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Preface

Pattern recognition has its origins in engineering, whemachine learning grew
out of computer science. However, these activities can éwed as two facets of
the same eld, and together they have undergone substaei@lopment over the
past ten years. In particular, Bayesian methods have gnmmma specialist niche to
become mainstream, while graphical models have emergedaseaal framework
for describing and applying probabilistic models. Alsa firactical applicability of
Bayesian methods has been greatly enhanced through thiepleent of a range of
approximate inference algorithms such as variational Bayel expectation propa-
gation. Similarly, new models based on kernels have had s&rt impact on both
algorithms and applications.

This new textbook re ects these recent developments whidgiging a compre-
hensive introduction to the elds of pattern recognitiordanachine learning. It is
aimed at advanced undergraduates or rst year PhD studentsell as researchers
and practitioners, and assumes no previous knowledge tefrpaiecognition or ma-
chine learning concepts. Knowledge of multivariate cals@nd basic linear algebra
is required, and some familiarity with probabilities wouldd helpful though not es-
sential as the book includes a self-contained introdudtidyasic probability theory.

Because this book has broad scope, it is impossible to ppavibmplete list of
references, and in particular no attempt has been madevapraccurate historical
attribution of ideas. Instead, the aim has been to give eefers that offer greater
detail than is possible here and that hopefully provideygmints into what, in some
cases, is a very extensive literature. For this reasongfieeances are often to more
recent textbooks and review articles rather than to orlgioarces.

The book is supported by a great deal of additional matanaluding lecture
slides as well as the complete set of gures used in the boo#, the reader is
encouraged to visit the book web site for the latest infoiomat

http://research.microsoft.com/ cmbishop/PRML
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PREFACE

Exercises

The exercises that appear at the end of every chapter fornmporiant com-
ponent of the book. Each exercise has been carefully chosesinforce concepts
explained in the text or to develop and generalize them ini signt ways, and each
is graded according to dif culty ranging frort?), which denotes a simple exercise
taking a few minutes to complete, through(®? ?), which denotes a signi cantly
more complex exercise.

It has been dif cult to know to what extent worked solutiort®sald be made
widely available. Those engaged in self study will nd wodksolutions very ben-
e cial, whereas many course tutors request that soluti@available only via the
publisher so that the exercises may be used in class. In toder to meet these
con icting requirements, those exercises that help améy points in the text, or
that Il in important details, have solutions that are aasile as a PDF le from the
book web site. Such exercises are denotef[JJiiff]. Solutions for the remaining
exercises are available to course tutors by contacting ubégher (contact details
are given on the book web site). Readers are strongly engedri@ work through
the exercises unaided, and to turn to the solutions onlycasned.

Although this book focuses on concepts and principles, iaught course the
students should ideally have the opportunity to experinvétit some of the key
algorithms using appropriate data sets. A companion vol(Bighop and Nabney,
2008) will deal with practical aspects of pattern recogmitand machine learning,
and will be accompanied by Matlab software implementingtheéshe algorithms
discussed in this book.
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Mathematical notation

| have tried to keep the mathematical content of the book ¢ontimimum neces-
sary to achieve a proper understanding of the eld. Howeés, minimum level is
nonzero, and it should be emphasized that a good grasp afigsldinear algebra,
and probability theory is essential for a clear understagdf modern pattern recog-
nition and machine learning techniques. Neverthelesseitigghasis in this book is
on conveying the underlying concepts rather than on mattieahagour.

| have tried to use a consistent notation throughout the paitthough at times
this means departing from some of the conventions used itdhresponding re-
search literature. Vectors are denoted by lower case bofdaRdetters such as
X, and all vectors are assumed to be column vectors. A suj@r3cdenotes the
transpose of a matrix or vector, so that will be a row vector. Uppercase bold

The notationa; b is used to denote theosedinterval froma to b, that is the
interval including the valuesandbthemselves, whil€a; b) denotes the correspond-
ing openinterval, that is the interval excludiregandb. Similarly, [a; b) denotes an
interval that includes but excludedy. For the most part, however, there will be
little need to dwell on such re nements as whether the endtgaf an interval are
included or not.

TheM M identity matrix (also known as the unit matrix) is denoteg,
which will be abbreviated td where there is no ambiguity about it dimensionality.
It has elements;; thatequallif i = j andOifi 6 j.

A functional is denoted [y] wherey(x) is some function. The concept of a
functional is discussed in Appendix D.

The notatiorg(x) = O(f (x)) denotes thajf (x)=g(x)j is bounded ag ! 1
For instance ify(x) = 3x2 + 2, theng(x) = O(x?).

