7.86), we can re-write
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7.12

(131) as follows

1
E(t) = 5 t't m" 'm
1 T T 1 T
= - 1t t t
2
1 T
= —t | t
2
_ 1s T 1T
= ét I (A + ) t
1. 1 117 1
= _t I+ A t
2
1T 1
= —t'C -t
2

This gives us the last term on the r.h.s. of (7.85); the two prege@irms are given
implicitly, as they form the normalization constant for the jgostr Gaussian distri-
butionp(tjX; ; ).

Using the results (129)—(132) from Solution 7.10, we can write (7r88)e form of
(3.86):

o ._N 1 X 1. . N _
Inp(tjX; ; )= Eln +§ | In ;  E(t) éInj j EIn(2 ) (133)
By making use of (131) and (7.83) together with (C.22), we can tia&elerivatives
of thisw.r.t ;, yielding

@ . 1 1 1,
Inp(tjX; ; )= =— = & =mi: 134
@ i n p( J ' 1 ) 2 i 2 I 2ml ( )
Setting this to zero and re-arranging, we obtain
— 1 i i,
m? m?’
where we have used (7.89). Similarly, forve see that
. 1 N
@@lnp(tjx; D)= 5 = kt mk> Tr T : (135)
Using (7.83), we can rewrite the argument of the trace operator as
T - T + 1 A 1 A

( T + A) 1 lA
(A+ T ) 1( T +A) 1 lA
(r A ) & (136)

Here the rst factor on the r.h.s. of the last line equals (7.88)ten in matrix form.
We can use this to set (135) equal to zero and then re-arrange to 0h&8).
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7.15 Using (7.94), (7.95) and (7.97)—(7.99), we can rewrite (7.85) as follows

e

Inp(tjiX; ; ) = % NIn@2 )+In jC ;ji1+

i T T 1
it 7 C

t

NIn2 )+InjC ;j+t'C 't

Nl NI

Inji+ v Tc b j+tt— L 1= 1

= LC v E i es)s 3

= LC D+ (1)

7.18 As the RVM can be regarded as a regularized logistic regressionimedecan

Chapter 8

follow the sequence of steps used to derive (4.91) in Exercisetd.derive the rst
term of the r.h.s. of (7.110), whereas the second term follows frondatd matrix
derivatives (see Appendix C). Note however, that in Exercis8 #wé are dealing
with the negativelog-likelhood.

To derive (7.111), we make use of (106) and (107) from Exercise 4.13e lfrite
the rstterm of the r.h.s. of (7.110) in component form we get

X . - T awes
@y " V" _, @ay "
= Yn(1  Yn) nj nis
n=1

which, written in matrix form, equals the rst term inside the palessis on the r.h.s.
of (7.111). The second term again follows from standard matrix derést

Graphical Models

8.1

We want to show that, for (8.5),

X X X X ¥
p(x)= P(Xkjpay) = 1:

X1 XK X1 Xk k=1

We assume that the nodes in the graph has been numbered suxh ith#te root
node and no arrows lead from a higher numbered node to a lower nuinede.
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We can then marginalize over the nodes in reverse order, stariiing

X X X X Ky 1
oopx) = P(Xk jpax ) P(Xkjpa)
X1 XK X1 XK k=1
X X W1
= P(XKiPa);
X1 Xk 1 k=1

since each of the conditional distributions is assumed tmb®ctly normalized and
none of the other variables depend>qn. Repeating this process 2 times we
are left with X

p(xaj;) = 1:

X1

8.2 Consider a directed graph in which the nodes of the graph are machkach that
are no edges going from a node to a lower numbered node. If there exd#tected
cycle in the graph then the subset of nodes belonging to tresteid cycle must also
satisfy the same numbering property. If we traverse the cycle inithetin of the
edges the node numbers cannot be monotonically increasiog si@ must end up
back at the starting node. It follows that the cycle cannot beextéid cycle.

8.5 NOTE: In PRML, Equation (7.79) contains a typographical erggty,jx,;w; 1)
should bep(t,jxn;w; ). This correction is provided for completeness only; it does
not affect this solution.

The solution is given in Figure 3.

Figure 3  The graphical representation of the relevance X, )
vector machine (RVM); Solution 8.5.

8.8 a? b;cjdcan be written as
p(a; b; qd) = p(ajd)p(b; gd):
Summing (or integrating) both sides with respect,tave obtain
p(a;d) = p(ajd)p(bd)  or  a? bjd;
as desired.

8.9 Consider Figure 8.26. In order to apply the d-separation criteriemeed to con-
sider all possible paths from the central nogéeo all possible nodes external to the
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Markov blanket. There are three possible categories of such.pgitss, consider
paths via the parent nodes. Since the link from the parent notie toadex; has its
tail connected to the parent node, it follows that for any sudh ge parent node
must be either tail-to-tail or head-to-tail with respect to ththpd@hus the observa-
tion of the parent node will block any such path. Second cemgdths via one of
the child nodes of node; which do not pass directly through any of the co-parents.
By de nition such paths must pass to a child of the child nodd hence will be
head-to-tail with respect to the child node and so will be bldck&he third and
nal category of path passes via a child nodexgfand then a co-parent node. This
path will be head-to-head with respect to the observed child aodehence will
not be blocked by the observed child node. However, this pdtreither tail-to-
tail or head-to-tail with respect to the co-parent node and hebserwation of the
co-parent will block this path. We therefore see that all posgibtbs leaving node
X; will be blocked and so the distribution &f, conditioned on the variables in the
Markov blanket, will be independent of all of the remaining ahies in the graph.

In an undirected graph dfl nodes there could potentially be a link between each
pair of nodes. The number of distinct graphs is then 2 raisetiegower of the
number of potential links. To evaluate the number of digtlimks, note that there
areM nodes each of which could have a link to any of the otller 1 nodes,
making a total oM (M 1) links. However, each link is counted twice since, in
an undirected graph, a link from nodeo nodeb is equivalent to a link from node
bto nodea. The number of distinct potential links is therefdle(M  1)=2 and so
the number of distinct graphs 2! M D=2 The set of 8 possible graphs over three
nodes is shown in Figure 4.

oo do ob oo
Lo o 4%

The set of 8 distinct undirected graphs which can be constructed over M = 3 nodes.

The marginal distributiop(x, 1;Xn) is obtained by marginalizing the joint distri-
butionp(x) over all variables except, ; andxp,
X X X X
p(Xn 1;Xn) = D e p(x):

X1 Xn 2 Xn+1 XN

This is analogous to the marginal distribution for a singlealalg, given by (8.50).
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8.18

8.20

Following the same steps as in the single variable case deddrbSection 8.4.1,
we arrive at a modi ed form of (8.52),

p(Xn) = 5

2 < " # 3

X X

4 n o2n 1(Xn 2;Xn 1) 1;2(X1; X2) S n 1n(Xn 1;Xn)
Xn 2 X1

| {z }

5 (l)'(n 1) 4 3
X

4 nn +1 (Xns Xn+1) N LN (XN 13 XN) 5;
Xn+1 XN

| {z }

(Xn)

from which (8.58) immediately follows.

The joint probability distribution over the variables in a geadelirected graphical
model is given by (8.5). In the particular case of a tree, each nasla kingle parent,
sopay, will be a singleton for each nodk, except for the root node for which it will
empty. Thus, the joint probability distribution for a tree wik lsimilar to the joint
probability distribution over a chain, (8.44), with the differerthat the same vari-
able may occur to the right of the conditioning bar in severaditional probability
distributions, rather than just one (in other words, althougthe&de can only have
one parent, it can have several children). Hence, the argum&sdtion 8.3.4, by
which (8.44) is re-written as (8.45), can also be applied to proibakbiistributions
over trees. The result is a Markov random eld model where eachpiatdunction
corresponds to one conditional probability distribution indivected tree. The prior
for the root node, e.qa(x;) in (8.44), can again be incorporated in one of the poten-
tial functions associated with the root node or, alternatjvedy be incorporated as a
single node potential.