The expectation of a function(x; y) with respect to a random variabteis de-
noted byEy [f (X; y)]. In situations where there is no ambiguity as to which vdeiab
is being averaged over, this will be simpli ed by omittingetisuf x, for instance

Xi
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Xii

MATHEMATICAL NOTATION

E[x]. If the distribution ofx is conditioned on another variabie then the corre-
sponding conditional expectation will be writt&g [f (x)jz]. Similarly, the variance
is denotediar[f (x)], and for vector variables the covariance is written|x ; y]. We
shall also useov|x] as a shorthand notation foov[x; x]. The concepts of expecta-
tions and covariances are introduced in Section 1.2.2.

we can combine the observations into a data matriin which then™ row of X
corresponds to the row vectaf . Thus then;i element ofX corresponds to the
it element of then™ observatiorx,,. For the case of one-dimensional variables we
shall denote such a matrix xy which is a column vector whose" element isx,,.
Note thatx (which has dimensionaliti{ ) uses a different typeface to distinguish it
from x (which has dimensionalit).
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Graphical
Models

Probabilities play a central role in modern pattern rectigmi We have seen in
Chapter 1 that probability theory can be expressed in tefrtvgamsimple equations
corresponding to the sum rule and the product rule. All ofghababilistic infer-
ence and learning manipulations discussed in this book, attemhow complex,
amount to repeated application of these two equations. \Wl ¢berefore proceed
to formulate and solve complicated probabilistic modelsepuby algebraic ma-
nipulation. However, we shall nd it highly advantageousamgment the analysis
using diagrammatic representations of probability disttions, callecbrobabilistic
graphical modelsThese offer several useful properties:

1. They provide a simple way to visualize the structure of@bpbilistic model
and can be used to design and motivate new models.

2. Insights into the properties of the model, including dtodal independence
properties, can be obtained by inspection of the graph.
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8. GRAPHICAL MODELS

8.1.

3. Complex computations, required to perform inferencelaathing in sophis-
ticated models, can be expressed in terms of graphical miatipns, in which
underlying mathematical expressions are carried alongjgitiyp

A graph comprisesodes(also calledverticeg connected byinks (also known
asedgesor arcs). In a probabilistic graphical model, each node represenasndom
variable (or group of random variables), and the links egprrobabilistic relation-
ships between these variables. The graph then capturesathewvhich the joint
distribution over all of the random variables can be decaseddnto a product of
factors each depending only on a subset of the variables. Hak Isegin by dis-
cussingBayesian networkslso known aglirected graphical modeJsn which the
links of the graphs have a particular directionality indézhby arrows. The other
major class of graphical models aviarkov random eldsalso known asindirected
graphical modelsin which the links do not carry arrows and have no directiona
signi cance. Directed graphs are useful for expressingsahtelationships between
random variables, whereas undirected graphs are bettedsaiexpressing soft con-
straints between random variables. For the purposes aohsggaivference problems,
it is often convenient to convert both directed and undedgjraphs into a different
representation calledfactor graph

In this chapter, we shall focus on the key aspects of grapimodels as needed
for applications in pattern recognition and machine leggniMore general treat-
ments of graphical models can be found in the books by WHEtték990), Lauritzen
(1996), Jensen (1996), Castik al. (1997), Jordan (1999), Cowett al. (1999),
and Jordan (2007).

Bayesian Networks

In order to motivate the use of directed graphs to describbability distributions,
consider rst an arbitrary joint distributiop(a; b; g over three variables, b, andc.
Note that at this stage, we do not need to specify anythingduabout these vari-
ables, such as whether they are discrete or continuousedndae of the powerful
aspects of graphical models is that a speci ¢ graph can mekegpilistic statements
for a broad class of distributions. By application of thedurot rule of probability
(1.11), we can write the joint distribution in the form

p(a;b;9 = p(cja; hp(a; b): (8.1)

A second application of the product rule, this time to theoselcterm on the right-
hand side of (8.1), gives

p(a;b; 9 = p(cja; hp(ba)p(a): (8.2)

Note that this decomposition holds for any choice of thetjdistribution. We now

represent the right-hand side of (8.2) in terms of a simpd@lical model as follows.
First we introduce a node for each of the random variahjdés andc and associate
each node with the corresponding conditional distributiarthe right-hand side of

¢ Christopher M. Bishop (2002—2006). Springer, 2006. Firsttmg.
Further information available &ttp://research.microsoft.com/ cmbishop/PRML



8.1. Bayesian Networks 361

Figure 8.1 A directed graphical model representing the joint probabil- @
ity distribution over three variables a, b, and c, correspond- b
ing to the decomposition on the right-hand side of (8.2).

(8.2). Then, for each conditional distribution we add diegiclinks (arrows) to the
graph from the nodes corresponding to the variables on wihietdistribution is
conditioned. Thus for the fact@(cja; b), there will be links from nodea andbto
nodec, whereas for the factgs(a) there will be no incoming links. The result is
the graph shown in Figure 8.1. If there is a link going from a&a to a nodeb,
then we say that nodeis the parentof nodeb, and we say that nodeis thechild
of nodea. Note that we shall not make any formal distinction betwe@&de and
the variable to which it corresponds but will simply use thene symbol to refer to
both.

An interesting point to note about (8.2) is that the left-¢thaide is symmetrical
with respect to the three variablasb, andc, whereas the right-hand side is not.
Indeed, in making the decomposition in (8.2), we have inipfichosen a particular
ordering, namelha; b; ¢ and had we chosen a different ordering we would have
obtained a different decomposition and hence a differemplgical representation.
We shall return to this point later.