This transformation can also be applied in the other directiauerGan undirected
tree, we pick a node arbitrarily as the root. Since the graph is atiees is a
unique path between every pair of nodes, so, starting at rootvaridng outwards,
we can direct all the edges in the graph to point from the root toebhénodes.
An example is given in Figure 5. Since every edge in the tree carnes a two-
node potential function, by normalizing this appropriately, at¢ain a conditional
probability distribution for the child given the parent.

Since there is a unique path beween every pair of nodes in arecateli tree, once
we have chosen the root node, the remainder of the resultingeliréee is given.

Hence, from an undirected tree with nodes, we can construist different directed

trees, one for each choice of root node.

We do the induction over the size of the tree and we grow the tre@ode at a time
while, at the same time, we update the message passing sehBdte that we can
build up any tree this way.
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The graph on the left is an X1 X2 X1 X2
undirected tree. If we pick
X4 to be the root node and
direct all the edges in the
graph to point from the root
to the leaf nodes (x1, X2 and
Xs), we obtain the directed
tree shown on the right. Xa X5 X4 X5

For a single root node, the required condition holds trivialletrsince there are no
messages to be passed. We then assume that it holds for a tné¢ witdes. In the
induction step we add a new leaf node to such a tree. This néwdel® need not
to wait for any messages from other nodes in order to send its iogtguessage and
so it can be scheduled to send it rst, before any other messageseat. Its parent
node will receive this message, whereafter the message prapagait follow the
schedule for the original tree with nodes, for which the condition is assumed to
hold.

For the propagation of the outward messages from the root bacle tedles, we
rst follow the propagation schedule for the original tree withnodes, for which
the condition is assumed to hold. When this has completedpdhnent of the new
leaf node will be ready to send its outgoing message to the eafwnbde, thereby
completing the propagation for the tree with+ 1 nodes.

NOTE: In the1® printing of PRML, this exercise contains a typographical errar. O
line 2,fy(Xs) should bef 5(xs).

To computep(xs), we marginalizep(x) over all other variables, analogously to
(8.61), X
p(Xs) = p(x):

XNX g

Using (8.59) and the de ntion dfs(X; X ) that followed (8.62), we can write this
as
X Y Y

fs(Xs) Fi (xi; X )
Nnxs i2ne(fs)j2ne(xi)nfg
R 2D S
fs(Xs) Fi (xi; X )
i2ne(fs) xnxs j2ne(x;)nfs
Y Xnx

fs(Xs) xit s (Xi);
i2ne(fs)

p(Xs)

where in the last step, we used (8.67) and (8.68). Note that thgimaéization over
the different sub-trees rooted in the neighbour§ofvould only run over variables
in the respective sub-trees.
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8.23

8.28

8.29

Chapter 9

This follows from the fact that the message that a nagewill send to a factof s,
consists of the product of all other messages received biyrom (8.63) and (8.69),
we have

Y
p(xi) = for x; (Xi)
s2ne(Xi) Y
=t ox (Xi) o x (Xi)

t2ne(x;)nfs
for x; (Xi) xiv o (Xi):

If a graph has one or more cycles, there exists at least one setle$ amd edges
such that, starting from an arbitrary node in the set, we can vigh@hodes in the
set and return to the starting node, without traversing any edge tihan once.

Consider one particular such cycle. When one of the nodeés the cycle sends a
message to one of its neighbouwsin the cycle, this causes a pending messages on
the edge to the next nodr in that cycle. Thus sending a pending message along an
edge in the cycle always generates a pending message on tredgexn that cycle.
Since this is true for every node in the cycle it follows that theilbalways exist at
least one pending message in the graph.

We show this by induction over the number of nodes in the traeistred factor
graph.

First consider a graph with two nodes, in which case only twosagss will be sent
across the single edge, one in each direction. None of thessagesswill induce
any pending messages and so the algorithm terminates.

We then assume that for a factor graph wihnodes, there will be no pending
messages after a nite number of messages have been sent sbigle a graph, we
can construct a new graph with + 1 nodes by adding a new node. This new node
will have a single edge to the original graph (since the graph mamstin a tree)
and so if this new node receives a message on this edge, ingilce no pending
messages. A message sent from the new node will trigger propagdtmessages
in the original graph witiN nodes, but by assumption, after a nite number of
messages have been sent, there will be no pending messagiee atgorithm will
terminate.

Mixture Models and EM

9.1

Since both the E- and the M-step minimise the distortion meg8ut} the algorithm
will never change from a particular assignment of data poinfgadotypes, unless
the new assignment has a lower value for (9.1).

Since there is a nite number of possible assignments, eat avcorresponding
unique minimum of (9.1) w.r.t. the prototypss, , g, the K-means algorithm will
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converge after a nite number of steps, when no re-assignmeniate# points to
prototypes will result in a decrease of (9.1). When no-reassignta&et place,
there also will not be any changefin . g.

From (9.10) and (9.11), we have

X X ¥ ,
pP(x)= p(xj2)p(2) = CkNO s k)™

z z k=1

Exploiting the 1-ofK representation faz, we can re-write the r.h.s. as

X ¥ _ . X .
(kNXj g5 k)9 = PN 5 )
j=1 k=1 j=1

wherely; =1 if k = j and O otherwise.

Consider rst the optimization with respect to the parameters; «g. For this we
can ignore the terms in (9.36) which dependlony. We note that, for each data
pointn, the quantitiez,, are all zero except for a particular element which equals
one. We can therefore partition the data set Kitgroups, denoteil i, such that all
the data pointg,, assigned to componektare in groupX . The complete-data log
likelihood function can then be written

X ( X )

np(X;z2j ; ; )= INN (Xn] «; «)
k=1 n2Xyg

This represents the sum &f independent terms, one for each component in the
mixture. When we maximize this term with respect tp and ¢ we will simply

be tting the k" component to the data s¥t, for which we will obtain the usual
maximum likelihood results for a single Gaussian, as discliss€hapter 2.

For the mixing coef cients we need only consider the terméging in (9.36), but
we must introduce a Lagrange multiplier to handle the condtraip = 1. Thus
we maximize 1

XX X
Zok In  + K 1
n=1 k=1 k=1
which gives
0= ZLk +
n=1 k
Multiplying through by « and summing ovek we obtain = N, from which we
have
X T
k= o nk = o
N N

whereN is the number of data points in grodx.
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9.8 Using (2.43), we can write the r.h.s. of (9.40) as
1 X\I X( T 1
5 (znj )(Xn ) (Xn ;) +const;
n=1 j=1
where “const. summarizes terms independent;offor all j ). Taking the derivative
of thisw.r.t. |, we get

X

(z) '« Xn
n=1
and setting this to zero and rearranging, we obtain (9.17).
9.12 Since the expectation of a sum is the sum of the expectatiertsawe

X X
Elx] = kEk[x] = K K
k=1 k=1
whereEg [X] denotes the expectation wfunder the distributiop(xjk). To nd the
covariance we use the general relation

covx] = E[xx"] E[X]E[X]"

to give
covix] = E[xx'] E[X]E[X]"

X

= kExlxxT]  E[X]EX]"
k=1
X

= Kk k+ 1 EXEX]:
k=1

9.15 This s easily shown by calculating the derivatives of (9.581tisg them to zero and
solve for . Using standard derivatives, we get

X Xni 1 Xy
O npxizi i N = @) S T
ki . ki b ki
_ n (Zoi)Xni n (Znk) wi
kKl wi) '
Setting this to zero and solving fok; , we get
b = (an )Xni .
I n (an)

which equals (9.59) when written in vector form.
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This follows directly from the equation for the incomplete logelikood, (9.51).