For the moment let us extend the example of Figure 8.1 by derisig the joint

the product rule of probability, this joint distributionrcde written as a product of
conditional distributions, one for each of the variables

P(X1; 115Xk ) = P(Xk jX13:01 Xk 1) 11 p(X2jX1)p(X1): (8.3)

For a given choice oK , we can again represent this as a directed graph had¢ing
nodes, one for each conditional distribution on the riglutdhside of (8.3), with each
node having incoming links from all lower numbered nodes.SAf that this graph
is fully connectedecause there is a link between every pair of nodes.

So far, we have worked with completely general joint disttibns, so that the
decompositions, and their representations as fully caedegraphs, will be applica-
ble to any choice of distribution. As we shall see shortlys theabsenceof links
in the graph that conveys interesting information abouipttoperties of the class of
distributions that the graph represents. Consider thehgsapwn in Figure 8.2.
This is not a fully connected graph because, for instanegetis no link fromx; to
X5 or fromxXs to X7.

We shall now go from this graph to the corresponding repitasien of the joint
probability distribution written in terms of the product afset of conditional dis-
tributions, one for each node in the graph. Each such camditidistribution will
be conditioned only on the parents of the corresponding nottee graph. For in-
stancexs will be conditioned orx; andxs. The joint distribution of all7 variables
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Figure 8.2

Exercise 8.1

Exercise 8.2

Example of a directed acyclic graph describing the joint
distribution over variables x1;:::;x7. The corresponding
decomposition of the joint distribution is given by (8.4). X2 X3

X4 X5

X6 X7

is therefore given by

P(X1) P(X2)P(X3) P(X4jX1; X2; X3) P(X5]X1; X3) P(X6)X4) P(X7]X4; X5): (8.4)

The reader should take a moment to study carefully the quoretence between
(8.4) and Figure 8.2.

We can now state in general terms the relationship betweédnea gdirected
graph and the corresponding distribution over the vari@ablehe joint distribution
de ned by a graph is given by the product, over all of the nodethe graph, of
a conditional distribution for each node conditioned onvtagables corresponding
to the parents of that node in the graph. Thus, for a graph Kvithodes, the joint
distribution is given by

Y(
p(x) = p(xxjpay) (8.5)
k=1
wherepa, denotes the set of parents xf, andx = fXi;:::;Xk g. This key

equation expresses tfactorizationproperties of the joint distribution for a directed
graphical model. Although we have considered each nodertesymond to a single
variable, we can equally well associate sets of variablds/antor-valued variables
with the nodes of a graph. It is easy to show that the reprasenton the right-
hand side of (8.5) is always correctly normalized providedihdividual conditional
distributions are normalized.

The directed graphs that we are considering are subjectitmortant restric-
tion namely that there must be daected cyclesin other words there are no closed
paths within the graph such that we can move from node to nlodg ¢inks follow-
ing the direction of the arrows and end up back at the stantiap. Such graphs are
also calleddirected acyclic graphor DAGs This is equivalent to the statement that
there exists an ordering of the nodes such that there arenk® that go from any
node to any lower numbered node.

8.1.1 Example: Polynomial regression

As an illustration of the use of directed graphs to descritmbdability distrib-
utions, we consider the Bayesian polynomial regressionahiotioduced in Sec-
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Directed graphical model representing the joint w
distribution (8.6) corresponding to the Bayesian
polynomial regression model introduced in Sec-
tion 1.2.6.

tion 1.2.6. The random variables in this model are the veaft@olynomial coef -

representing the precision of the Gaussian prior @veall of which are parameters
of the model rather than random variables. Focussing jush@mandom variables
for the moment, we see that the joint distribution is giverttiiy product of the prior

W
p(t;w) = p(w)  p(tnjw): (8.6)

n=1

This joint distribution can be represented by a graphicalehshown in Figure 8.3.
When we start to deal with more complex models later in the&kbave shall nd

in Figure 8.3. We therefore introduce a graphical notatiat &llows such multiple
nodes to be expressed more compactly, in which we draw aeshegresentative
nodet, and then surround this with a box, calleglate, labelled withN indicating
that there ar&l nodes of this kind. Re-writing the graph of Figure 8.3 in tivisy,
we obtain the graph shown in Figure 8.4.

We shall sometimes nd it helpful to make the parameters obaleh, as well as
its stochastic variables, explicit. In this case, (8.6)diees

W
plwix; 5 %)= pwj ) pltajw;xn; ?):

n=1
Correspondingly, we can makeand explicit in the graphical representation. To
do this, we shall adopt the convention that random variabilkde denoted by open
circles, and deterministic parameters will be denoted bgllemsolid circles. If we
take the graph of Figure 8.4 and include the deterministiapaters, we obtain the
graph shown in Figure 8.5.

When we apply a graphical model to a problem in machine legror pattern

recognition, we will typically set some of the random valésto speci c observed

An alternative, more compact, representation of the graph w
shown in Figure 8.3 in which we have introduced a plate

(the box labelled N ) that represents N nodes of which only

a single example t, is shown explicitly.
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Figure 8.5 This shows the same model as in Figure 8.4 but X, )

Figure 8.6

with the deterministic parameters shown explicitly
by the smaller solid nodes.

th

values, for example the variablis, g from the training set in the case of polynomial
curve tting. In a graphical model, we will denote suohserved variableby shad-
ing the corresponding nodes. Thus the graph correspondiRigtire 8.5 in which
the variableg t, g are observed is shown in Figure 8.6. Note that the valug of
is not observed, and s® is an example of &tentvariable, also known astadden
variable. Such variables play a crucial role in many prolistli models and will
form the focus of Chapters 9 and 12.

Having observed the valués, g we can, if desired, evaluate the posterior dis-
tribution of the polynomial coef cientsv as discussed in Section 1.2.5. For the
moment, we note that this involves a straightforward apgilbn of Bayes' theorem

A
p(wjT) / p(w)  p(tnjw) (8.7)

n=1

where again we have omitted the deterministic parametensier to keep the nota-
tion uncluttered.

In general, model parameters suclaare of little direct interest in themselves,
because our ultimate goal is to make predictions for newtimplues. Suppose we
are given a new input valueand we wish to nd the corresponding probability dis-
tribution forl conditioned on the observed data. The graphical model #stribes
this problem is shown in Figure 8.7, and the correspondiirg fistribution of all
of the random variables in this model, conditioned on theiheinistic parameters,
is then given by

" #
W
pl® twik;x; ; %)= P(taixn;w; ?) p(wj )pil;w; ?):  (8.8)
n=1
As in Figure 8.5 but with the nodes ft,g shaded X, )

to indicate that the corresponding random vari-
ables have been set to their observed (training set)
values.

th
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Figure 8.7 The polynomial regression model, corresponding (- Xn )
to Figure 8.6, showing also a new input value k
together with the corresponding model prediction

b.

th

2 U{\ R

The required predictive distribution f#ris then obtained, from the sum rule of
probability, by integrating out the model parametarso that
z

plBik; x;t; ; %)/ p®@twikx;; %)dw

where we are implicitly setting the random variabled to the speci ¢ values ob-
served in the data set. The details of this calculation wseudsed in Chapter 3.

8.1.2 Generative models

There are many situations in which we wish to draw samples fi@iven prob-
ability distribution. Although we shall devote the whole®@fiapter 11 to a detailed
discussion of sampling methods, it is instructive to oetlrere one technique, called
ancestral samplingwhich is particularly relevant to graphical models. Cdesia

corresponding to a directed acyclic graph. We shall suptiegehe variables have
been ordered such that there are no links from any node tomamy humbered node,
in other words each node has a higher number than any of gnfsaiOur goal is to

To do this, we start with the lowest-numbered node and draavgpte from the
distributionp(x1), which we callk;. We then work through each of the nodes in or-
der, so that for node we draw a sample from the conditional distributja(x, jpa,, )
in which the parent variables have been set to their samplie@s. Note that at each
stage, these parent values will always be available bet¢hegeorrespond to lower-
numbered nodes that have already been sampled. Technigusanfpling from
speci c distributions will be discussed in detail in Chapld. Once we have sam-
pled from the nal variablexx , we will have achieved our objective of obtaining a
sample from the joint distribution. To obtain a sample frasme marginal distrib-
ution corresponding to a subset of the variables, we singkg the sampled values
for the required nodes and ignore the sampled values foretiaining nodes. For
example, to draw a sample from the distributjuix,; x4), we simply sample from
the full joint distribution and then retain the values &, and discard the remaining
valuesf B g5 :40.
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Figure 8.8 A graphical model representing the process by which Object Position Orientation

Section 2.4

images of objects are created, in which the identity
of an object (a discrete variable) and the position and
orientation of that object (continuous variables) have
independent prior probabilities. The image (a vector
of pixel intensities) has a probability distribution that
is dependent on the identity of the object as well as
on its position and orientation.

Image

For practical applications of probabilistic models, itiylpically be the higher-
numbered variables corresponding to terminal nodes of téyehgthat represent the
observations, with lower-numbered nodes correspondingtemt variables. The
primary role of the latent variables is to allow a complichtistribution over the
observed variables to be represented in terms of a modetrootedd from simpler
(typically exponential family) conditional distributign

We can interpret such models as expressing the processdudiytive observed
data arose. For instance, consider an object recognitsirinavhich each observed
data point corresponds to an image (comprising a vecton@ pitensities) of one
of the objects. In this case, the latent variables might lzawv@nterpretation as the
position and orientation of the object. Given a particulsserved image, our goal is
to nd the posterior distribution over objects, in which weegrate over all possible
positions and orientations. We can represent this probkingua graphical model
of the form show in Figure 8.8.

The graphical model captures tbausalprocess (Pearl, 1988) by which the ob-
served data was generated. For this reason, such modelearealledgenerative
models. By contrast, the polynomial regression model dasdrby Figure 8.5 is
not generative because there is no probability distrilbugissociated with the input
variablex, and so it is not possible to generate synthetic data paimts this model.
We could make it generative by introducing a suitable pristributionp(x), at the
expense of a more complex model.