The largest value that the argument to the Iogarithrig on the ol (9.51) can have
is1, sinceBn;k : 06 p(xnj )6 1,06 (6 1and E k = 1. Therefore, the
maximum value foin p(Xj ; ) equals 0.

If we take the derivatives of (9.62) w.r.t, we get

@ i oy M1l
@E[lnp(t,Wj, )] = - QE wW'w

Setting this equal to zero and re-arranging, we obtain (9.63).
NOTE: In the 1% printing of PRML, the task set in this exercise is to show that th

two sets of re-estimation equations are formally equivalentauit any restriction.
However, it really should be restricted to stationary point$efdbjective function.

Considering the case when the optimization has convergedawstart with i, as
de ned by (7.87), and use (7.89) to re-write this as

?
S
e
my
where 7= M = ; isthe value reached at convergence. We can re-write this as

f(mf+ i)=1

which is easily re-written as (9.67).
For , we start from (9.68), which we re-write as

P
_— = + .
? N ’N
As inthe -case, * = ™" = s the value reached at convergence. We can
re-write this as ]
1 X
— N i =kt m Kk

i
which can easily be re-written as (7.88).

This follows from the fact that the Kullback-Leibler divergen&d( gkp), is at its
minimum, 0, wherg andp are identical. This means that

@

—KL(gkp) = O;

@ ((gkp)
sincep(ZjX; ) depends on. Therefore, if we compute the gradient of both sides
of (9.70) w.r.t. , the contribution from the second term on the r.h.s. wilOhbend
so the gradient of the rst term must equal that of the I.h.s.
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9.26 From (9.18) we get

X
NgS = 2z (137)
n
We getN " by recomputing the responsibilities(zmy ), for a speci ¢ data point,
Xm, Yyielding X
N = M(zak)+ " (Zmk): (138)
né m

Combining this with (137), we get (9.79).
Similarly, from (9.17) we have

1 X
ngld

Eld = ol (Znk )Xn

n

and recomputing the responsibilitiegzm ), we get
!

1
Eew = W old (an )Xn + neW(ka )Xm

k nég m

— 1 old old old new

- Nnew Nk k (ka )Xm + (ka )Xm
k

— 1 new new old old
k

old (ka )Xm + neW(ka )Xm

- od " (Zmk ) 2 (Zimk ) ( old .
k N l21ew m k /i

where we have used (9.79).

Chapter 10 Approximate Inference

10.1 Starting from (10.3), we use the product rule together with (10.4¢to g
Z
p(X;2)

= I
L(q) i q(Z)In 1@ dz
P(XjZ) p(X)
= n ——————= d
, a(Z)In Ted) z
_ pP(XjZ)
= a(z) In Tea) +In p(X) dz

KL(gkp)+In p(X):
Rearranging this, we immediately get (10.2).
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10.3 Starting from (10.16) and optimizing w.rg. (Z; ), we get
) #
z X
p(2) Ing (Zij) dZ +const:

i=1

KL(pkaQq)

I
X !
= p(Z)Ing (Zj)+ p(Z) Ing(Zi) dZ+const:

7 i6]
= pP(Z)Ing (Zj) dZ + const:
z "z v #
= Ing (2Z;)  p(2) dz; dZ; +const:
Z i6]

Fi(Z;)Ing (Z;) dZ; +const:;

where terms independent qf (Z; ) have been absorbed into the constant term and

we have de ned 7 v

Fi(Zj)= p(2) dzi
i6]
We use a Lagrange multiplier to ensure thatZ; ) integrates to one, yielding
Z z
Fi(Zj)Ing (;) dz; + g (£;)dz; 1

Using the results from Appendix D, we then take the functionalvdévie of this
w.r.t. g and set this to zero, to obtain

Fi(2) + =0:

q (Z)
From this, we see that

aj (Zj) = F(Z):
Integrating both sides ovéf; , we see that, sinog (Z;) must intgrate to one,
z z'z  *
= Fj (Zj)de = p(Z) dz; de =1;
i6]
dth

and thus 7 v

g (Z))=F(Z)= p@) dz:
i6]
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10.5 We assume thai(Z) = g(z)g( ) and so we can optimize w.rdq(z) andq( ) inde-
pendently.

For q(z), this is equivalent to minimizing the Kullback-Leibler digence, (10.4),
which here becomes

7

KL(qkp)=  q()a@)n P& 1X)

a@a() 29

For the particular chosen form gf ), this is equivalent to
Z
pP(z; o] X)
z)ln ——=
. a(z) 1@
q(Z)In p(ZJ O!x)p( OJX)
7 a(2)
P(zj o;X)
z)ln ——=
a(z) 1@

KL( gk p) dz + const:

dz + const;:

dz + const:;

where const accumulates all terms independeg{of. This KL divergence is min-

imized wheng(z) = p(zj o; X), which corresponds exactly to the E-step of the EM
algorithm.

To determingg( ), we consider

z

z
p(X; ;2)
In 2 2% gz d
q(; q(Z)nq()q(Z) ‘ ~

a( )Eqe [Inp(X; ;2)]d q( )Ing( )d +const:

where the last term summarizes terms independert(o)j. Sinceq( ) is con-
strained to be a point density, the contribution from the entrepy {which formally
diverges) will be constant and independent gf Thus, the optimization problem is
reduced to maximizing expected complete log posterior digich

Eqz) [INp (X5 0:2)];

w.r.t. o, which is equivalent to the M-step of the EM algorithm.

10.10 NOTE: In the 1 printing of PRML, there are errors that affect this exercikg,
used in (10.34) and (10.35) should reallylbewheread. , used in (10.36) is given
in Solution 10.11 below.

This completely analogous to Solution 10.1. Starting from &)).®e can use the
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product rule to get,

X X oy
| p(Z: X m)
n —
o azimamin Qe

X X i
. p(Z; mjX) p(X)
- a(Zjm)g(m) In “aZimam)

X X ‘mi
: pP(Z; mjX)
In
] g(Zjm)g(m)In aZim) a(m)

L

+In p(X):

m

Rearranging this, we obtain (10.34).

10.11 NOTE: Consult note preceding Solution 10.10 for some relevant caoret
We start by rewriting the lower bound as follows
X X oy
, p(Z; X ;m)
L = Zim)gm)In  ————
a(Zjm)g(m) aZimam)

X' X
= a(Zjm)g(m) finp(z;Xjm) +In p(m) Inqg(Zjm) Inqg(m)g

m z
= g(m) Inp(m) Ing(m)
X
+  qZjm)finp(Z;Xjm) Inq(Zjm)g

z

X
= g(m) fIn(p(m) expfL mg) Ing(m)g; (139)

where

X X
- p(Z; Xjm)
Lm = Zim)ln ———=

We recognize (139) as the negative KL divergence betvgéear) and the (not nec-
essarily normalized) distributiop(m) expfL , g. This will be maximized when the
KL divergence is minimized, which will be the case when

q(m) /- p(m) expfl. mg:
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10.13 In order to derive the optimal solution faf ; k) we start with the result (10.54)
and keep only those term which depend gnor  to give

In g7 ( ki k)=INN L jmoi( o k) Y +in W( «jWo; o)

X
+ Elzw]INN Xnj ; ' +const:
n=1
_ 0 T 1 . 1
= 3( k Mo) «k( x mMo)+ élnl ki 5Tr kW
D 1 o1
+¥|nl k) > Elznk 1(Xn O k(Xn k)
| n=1
1 X '
+ > E[zok] Inj «J+const: (140)
n=1

Using the product rule of probability, we can expresg’( ; «) asing’( j «)
+In g°( k). Letus rst of all identify the distribution for . To do this we need
only consider terms on the right hand side of (140) which dep@end,0 giving

”,
NG, , .. ,
1, X . X
= 5 K ot Elzww] «k v+ k k omo+ El[znk [Xn
n=1 n=1
+const:
1

kLo*+ Nkl « «*+ & k[ omo+ N¢Xy]+const:

2
where we have made use of (10.51) and (10.52). Thus we setifdt ,j «)
depends quadratically on, and hence’( ,j «) is a Gaussian distribution. Com-
pleting the square in the usual way allows us to determine tteraed precision of
this Gaussian, giving

A W )= NC (Jdmi; k) (141)
where
k = o+t Ng
1 _
myg = T( oMo + N¢Xy):

Next we determine the form @f ( ) by making use of the relation

N’ =N’ ( & k) ING( J «):

On the right hand side of this relation we substitutelfog’( ,; «) using (140),
and we substitute fdn g°( j «) using the result (141). Keeping only those terms
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which depend on  we obtain

. |
Ng’( k)= —(« mM))" k( « mMo)+ =Inj «j ZTr (W,?!
2 2 2
p 1) . . 11X
T L VI = v R LA
| n=1
*5 Elzw] Inj kl+7( o M)t k(o my)
n=1

1 . .
EInJ k] + const:

_(« D 1 . 1 .
flnj ki ST kW, ' +const:
Here we have de ned
1 1 T >(\I T
W, ™ = Wyo+ o ¢ mo)(  mo) + E[znk ](Xn k) (Xn k)
n=1
k(o M) g mk)T
N
= Wol+ NS+ —— (% mo)(Xk  mo)T (142)
o+ Ng
X
Kk = ot Elznk]
n=1
= o+ Ng;

where we have made use of the result

>(\I T )(\I T T
E[znk IXn X, = E[zak I(Xn  Xk)(Xn  Xk)' + NgXiXy
n=1 n=1
= NSk + NkaXI (143)

and we have made use of (10.53). Note that the terms involvingave cancelled
out in (142) as we expect sincg( ) is independent of .

Thus we see thaf’( ) is a Wishart distribution of the form
(k)= W( kWi «):
10.16 To derive (10.71) we make use of (10.38) to give
Ellnp(Djz; ; )]
XX o
= 3 Elza IfEIN il El(xn ) «(xn ] DIn@2 )g:

n=1 k=1
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We now useE[z. ] = rnk together with (10.64) and the de nition &y given by
(10.65) to give

L XX
E[lnp(Djz; ; )]= 5 rok In €
n=1 k=1
D ' k(Xn MY)TWi(xn my) DInR ) :

Now we use the de nitions (10.51) to (10.53) together with theuie(143) to give

(10.72).
We can derive (10.72) simply by taking the logarithnpézj ) given by (10.37)
_ XX
Ellnp(zj )] = E[zak JE[In «]
n=1 k=1

and then making use @[z ] = rnx together with the de nition ofex given by
(10.65).

10.20 Consider rst the posterior distribution over the precision ofrpponenk given by
(k)= W( kWi «):

From (10.63) we see that for large we have ! Ny, and similarly from (10.62)
we see thaW ! N, 1Sk 1. Thus the mean of the distribution oveg, given by
E[ k= «Wk! S L which is the maximum likelihood value (this assumes that
the quantities ,x reduce to the corresponding EM values, which is indeed the case
as we shall show shortly). In order to show that this posteriorsis sharply peaked,
we consider the differential entrogyi[ «] given by (B.82), and show that, &k !
1,H[ «]! O, corresponding to the density collapsing to a spike. Firstidens
the normalizing constar@ (W ; &) given by (B.79). Sinc&V ! N, 'S, ' and
k! Ny,

N . X Ne+1 i
NBWi; )!  —(DMNc+InjSi D2+ In %’
i=1
We then make use of Stirling's approximation (1.146) to obtain

N +1 i N
In ——— ' —(InN In2 1
5 5 (In Ny )

which leads to the approximate limit

N¢D
2

= %(Injskj +D): (144)

NnB(Wg; «) ! (INNg  In2 InNg +In2+1) %Injskj
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Next, we use (10.241) and (B.81) in combination with, ! N, 'S, *and | !
N to obtain the limit

Ellnj j] ! DInN—2k+DIn2 DInNg InjSkj

= In jSkj;

where we approximated the argument to the digamma functidwsy2. Substitut-
ing this and (144) into (B.82), we get

HL ]! O

whenN !'1
Next consider the posterior distribution over the mearof thek™™ component given
by
T )= NC Mk «):

From (10.61) we see that for lardé the mearmy of this distribution reduces to
Xk which is the corresponding maximum likelihood value. From (QPvée see that

k ! Ny and Thus the precision, ¢ ! kK kW ! NkSkl which is large for
largeN and hence this distribution is sharply peaked around its mean.

Now consider the posterior distributiagf( ) given by (10.57). For largl we
have ¢! Ny and so from (B.17) and (B.19) we see that the posterior distribution
becomes sharply peaked around its m&ang] = = ! Ny=N which is the
maximum likelihood solution.

For the distributiony’(z) we consider the responsibilities given by (10.67). Using
(10.65) and (10.66), together with the asymptotic result for igardma function,
we again obtain the maximum likelihood expression for the resjdlities for large
N.

Finally, for the predictive distribution we rst perform the integjtm over , asin
the solution to Exercise 10.19, to give

x = 2Z
p(eiD)= =X N WA ¢ Kd (d k

k=1

The integrations over, and  are then trivial for largeN since these are sharply
peaked and hence approximate delta functions. We thereforenobtai

. XoNg o oo
p(kjD) = N N (RjXi; W k)
k=1

which is a mixture of Gaussians, with mixing coef cients giMey N =N.

When we are treating as a parameter, there is neither a prior, nor a variational
posterior distribution, over . Therefore, the only term remaining from the lower
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bound, (10.70), that involves is the second term, (10.72). Note however, that
(10.72) involves theexpectationsof In ¢ underq( ), whereas here, we operate
directly with , yielding

_ XX
Eq)[Inp(Z] )] = Mk N k:
n=1 k=1

Adding a Langrange term, as in (9.20), taking the derivative.w.¢.tand setting the
result to zero we get

N

— +

k

where we have used (10.51). By re-arranging this to

=0; (145)

Nk = k

P
and summing both sides oveywe see that = | Ny = N, which we can use
to eliminate from (145) to get (10.83).

10.24 The singularities that may arise in maximum likelihood estioraare caused by a
mixture componenty, collapsing on a data poink,,, i.e.,rx, =1, , = X, and
!l
However, the prior distributiop( ; ) de ned in (10.40) will prevent this from
happening, also in the case of MAP estimation. Considerribayzt of the expected
complete log-likelihood and( ; ) as a function of :

Eqzy [INp(XiZ; 5 )p( 5 )]
1 X o .
- é Men INj k] (Xn k) k(Xn k)
n=1
+Inj ki ol k Mo «( x mo)
+( o D 1)Inj «j Tr Wy ¢ +const:

where we have used (10.38), (10.40) and (10.50), together withetimétidns for

the Gaussian and Wishart distributions; the last term sumnsatézes independent
of k. Using (10.51)—(10.53), we can rewrite this as

(o+ Nk D)Inj j Tr (Wol+ o « mo)( « mMo)" + NkSk) « ;

where we have dropped the constant term. Using (C.24) and (C.28gm@mpute
the derivative of this w.r.t. ¢ and setting the result equal to zero, we nd the MAP
estimate for | to be

1
E m(wol"r ol k Mo)  mMo)" + NiSy):

From this we see that 'j can never become 0, because of the presenvé pt
(which we must chose to be positive de nite) in the expressiothe r.h.s.
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10.29 NOTE: In the 1% printing of PRML, the use of to denote the varitional param-
eter leads to inconsistencies w.r.t. exisiting literature.rdmedy this should be
replaced by from the beginning of Section 10.5 up to and including the lest |
before equation (10.141). For further details, please consuRRML Errata.