The hidden variables in a probabilistic model need not, hawnehave any ex-
plicit physical interpretation but may be introduced siynfa allow a more complex
joint distribution to be constructed from simpler compotsenin either case, the
technique of ancestral sampling applied to a generativeemoinics the creation
of the observed data and would therefore give rise to “fghtlaga whose probability
distribution (if the model were a perfect representatioreafity) would be the same
as that of the observed data. In practice, producing syintbbservations from a
generative model can prove informative in understandierddhm of the probability
distribution represented by that model.

8.1.3 Discrete variables

We have discussed the importance of probability distrimgithat are members
of the exponential family, and we have seen that this fammitiudes many well-
known distributions as particular cases. Although suclkribigions are relatively
simple, they form useful building blocks for constructingma complex probability
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(a) This fully-connected graph describes a general distrib- X1 X2
ution over two K -state discrete variables having a total of @) O—O
K2 1 parameters. (b) By dropping the link between the

nodes, the number of parameters is reduced to 2(K  1). X1 X2

"0 O

distributions, and the framework of graphical models is/weseful in expressing the
way in which these building blocks are linked together.

Such models have particularly nice properties if we chobseelationship be-
tween each parent-child pair in a directed graph to be catgjgand we shall ex-
plore several examples of this shortly. Two cases are pdatly worthy of note,
namely when the parent and child node each correspond teethiseariables and
when they each correspond to Gaussian variables, becatisesi& two cases the
relationship can be extended hierarchically to constrehgtrarily complex directed
acyclic graphs. We begin by examining the discrete case.

The probability distributiomp(xj ) for a single discrete variabbe having K
possible states (using the 14frepresentation) is given by

. % X
p(xj )= K (8.9)
k=1
pnd is governed by the parameters= ( 1;:::; k)'. Due to the constraint

« k=1,onlyK 1values for ¢ need to be specied in order to de ne the
distribution.
Now suppose that we have two discrete variablesandx,, each of which has
K states, and we wish to model their joint distribution. Weaterthe probability of
observing bothxyx = 1 andx, = 1 by the parametery,, wherex;x denotes the
k™ component ok, and similarly forx, . The joint distribution can be written

_ ¥ ¥
P(X1;X2j )= ﬁllkle:
k=1 I=1

Because the parameterg are subject to the constrailztk P |k =1, this distri-
bution is governed biK 2 1 parameters. It is easily seen that the total number of
parameters that must be speci ed for an arbitrary jointritistion overM variables
isKM  1and therefore grows exponentially with the numbtof variables.

Using the product rule, we can factor the joint distributig® ; ; X ) in the form
p(x2jx1)p(X1), which corresponds to a two-node graph with a link going ftbmm
X1 node to thex, node as shown in Figure 8.9(a). The marginal distribugin)
is governed byK 1 parameters, as before, Similarly, the conditional distrin
p(x2jX1) requires the speci cation d 1 parameters for each of the possible
values ofx;. The total number of parameters that must be specied in dir |
distribution is therefor¢K 1)+ K(K 1)= K2 1as before.

Now suppose that the variablgg andx, were independent, corresponding to
the graphical model shown in Figure 8.9(b). Each variablthén described by
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Figure 8.10 This chain of M discrete nodes, each X1 X2 XM
having K states, requires the speci cation of K 1+ O_,O_, e 4.0
(M 1)K(K 1) parameters, which grows linearly

with the length M of the chain. In contrast, a fully con-

nected graph of M nodes would have KM 1 parame-
ters, which grows exponentially with M .

a separate multinomial distribution, and the total numtfgpavameters would be
2(K 1). For a distribution oveM independent discrete variables, each ha¥ing

states, the total number of parameters wouldvb@ 1), which therefore grows

linearly with the number of variables. From a graphical pedive, we have reduced
the number of parameters by dropping links in the graph,eaéxkpense of having a
restricted class of distributions.

the joint distribution using a directed graph with one vialéecorresponding to each
node. The conditional distribution at each node is given bgtaf nonnegative para-
meters subject to the usual normalization constraint.dfghaph is fully connected
then we have a completely general distribution haWrljy 1 parameters, whereas
if there are no links in the graph the joint distribution farizes into the product of
the marginals, and the total number of parameteks (K  1). Graphs having in-
termediate levels of connectivity allow for more generatidbutions than the fully
factorized one while requiring fewer parameters than threeggd joint distribution.
As an illustration, consider the chain of nodes shown in FEg110. The marginal
distributionp(x1) requiresKk 1 parameters, whereas each of le 1 condi-
tional distributionsp(xijx; 1), fori =2;:::; M, requiresK (K 1) parameters.
This gives a total parameter counttof 1+(M 1)K (K 1), which is quadratic
in K and which grows linearly (rather than exponentially) witle tengthM of the
chain.

An alternative way to reduce the number of independent patensin a model
is by sharingparameters (also known &gng of parameters). For instance, in the
chain example of Figure 8.10, we can arrange that all of tiheitional distributions

Together with th&k 1 parameters governing the distributionxaf, this gives a total
of K2 1 parameters that must be speci ed in order to de ne the joistribution.
We can turn a graph over discrete variables into a Bayesiatehry introduc-
ing Dirichlet priors for the parameters. From a graphicahpof view, each node
then acquires an additional parent representing the Daticlistribution over the pa-
rameters associated with the corresponding discrete Adde is illustrated for the
chain model in Figure 8.11. The corresponding model in whiettie the parame-

in Figure 8.12.