Standard rules of differentiation give

din(x) _ 1
dx  x
din(x) _ 1.
dx2  —  x2°
Since its second derivative is negative for all valuexpfn(x) is concave fol0 <
x< 1.
From (10.133) we have

9 )

min f x  f(x)g
X

min f x  In(x)g:
X

We can minimize this w.r.tx by setting the corresponding derivative to zero and
solving forx:

dg 1 1

—= = — =0 = X = —:
dx X )

Substituting this in (10.133), we see that
g()=1 In 1
If we substitute this into (10.132), we get
. 1
f(xX)=min x 1+In =

Again, we can minimize this w.r.t. by setting the corresponding derivative to zero
and solving for :

and substituting this into (10.132), we nd that

f(x)=%x 1+In le =In( x):

10.32 We can see this from the lower bound (10.154), which is simply aaitne prior
and indepedent contributions from the data points, all of warehquadratic inv. A
new data point would simply add another term to this sum andameregard terms
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Solution 10.37

10.37

from the previously arrived data points and the original prior cbiNely as a revised
prior, which should be combined with the contributions from tee/mata point.

The corresponding suf cient statistics, (10.157) and (10.168h be rewritten di-
rectly in the corresponding sequential form,
|

X
my =Sy Splmo+  (thn 1=2) ,
n=1 |
IX 1
= Sy Sy'mo+  (thn 1=2) ,+(tn  1=2)

n=t I |

. ! !

= Sy Sy'iSn o1 Sp'mo+ (th  1=2) , +(tn  1=2)
n=1
= Sy Sytimn 1+ (tn 1=2)

and

1 1 X T
Syt o= St t2 (n) n n
n=1
1 X T T
= 5 +2 (n) n n*t2 (N) N N

n=1
Sutit2 (n) w N

The update formula for the variational parameters, (10.163), rerhaisame, but
each parameter is updated only once, although this upddteenplart of an iterative
scheme, alternating between updating andSy with y kept xed, and updating
n with my andSy kept xed. Note that updatingy will not affectmy ; and

Sn 1. Note also that this updating policy differs from that of the balarning

scheme, where all variational parameters are updated usingtistatiased on all
data points.

Here we use the general expectation-propagation equation®©4)9(20.207). The
initial g( ) takes the form

Y
Gnit () = Fo( )- B()

60

wherefy( )= fo( ). Thus
Y
q°C)  B()

i60
andg™¥ ( ) is determined by matching moments (suf cient statistics)irgia

q"( )fo( )= Gt ( ):
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Since by de nition this belongs to the same exponential farfdrm asq™"( ) it

follows that
q"*"( )= G ( )= d"°( ol ):
Thus —
fo( ) = ";jo(g)= Zofo( )
where Z Z
Zo=  q()fo()d = o™()d =1:

Sampling Methods

111

Since the samples are independent, for the mean, we have
h i x £ X
Eb =1 f (z")pz")dzM = % E[f]= E[f]:

=1 =1

Using this together with (1.38) and (1.39), for the variance, weha
h i h i

var E P EP

h i

E P2 E[f)?:

2

Now note

var[f]+ E[f2] ifn =k,
E[f ?] otherwise,

E[f 2]+ mkvar[f];

E f(z®):f (z™)

where we again exploited the fact that the samples are independ
Hence

h i " o F
var P = E C f(z<m>)E f(z)  E[fP
m=1 k=1
N f2 f f ]2
= [z E[f 1+ mcvar[f]  E[f]

m=1 k=1
= %var[f]
1

— 2,
= ZE(f E[):
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11.5 SinceE|[z] = 0,
Elyl= E[ +Lz]=

Similarly, sinceE zz" =1,

cov|y]

Ehny ElYIE y' .
|

E ( +Lz)( +Lz)" T

= LLT

11.6 The probability of acceptance follows directly from the mechanised to accept or
reject the sample. The probability of a sampleeing accepted equals the probability
of a samplau, drawn uniformly from the intervgD; kq(z)], being less than or equal
to a valuep(z) 6 kq(z), and is given by is given by

Z
PR 1 e(2)
o ka(2) ka(z)
Therefore, the probability of drawing a samejs

p(acceptancgz) =

L p(2) _ e(2).
d(z)p(acceptancgz) = q(z) k@) - k- (146)
Integrating both sides w.rz, we see thakp(acceptance) =Z,, where
Z
Zp= e(z)dz:

Combining this with (146) and (11.13), we obtain

q(z)p(acceptancgz) _ 1 ~
p(acceptance) pr(z)_ p(z)

as required.

11.11 This follows from the fact that in Gibbs sampling, we sample @lsivariable z,
at the time, while all other variablekz; gis k, remain unchanged. ThuEsziOgie K =
fzigis x and we get

p’(2)T(z;29

P’ (zc;fziGie k)P’ (20f ZiGis k)

= P (zifzge)P (FZiGisk)P’ (20f ZiGis k)
= p(zif 286 k)P’ (f 27916 k) P7 (Zf 216 k)
= p’(zif 206 k)P’ (22 T ZGis k)

= P72

where we have used the product rule together With; z% = p’(z0jf zigis k).
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Using (11.56), we can differentiate (11.57), yielding
@H_ @K _

and thus (11.53) and (11.58) are equivalent.
Similarly, differentiating (11.57) w.r.iz; we get
@H_ @QE
@z o7
and from this, it is immediately clear that (11.55) and (11.59)eap@ivalent.

NOTE: In the 1% printing of PRML, there are sign errors in equations (11.68) and
(11.69). In both cases, the sign of the argument to the exp@hémining the second
argument to thenin-function should be changed.

First we note that, iH (R) = H(R9, then the detailed balance clearly holds, since
in this case, (11.68) and (11.69) are identical.

Otherwise, we either havd (R) > H (R% orH(R) < H (RY. We consider the
former case, for which (11.68) becomes

1 1
ZeXp( HR) V3

since themin-function will return1. (11.69) in this case becomes
1 1 1 1
—exp( HRY V ZexpH(RY) H(R))= —exp( H(R)) V =:
Zy 2 Zy 2

In the same way it can be shown that both (11.68) and (11.69) equal

1 1
Zexp( H(RY) Vv 5

whenH (R) < H (RY.

Continuous Latent Variables

121

Suppose that the result holds for projection spaces of dimeaigipM . TheM +
1 dimensional principal subspace will be de ned by tkle principal eigenvectors
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12.4

12.6

Following the argument given in section 12.1.1 figrwe see that the variance in the
directionuy +1 is given byu}, ,, Sum +1 . We now maximize this using a Lagrange
multiplier y +1 to enforce the normalization constra'uﬁ s Um+1 = 1. Thus we
seek a maximum of the function

ol
T T T .
Uys1SUm+1 + M+ 1 UyyUmar + iUpm 41 Ui
i=1

with respect taiy +1 . The stationary points occur when
X

0=2Sum+1 2 m+1Um+ + iuj:
i=1

Left multiplying with ujT , and using the orthogonality constraints, we see that0
forj =1;:::; M. We therefore obtain

SUpm+1 = M+1UM+1

and souy +; must be an eigenvector & with eigenvalueuy, .1 . The variance
in the directionuy, +1 is given byu{,I 1 SUm+ = w41 and so is maximized by
choosinguy +; to be the eigenvector having the largest eigenvalue amahgse

not previously selected. Thus the result holds also for praeapaces of dimen-
sionalityM + 1, which completes the inductive step. Since we have alreaolyrsh
this result explicitly forM = 1 if follows that the result must hold for ariy 6 D.

Using the results of Section 8.1.4, the marginal distribufarthis modi ed proba-
bilistic PCA model can be written

p(x)= N(xjWm + ; 2l+WT w):
If we now de ne new parameters
Ww = 2w
e = Wm+
then we obtain a marginal distribution having the form
p(x) = N (xje; 21+ WTv):

Thus any Gaussian form for the latent distribution therefore gisesta a predictive
distribution having the same functional form, and so for convereeve choose the
simplest form, namely one with zero mean and unit covariance.

Omitting the parameterdy, and , leaving only the stochastic variablesand

X, the graphical model for probabilistic PCA is identical witetthe “naive Bayes'
model shown in Figure 8.24 in Section 8.2.2. Hence these twaetsexhibit the
same independence structure.
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12.8 NOTE: In the 1% printing of PRML, equation (12.42) contains a mistake; the co-
variance on the r.h.s. should béM *.

By matching (12.31) with (2.113) and (12.32) with (2.114), we hiwen (2.116)
and (2.117) that

N zjl+ 2w™w) w’™ 2ix )@+ 2wWTw) !

N ziM 'WT(x ) M ' ;

p(zjx)

where we have also used (12.41).

12.11 Taking 2! 0in (12.41) and substituting into (12.48) we obtain the posteriean
for probabilistic PCA in the form

WL Wwn) "W (x x):

Now substitute foW ;. using (12.45) in which we takB = | for compatibility
with conventional PCA. Using the orthogonality propetty, Uy = | and setting
2 =0, this reduces to

L P2Uf(x X)
which is the orthogonal projection is given by the conventid?@A result (12.24).
12.15 NOTE: In PRML, a termM=21In(2 ) is missing from the summand on the r.h.s. of

(12.53). However, this is only stated here for completenessadttlly does not
affect this solution.

Using standard derivatives together with the rules for matrifeddhtiation from
Appendix C, we can compute the derivatives of (12.53) W¥.tand 2:

@ , AR . ;1 .
—FE[lnp X;Zj ;W; “]= —(Xn  X)E[zn] —WE[zn2z,]
@V n=1
and
@ . , X -
@E[Inp X;Zj W, ‘= ﬁE[znzn]W W

n=1

1 _ 1 _ D

+ ﬁkxn Xk>  SE[za]'WT(xn %) 57

Setting these equal to zero and re-arranging we obtain (12.56) arkVjlrespec-
tively.
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Solutions 12.17-12.25

12.17

12.19

12.23

NOTE: In PRML, there are errors in equation (12.58) and the preceding taxt.

(12.58),% should be& T and in the preceding text we de ne to be a matrix of size
M N whosen™ columnis given by the vectoE[z,].

Setting the derivative of with respectto to zero gives

X
0= (Xn Wz )
n=1
from which we obtain
1 X 1 X
= N Xn — Wz,=X W2z
n=1 n=1

Back-substituting intd we obtain

X
J= k(xn X W(z, 2)k%

n=1

We now de neX to be a matrix of siz& D whosen™ row is given by the vector
Xn X and similarly we de neZ to be a matrix of siz® M whosen™ row is
given by the vectoz,, z. We can then writd in the form

J=Tr X zZWT)(X zw DT

Differentiating with respect t& keepingW xed gives rise to the PCA E-step
(12.58). Similarly setting the derivative df with respect toNV to zero withf z, g
xed gives rise to the PCA M-step (12.59).

To see this we de ne a rotated latent space veetorRz whereR isanM M or-

thogonal matrix, and similarly de ning a modi ed factor loawdj matrixfv = WR .
Then we note that the latent space distributign) depends only oz"z = e'e,
where we have useB "R = |. Similarly, the conditional distribution of the ob-

served variablg(xjz) depends only oWz = We. Thus the joint distribution
takes the same form for any choice®f This is re ected in the predictive distri-
butionp(x) which depends okiV only through the quantityvw T = W v T and
hence is also invariant to different choiceshof

The solution is given in gure 6. The model in which all paranmstare shared (left)
is not particularly useful, since all mixture components willéadentical param-
eters and the resulting density model will not be any differerdrte offered by a
single PPCA model. Different models would have arisen if oniys®f the param-
eters, e.g. the mean, would have been shared.
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The left plot shows the (— )

graphical model correspond- Zy

ing to the general mixture of

probabilistic PCA. The right s S

plot shows the correspond-

ing model were the param- |~ Wi W
eter of all probabilist PCA

models ( , W and ?)are y L . X

shared across components.

In both plots, s denotes

the K -nomial latent variable ™~ E 2
that selects mixture compo- K

nents; it is governed by the —

parameter,

Following the discussion of section 12.2, the log likeliddanction for this model
can be written as

L( ;W; )= %In(Z) NEIanWT+ j
1X\I T T 1
5 (Xn ) (WW T+ ) “(Xq )
n=1
where we have used (12.43).
If we consider the log likelihood function for the transformed dsgawe obtain

La( ;W; )= %In(Z) N§|njwa+ j

L X
5 (A )TWW T+ ) HAx, )
n=1
Solving for the maximum likelihood estimator forin the usual way we obtain
1 X
AT N AXn=AX=A -
n=1
Back-substituting into the log likelihood function, and wgithe de nition of the
sample covariance matrix (12.3), we obtain

ND N .
La( sW; )= 7'”(2) EanWWT*‘ )
lx\l T 1 T

5 Tr(Ww T+ ) AsA

n=1

We can cast the nal term into the same form as the correspondingitettme origi-
nal log likelihood function if we rst de ne

A=A AT Wa = AW :
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Solutions 12.28-12.29

12.28

12.29

With these de nitions the log likelihood function for the trdoemed data set takes
the form

ND N . .
La( AosWa; a)= Tln(Z ) E'”JWAWX oAl
1 X T T 1 A
> (Xn A) (WAWA+ A) “(Xn A) N InjAj:
n=1

This takes the same form as the original log likelihood functiparafrom an addi-
tive constant InjAj. Thus the maximum likelihood solution in the new variables
for the transformed data set will be identical to that in the oldaldes.

We now ask whether speci ¢ constraints orwill be preserved by this re-scaling. In
the case of probabilistic PCA the noise covariances proportional to the unit ma-
trix and takes the form?|. For this constraint to be preserved we reqéire ™ = |

so thatA is an orthogonal matrix. This corresponds to a rotation of the ¢oatel
system. For factor analysis is a diagonal matrix, and this property will be pre-
served ifA is also diagonal since the product of diagonal matrices iswatdjagonal.
This corresponds to an independent re-scaling of the coordipstiens. Note that in
general probabilistic PCA is not invariant under componenewgsscaling and fac-
tor analysis is not invariant under rotation. These resultsllasriated in Figure 7.

If we assume that the functign= f (x) is strictly monotonic, which is necessary to
exclude the possibility for spikes of in nite density p{y), we are guaranteed that
the inverse functiox = f 1(y) exists. We can then use (1.27) to write

df 1
dy

p(y) = a(f *(y)) (147)

Since the only restriction oh is that it is monotonic, it can distribute the probability
mass ovek arbitrarily overy. This is illustrated in Figure 1 on page 8, as a part of
Solution 1.4. From (147) we see directly that

ax) .

Oy =
0N = o oy

NOTE: In the 1% printing of PRML, this exercise contains two mistakes. In the
second half of the exercise, we require thats symmetrically distributed arour@y
notjustthat 16 y; 6 1. Moreovery, = yZ (noty, = y3).
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Figure 7 Factor analysis is covariant under a componentwise re-scaling of the data variables (top plots), while
PCA and probabilistic PCA are covariant under rotations of the data space coordinates (lower plots).
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If z, andz, are independent, then

7
Ccov[z1; 2] = (z2 z)(z2 z2)p(z1;22)dzy dzp

7

= (z2 z1)(z2  22)p(z1)p(z2) dz; dz;
Z Z

= (z1 n)p(zn)dzy (22 z2)p(z2)dz;

= O,

where Z

z, = E[z]l=  zp(z)dz:

Fory, we have
P(y2iyr) = (Y2 Yi);

i.e., a spike of probability mass oneygt which is clearly dependent gn. With y;
de ned analogously ta; above, we get
VAVA

(i yu)(y2  y2)p(yi;y2)dy:dy,
77

yi(y2  Y2)p(y2jy1)p(y1) dy: dy.

covlys;y-]

Z
(Yf y1Y2)p(y1) dy:

= 0;

where we have used the fact that all odd momentg,oivill be zero, since it is
symmetric around zero.