Another way of controlling the exponential growth in the raenof parameters
in models of discrete variables is to use parameterized mddethe conditional
distributions instead of complete tables of conditionallqability values. To illus-
trate this idea, consider the graph in Figure 8.13 in whitbfahe nodes represent
binary variables. Each of the parent variabless governed by a single parame-
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Figure 8.12

Section 2.4

Figure 8.13
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An extension of the model of 1 2 M
Figure 8.10 to include Dirich-

let priors over the parame-

ters governing the discrete

distributions.

X1 X2 XM

As in Figure 8.11 but with a sin-
gle set of parameters shared
amongst all of the conditional
distributions p(xijxi 1).

ter ; representing the probabilify(x; = 1), giving M parameters in total for the

2M parameters representing the probabitity = 1) for each of the2M possible
settings of the parent variables. Thus in general the numibearameters required
to specify this conditional distribution will grow exponigdly with M . We can ob-
tain a more parsimonious form for the conditional distibatby using a logistic
sigmoid function acting on a linear combination of the paremiables, giving

I
¥ !

ply =1jXq;::: Xm ) = Wo + wixi = (w'x) (8.10)
i=1

parameters. This is a more restricted form of conditiorgttiution than the general
case but is now governed by a number of parameters that giosesly withM . In
this sense, it is analogous to the choice of a restrictive fofrcovariance matrix (for
example, a diagonal matrix) in a multivariate Gaussiarridigtion. The motivation
for the logistic sigmoid representation was discussed ati@e4.2.

A graph comprising M parents x1;:::;xm and a sin- X1 XM
gle child y, used to illustrate the idea of parameterized
conditional distributions for discrete variables.
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8.1.4 Linear-Gaussian models

In the previous section, we saw how to construct joint prdlghlistributions
over a set of discrete variables by expressing the variadesodes in a directed
acyclic graph. Here we show how a multivariate Gaussian eaaxpressed as a
directed graph corresponding to a linear-Gaussian modslthe component vari-
ables. This allows us to impose interesting structure ondibtibution, with the
general Gaussian and the diagonal covariance Gaussiagsegping opposite ex-
tremes. Several widely used techniques are examples @rif@aussian models,
such as probabilistic principal component analysis, faatwalysis, and linear dy-
namical systems (Roweis and Ghahramani, 1999). We shak metensive use of
the results of this section in later chapters when we consimtae of these techniques
in detail.

Consider an arbitrary directed acyclic graph olzewvariables in which nodée
represents a single continuous random variabléaving a Gaussian distribution.
The mean of this distribution is taken to be a linear comlamadf the states of its

parent nodepa, of nodei 1

X
p(xijpa;) = N @x; wi Xj + b v A (8.11)
j 2 pa;
wherew; andl are parameters governing the mean, gni the variance of the

conditional distribution fox;. The log of the joint distribution is then the log of the
product of these conditionals over all nodes in the graphhemde takes the form

Inp(x) = In p(xijpa;) (8.12)
= 0 1,
X X
= 2vi @x; wj x; bA +const (8.13)
i=1 ! j 2 pa;
wherex = (X1;:::;Xp)' and ‘const' denotes terms independent oflVe see that

this is a quadratic function of the componentsgfand hence the joint distribution
p(x) is a multivariate Gaussian.

We can determine the mean and covariance of the joint disiibb recursively
as follows. Each variable; has (conditional on the states of its parents) a Gaussian
distribution of the form (8.11) a)l?d S0

Xj = Wi Xj + h + pV_| i (8.14)
i 2 pa;
where ; is a zero mean, unit variance Gaussian random variablésagj&[ ] = 0
andE[ ; j] = 1, wherelj is thei;j element of the identity matrix. Taking the
expectation of (8.14), we have X
E[Xi] = Wij E[Xj ] + b: (8.15)
i 2pa;
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Figure 8.14 A directed graph over three Gaussian variables, X1 X2 X3

Section 2.3

Exercise 8.7

with one missing link. O—O—O

lowest numbered node and working recursively through tlalyi(here we again
assume that the nodes are numbered such that each node hagrhimber than
its parents). Similarly, we can use (8.14) and (8.15) toioliteei;j element of the
covariance matrix fop(x) in the form of a recursion relation

coviiixi] = Elx  ED0g  EBD] 03
< X =
= E4(xi EX]), Wik (xk  E[x¢]) + ij. S
k2 pa; !
X
= Wk Cov[Xi; Xk]+ I v, (8.16)
k2 pa;

and so the covariance can similarly be evaluated recuysétetting from the lowest
numbered node.

Let us consider two extreme cases. First of all, supposetieat are no links
in the graph, which therefore compridesisolated nodes. In this case, there are no
parametersv; and so there are juf2 parametersy andD parameters;. From
the recursion relations (8.15) and (8.16), we see that trenroép(x) is given by

The joint distribution has a total D parameters and represents a seDohde-
pendent univariate Gaussian distributions.