Chapter 13 Sequential Data

13.1 Since the arrows on the path from, tox,, withm <n 1, will meet head-to-tail
atx, 1, which is in the conditioning set, all such paths are blockedp ; and
hence (13.3) holds.

The same argument applies in the case depicted in Figurevtidndhe modi cation
thatm <n 2 and that paths are blocked Ry ; orx, ».

13.4 The learning ofw would follow the scheme for maximum learning described in
Section 13.2.1, withv replacing . As discussed towards the end of Section 13.2.1,
the precise update formulae would depend on the form of regressidel msed and
how it is being used.
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The most obvious situation where this would occur is in a HMMhikr to that
depicted in Figure 13.18, where the emmission densities ngtdepends on the
latent variablez, but also on some input variable The regression model could
then be used to mapto x, depending on the state of the latent variable

Note that when a nonlinear regression model, such as a newainkets used, the
M-step forw may not have closed form.

Only the nal term of Q( ; °¢ given by (13.17) depends on the parameters of the
emission model. For the multinomial variabdlewhoseD components are all zero
except for a single entry of 1,

XX XX %
(znk)INp(Xnj ) = (znk) Xpi IN ki
n=1 k=1 n=1 k=1 i=1

Now when we maximize with respect tq; we have to take account of the con-
straints that, for each value kfthe components ofy; must sum to one. We there-
fore introduce Lagrange multipliefs x g and maximize the modi ed function given
by |
XX X X X0 ’
(Zok)  XpiIn 4 + k kW o1
n=1 k=1 i=1 k=1 i=1

Setting the derivative with respect tg; to zero we obtain

X .
0= (an)xil_"' ke
n=1 ki

Multiplying through by i psumming ovei, and making use of the constraint on
ki together with the result ; x,; =1 we have

X
K= (znk):
n=1

Finally, back-substituting fory and solving for ; we again obtain (13.23).

Similarly, for the case of a multivariate Bernoulli observed aléx whoseD com-
ponents independently take the value 0 or 1, using the stdrek@ression for the
multivariate Bernoulli distribution we have

XX
(Znk ) In p(Xnj &)
n=1 k=1
XX )Y
= (zok)  TXpiIn g +(1 Xn)IN@ i)Y:
n=1 k=1 i=1
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Solutions 13.9-13.13

13.9

13.13

Maximizing with respect to y; we obtain

X
(an )Xni
= n=l
ki N
(znk)
n=1

which is equivalent to (13.23).

We can verify all these independence properties using d-sepalatioefering to
Figure 13.5.

(13.24) follows from the fact that arrows on paths from anyx gf: : : ; x,, to any of

(13.25) follows from the fact that arrows on paths from anyk gf: ::; X, 1 to X,
meet head-to-tail a,, which is in the conditioning set.

(13.26) follows from the fact that arrows on paths from anxgf:::;x, 1 toz,
meet head-to-tail or tail-to-tail &, 1, which is in the conditioning set.

(13.27) follows from the fact that arrows on paths framto any ofxn.1;:::; XN
meet head-to-tail a,., , which is in the conditioning set.
(13.28) follows from the fact that arrows on paths fregy; to any ofXn.2 ;011 XN

to meet tail-to-tail az,+; , which is in the conditioning set.

(13.29) follows from (13.24) and the fact that arrows on paths from &y ::;
Xn 110X, meet head-to-tail or tail-to-tail &, 1, which is in the conditioning set.

(13.30) follows from the fact that arrows on paths from anx gf: ::; Xy t0O Xy +1
meet head-to-tail ay +;1 , which is in the conditioning set.

(13.31) follows from the fact that arrows on paths from anyx of: : :; XN t0 Zy +1
meet head-to-tail or tail-to-tail & , which is in the conditioning set.

Using (8.64), we can rewrite (13.50) as
X
(zn) = Fn(zn;fza;::0520 10); (148)

whereF, () is the product of all factors connectedzg viaf,,, includingf,, itself
(see Figure 13.15), so that

Y
Fa(znifziiiiiizn 10)= h(z1)  fi(ziiz 1); (149)
i=2
where we have introducdd(z;) andf;(z;;z; 1) from (13.45) and (13.46), respec-

tively. Using the corresponding r.h.s. de nitions and repditapplying the product
rule, we can rewrite (149) as
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obtain (13.34).

13.17 The emission probabilities over observed variablgsare absorbed into the corre-
sponding factord,,, analogously to the way in which Figure 13.14 was transformed
into Figure 13.15. The factors then take the form

h(z1) P(zaju1)p(X1jz1; us) (150)
fn(zn 1:Zn) = P(Znjzn 1;Un)P(XnjZn;un): (151)

13.19 Since the joint distribution over all variables, latent angeved, is Gaussian, we
can maximize w.r.t. any chosen set of variables. In particwlar,can maximize
w.r.t. all the latent variables jointly or maximize each oé timarginal distributions
separately. However, from (2.98), we see that the resulting meillitevthe same in
both cases and since the mean and the mode coincide for thei@gusaximizing
w.r.t. to latent variables jointly and individually will yie the same result.

13.20 Making the following substitions from the |.h.s. of (13.87),
X) Zn1 ) a1 ') Vi
y) zo A) A b) oLy ;
in (2.113) and (2.114), (2.115) becomes
P(za) = N(ZoJA , 15 + AV, 1AT);
as desired.
13.22 Using (13.76), (13.77) and (13.84), we can write (13.93), for the nasé , as
aN(z1j 13V1)= N(z1) o;Vo)N(x1jCzy; ):

The r.h.s. de ne the joint probability distribution oveg andz; in terms of a con-
ditional distribution overx,; givenz, and a distribution ovee,, corresponding to
(2.114) and (2.113), respectively. What we need to do is to rewnigeirito a con-
ditional distribution overz; givenx; and a distribution ovex,, corresponding to
(2.116) and (2.115), respectively.

If we make the substitutions
X) 73 ) o 1) Vo
y) x2 A) C b) 0 L*) ;
in (2.113) and (2.114), (2.115) directly gives us the r.h.s. of9@g.

13.24 This extension can be embedded in the existing framework bytmgpe following
modi cations:

oo
1
o
co
1
o
1
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A a

0_— 0_

A-= 0 1 C°= C c

This will ensure that the constant termsandc are included in the corresponding
Gaussian means fap, andx,, forn=1;:::;N

Note that the resulting covariances foy, V ,, will be singular, as will the corre-

sponding prior covariance®,, ;. This will, however, only be a problem where
these matrices need to be inverted, such as in (13.102). Thessernast be handled
separately, using the “inversion' formula

Pl 0
Py ) = ’510;

nullifying the contribution from the (non-existent) variance ¢ #lement irg,, that
accounts for the constant termsndc.

13.27 NOTE: In the 1** printing of PRML, this exercise should have made explicit the
assumption that = | in (13.86).

From (13.86), it is easily seen that if goes td0, the posterior ovez, will become
completely determined by, , since the rst factor on the r.h.s. of (13.86), and hence
also the I.h.s., will collapse to a spikexat = Czj.

13.32 NOTE: In PRML, V ( should be replaced by, in the text of the exercise; see also
the PRML errata.

We can write the expected complete log-likelihood, given by #guation after
(13.109), as a function of , andP, as follows:

1
Q(; = 5INiPoj

1
éEZj w z1Potzs zIPot o SPotzat [Pyt (152)

1 . .
= 5 INjPoYi Tr Po'Ezjae 2127 21§  oZ1+ o ¢ ; (153)

where we have used (C.13) and omitted terms independenj afdP .
From (152), we can calculate the derivative w.r.using (C.19), to get

g?: 2P, » 2P, 'E[zil:

Setting this to zero and rearranging, we immediately obtain (19.1

Using (153), (C.24) and (C.28), we can evaluate the derivativets Ry,
@Q _1

> Po Elziz]] Elzi] §  oElz{l+ o ¢

@, 2
Setting this to zero, rearrangning and making use of (13.110), m@.g§4.11).
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Chapter 14 Combining Models
14.1 The required predictive distribution is given by
p(tjx; X;T) = 7
X X . .
p(h)  p(zn) p(tix; niznsh)p( njX;T;h)d n;  (154)
h Zh
where
oo = P(TIX5 nih)p( njh)
. w .
I p(jh)  p(tajxn; ;h)
n=1 '
- X -
= p( jh) P(tn;ZanjXn; ;h) (155)
n=1 Znh
The integrals and summations in (154) are examples of Bayegaaging, account-
ing for the uncertainty about which modaél, is the correct one, the value of the cor-
responding parametersy,, and the state of the latent variabig, The summation
in (155), on the other hand, is an example of the use of laterdblas, where dif-
ferent data points correspond to different latent variable statibmugh all the data
are assumed to have been generated by a single niodel,
14.3 We start by rearranging the r.h.s. of (14.10), by moving the fattdf inside the
sum and the expectation operator outside the sum, yielding
" #
X ,
Ex M m (X)
m=1
If we then identify ,, (x) and1=M with x; and ; in (1.115), respectively, and take
f (x) = x2, we see from (1.115) that
|
X X
M (x) 6 M (x)*:
m=1 m=1
Since this holds for all values of, it must also hold for the expectation over
proving (14.54).
14.5 To prove that (14.57) is a suf cient condition for (14.56) we hawshow that (14.56)

follows from (14.57). To do this, consider a xed setygf (x) and imagine varying
the , over all possible values allowed by (14.57) and consider &hees taken by
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Solutions 14.6-14.9

14.6

14.9

Ycom (X) as a result. The maximum value ¥fom (X) occurs when ¢ = 1 where
Yk(X) > ym(x) form 6 k, and hence all , = 0 form & k. An analogous result
holds for the minimum value. For other settings qf

Ymin (X) <Y com (X) <Y max (X);
sinceycowm (X) is a convex combination of pointgs, (X), such that
8m : Ymin (X) 6 Ym (X) 6 Ymax (X):

Thus, (14.57) is a suf cient condition for (14.56).

Showing that (14.57) is a necessary condition for (14.56) isvedgnt to show-
ing that (14.56) is a suf cient condition for (14.57). The img@lton here is that
if (14.56) holds for any choice of values of the committee membg,, (x)g then
(14.57) will be satis ed. Suppose, without loss of generalitat  is the smallest
of the values,i.e. « 6  fork & m. Then consideyk(x) = 1, together with
Ym(X) = 0 forallm 6 k. Thenynyn (x) = 0 while ycom (X) = « and hence
from (14.56) we obtain > 0. Since  is the smallest of the values it follows
that all of the coef cients must satisfyx > 0. Similarly, consider the cage in which
Ym(x) =1 forall m. Thenymin X) = Ymax (X) = 1, whileycom (X) = |, m-
From (14.56) it then follows that | =1, as required.

If we differentiate (14.23) w.r.t. ,, we obtain
!
E 1 _ X .\
@E _1 (em2+e m32)  wMl(y,(x,)6t,) e ™2  wim

@m 2

n=1 n=1

Setting this equal to zero and rearranging, we get

W,ﬂmr)’l(ym(xn)etn)_ e 2 1
rnwﬁm) en?2+e n32 em+1’

Using (14.16), we can rewrite this as

1 — .
em + 1 - ms
which can be further rewritten as
1
en = AL

from which (14.17) follows directly.

The sum-of-squares error for the additive model of (14.21) is de r&ed a

X
E=3 (th  fm(xn))%
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14.15

14.17

Solutions 14.13-14.17 99

Using (14.21), we can rewrite this as

L X
2

n=1

(th T a(xn) 5 mYmO)?

where we recognize the two rst terms inside the square as the eddidun the
(m  1)-th model. Minimizing this error w.r.ty,, (x) will be equivalent to tting
Ym (X) to the (scaled) residuals.

Starting from the mixture distribution in (14.34), we follow the sasteps as for
mixtures of Gaussians, presented in Section 9.2. We introddCenamial latent
variable,z, such that the joint distribution overandt equals

¥
p(t; 2) = p(tjz)p(z) = N twp ; ' «
k=1

Zy

Given a set of observations(t,; ,)gh-;, we can write the complete likelihood
over these observations and the corresponding: : ; zy , as

YK ,
N (tnjwg o5 D) ™

n=1 k=1

Taking the logarithm, we obtain (14.36).

The predictive distribution from the mixture of linear regressioodels for a new

input feature vecto®, is obtained from (14.34), with replaced b)b. Calculating
the expectation df under this distribution, we obtain

X
E[tjP; 1= CEP wi 1:
k=1

Depending on the parameters, this expectation is potentialiyjodal, with one
mode for each mixture component. However, the weighted caatibim of these
modes output by the mixture model may not be close to any singtie. For exam-
ple, the combination of the two modes in the left panel of Fidi#® will end up in

between the two modes, a region with no signicant probabilagsn

If we de ne (tjx) in (14.58) as

. W .
k(tjx) = mk  mk (tjX);

m=1
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Solution 14.17

Figure 8

Leftt an illustration of a (VIX)
hierarchical mixture model,

where the input depen-

dent mixing coef cients

are determined by linear

logistic models associated

with interior nodes; the .

leaf nodes correspond to 1(tjx)
local (conditional) density

models. Right: a possi-

ble division of the input 2(tjx) 3(tjx)
space into regions where

different mixing coef cients

dominate, under the model

illustrated left.

(vix)

we can rewrite (14.58) as

. % X/I .
p(tjx) = k mk  mk (tjX)
k=1 m=1
xXou '
= k mk mk (1X):
k=1 m=1
By changing the indexation, we can write this as
. X_ .
p(tjx) = 1 (tix);
=1
whereL = KM, | = (k DM +m, | =  mcand () = m()- By
construction, | > Oand |L:l 1 =1.

Note that this would work just as well ify and nx were to be dependent on as
long as they both respect the constraints of being non-negattyeumming td. for
every possible value of.

Finally, consider a tree-structured, hierarchical mixture moaeljlustrated in the
left panel of Figure 8. On the top (root) level, this is a mixturehwito components.
The mixing coef cients are given by a linear logistic regressioodel and hence are
input dependent. The left sub-tree correspond to a local conditaensity model,
1(tjx). In the right sub-tree, the structure from the root is replicated, vhigh t
difference that both sub-trees contain local conditional dgmsodels, »(tjx) and
a(tjx).
We can write the resulting mixture model on the form (14.58) withingxcoef -
cients

1(x) = (VIX)
2(X) 1 (vix)) (viX)
3(x) @ (vix)@  (vIX);
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where () isde nedin (4.59) and/; andv, are the parameter vectors of the logistic
regression models. Note that(x) is independent of the value 5. This would
not be the case if the mixing coef cients were modelled usisgngle level softmax
model,
guk X
k(x) = PW;
j
where the parametets;, corresponding tog(x), will also affect the other mixing
coef ecients, jgk(x), through the denominator. This gives the hierarchical model
different properties in the modelling of the mixture coef cieotger the input space,
as compared to a linear softmax model. An example is shown inghepanel of
Figure 8, where the red lines represent borders of equal mixing cieets in the
input space. These borders are formed from two straight lines, cordisigoto
the two logistic units in the left panel of 8. A correspondingision of the input
space by a softmax model would involve three straight lineepat a single point,
looking, e.g., something like the red lines in Figure 4.3 in AR Mote that a linear

three-class softmax model could not implement the borders shoighihpanel of
Figure 8.