Now consider a fully connected graph in which each node Hdewér num-
bered nodes as parents. The mawix then has 1 entries on the™ row and
hence is a lower triangular matrix (with no entries on thelieg diagonal). Then
the total number of parametesg is obtained by taking the numbBr? of elements
inaD D matrix, subtractindg® to account for the absence of elements on the lead-
ing diagonal, and then dividing tB/because the matrix has elements only below the
diagonal, giving atotal ob (D  1)=2. The total number of independent parameters
fwj g andfv;gin the covariance matrix is therefob(D + 1) =2 corresponding to
a general symmetric covariance matrix.

Graphs having some intermediate level of complexity c@wes to joint Gaussian
distributions with partially constrained covariance ri@s. Consider for example
the graph shown in Figure 8.14, which has a link missing betwariablex; and

X3. Using the recursion relations (8.15) and (8.16), we seetlieamean and
covariance of the joint distribution are given by
= (by;lp + warloy by + warly + W32W21bl)T | (8.17)
\%1 W21Vi W32Wa1 V1 '
= W1V Vo + W3 Vg Waa (V2 + W2, V1) :(8.18)

WaoWa1Vi Wap(Vo + W5 V1) Va3 + Wa,(Vo + W3, v;)
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We can readily extend the linear-Gaussian graphical maodile case in which
the nodes of the graph represent multivariate Gaussiaabtas. In this case, we can
write the conditional distribution for noden the form

0 1

X
p(xijpa;) = N @x; Wi x; + bj; A (8.19)
j 2 pa;

where nowW j; is a matrix (which is nonsquarexf, andx; have different dimen-
sionalities). Again it is easy to verify that the joint dibtrition over all variables is
Gaussian.
Note that we have already encountered a speci ¢ exampleedirthar-Gaussian
Section 2.3.6 relationship when we saw that the conjugate prior for themmeaf a Gaussian
variablex is itself a Gaussian distribution over. The joint distribution ovek and
is therefore Gaussian. This corresponds to a simple twe-igwdph in which
the node representing is the parent of the node representingThe mean of the
distribution over is a parameter controlling a prior, and so it can be viewed as a
hyperparameter. Because the value of this hyperparametgiteelf be unknown,
we can again treat it from a Bayesian perspective by intrimdua prior over the
hyperparameter, sometimes calledygperprior, which is again given by a Gaussian
distribution. This type of construction can be extendedingiple to any level and is
an illustration of ehierarchical Bayesian modebf which we shall encounter further
examples in later chapters.

8.2. Conditional Independence

An important concept for probability distributions over htipie variables is that of
conditional independeng®awid, 1980). Consider three variablgsh, andc, and
suppose that the conditional distributionayfgivenb andc, is such that it does not
depend on the value &f so that

p(ajb; 9 = p(ajc): (8.20)

We say that is conditionally independent dfgivenc. This can be expressed in a
slightly different way if we consider the joint distributicof a andb conditioned on
¢, which we can write in the form

p(a; bic)

p(ajb; 9p(bic)
p(ajc)p(hjc): (8.21)

where we have used the product rule of probability togeth#r (8.20). Thus we
see that, conditioned o the joint distribution ofa andb factorizes into the prod-
uct of the marginal distribution cd and the marginal distribution df (again both
conditioned orxr). This says that the variablasandb are statistically independent,
givenc. Note that our de nition of conditional independence wéluire that (8.20),
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Figure 8.15 The rst of three examples of graphs over three variables ¢
a, b, and c used to discuss conditional independence
properties of directed graphical models.

or equivalently (8.21), must hold for every possible valfie,and not just for some
values. We shall sometimes use a shorthand notation foritgmmal independence
(Dawid, 1979) in which

a? bjc (8.22)

denotes thaa is conditionally independent dfgivenc and is equivalent to (8.20).

Conditional independence properties play an importaetirousing probabilis-
tic models for pattern recognition by simplifying both theusture of a model and
the computations needed to perform inference and learnidgnthat model. We
shall see examples of this shortly.

If we are given an expression for the joint distribution oseget of variables in
terms of a product of conditional distributions (i.e., thathematical representation
underlying a directed graph), then we could in principlg tgkether any poten-
tial conditional independence property holds by repeapgdi@ation of the sum and
product rules of probability. In practice, such an approaohld be very time con-
suming. An important and elegant feature of graphical modethat conditional
independence properties of the joint distribution can lagl @irectly from the graph
without having to perform any analytical manipulations. eTdgeneral framework
for achieving this is called-separationwhere the “d' stands for “directed' (Pearl,
1988). Here we shall motivate the concept of d-separationgare a general state-
ment of the d-separation criterion. A formal proof can beiidin Lauritzen (1996).

8.2.1 Three example graphs

We begin our discussion of the conditional independencpspties of directed
graphs by considering three simple examples each invotyiaghs having just three
nodes. Together, these will motivate and illustrate thedaycepts of d-separation.
The rst of the three examples is shown in Figure 8.15, andjti@ distribution
corresponding to this graph is easily written down usinggheeral result (8.5) to
give

p(a;b;9 = p(ajc)p(bic)p(c): (8.23)
If none of the variables are observed, then we can investightthera andb are
independent by marginalizing both sides of (8.23) with ez$ppoc to give
X

p(a;b) = p(ajc)p(bic)p(c): (8.24)

C

In general, this does not factorize into the proda@) p(b), and so

ae?bj; (8.25)
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Figure 8.16  As in Figure 8.15 but where we have conditioned on the c

Figure 8.17

value of variable c.

where; denotes the empty set, and the sym@ineans that the conditional inde-
pendence property does not hold in general. Of course, itho&/for a particular
distribution by virtue of the speci ¢ numerical values assted with the various
conditional probabilities, but it does not follow in genkiram the structure of the
graph.

Now suppose we condition on the varialtleas represented by the graph of
Figure 8.16. From (8.23), we can easily write down the céodt! distribution of
a andb, givenc, in the form

p(a;b; 9
p(c)
p(ajc)p(bic)

p(a; beo)

and so we obtain the conditional independence property
a? bjc:

We can provide a simple graphical interpretation of thisiltelsy considering
the path from noda to nodeb via c. The nodec is said to betail-to-tail with re-
spect to this path because the node is connected to the talis two arrows, and
the presence of such a path connecting n@dasdb causes these nodes to be de-
pendent. However, when we condition on nagas in Figure 8.16, the conditioned
node “blocks' the path froma to b and causea andb to become (conditionally)
independent.

We can similarly consider the graph shown in Figure 8.17. johe distribu-
tion corresponding to this graph is again obtained from @uregal formula (8.5) to
give

p(a; b; 9 = p(a)p(cja)p(bic): (8.26)

First of all, suppose that none of the variables are obsergdin, we can test to
see ifa andb are independent by marginalizing oo give

X
p(a;b = p(@  p(cja)p(bic) = p(a)p(ba):

The second of our three examples of 3-node a c b

graphs used to motivate the conditional indepen- < ) ,< ) ,< )
dence framework for directed graphical models.
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Figure 8.18 As in Figure 8.17 but now conditioningon nodec. a c b

Figure 8.19

O—@—0O

which in general does not factorize inmga)p(b), and so
a6?bj; (8.27)

as before.
Now suppose we condition on nodgas shown in Figure 8.18. Using Bayes'
theorem, together with (8.26), we obtain

p(a; b; 9
p(c)
p(a)p(cja)p(hic)
p(c)
p(ajc)p(bic)

and so again we obtain the conditional independence propert

p(a; bo)

a? bjc:

As before, we can interpret these results graphically. Tdge is said to be
head-to-tailwith respect to the path from nodeto nodeb. Such a path connects
nodesa andb and renders them dependent. If we now obsenas in Figure 8.18,
then this observation “blocks' the path fraro b and so we obtain the conditional
independence propery? bjc.

Finally, we consider the third of our 3-node examples, showithe graph in
Figure 8.19. As we shall see, this has a more subtle behathaur the two
previous graphs.

The joint distribution can again be written down using oung&l result (8.5) to
give

p(a;b; 9 = p(a)p(b)p(cja; b): (8.28)

Consider rst the case where none of the variables are obgdeMarginalizing both
sides of (8.28) over we obtain

p(a;b) = p(a)p(h)

The last of our three examples of 3-node graphs usedto a b
explore conditional independence properties in graphi-

cal models. This graph has rather different properties

from the two previous examples.
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Figure 8.20 As in Figure 8.19 but conditioning on the value of node a b

Exercise 8.10

c. In this graph, the act of conditioning induces a depen-
dence between a and b.

and soa andb are independent with no variables observed, in contrastdadwo
previous examples. We can write this result as

a? bj;: (8.29)

Now suppose we condition or) as indicated in Figure 8.20. The conditional
distribution ofa andbis then given by

p(a; b; 9
p(c)
p(a)p(b)p(cja; b
p(c)

which in general does not factorize into the produ(@)p(b), and so

p(a; bic)

a6?bjc:

Thus our third example has the opposite behaviour from teetwo. Graphically,
we say that node is head-to-headwvith respect to the path from to b because it
connects to the heads of the two arrows. When mnodeunobserved, it “blocks'
the path, and the variablesandb are independent. However, conditioning on
“unblocks' the path and rendessandb dependent.

There is one more subtlety associated with this third exartipt we need to
consider. First we introduce some more terminology. We bay iodey is ade-
scendanf nodex if there is a path fronx to y in which each step of the path
follows the directions of the arrows. Then it can be shown thiaead-to-head path
will become unblocked if either the nodar, any of its descendants observed.

In summary, a tail-to-tail node or a head-to-tail node Isaagyath unblocked
unless it is observed in which case it blocks the path. Byreshta head-to-head
node blocks a path if it is unobserved, but once the nodepaiatiieast one of its
descendants, is observed the path becomes unblocked.

Itis worth spending a moment to understand further the uallsehaviour of the
graph of Figure 8.20. Consider a particular instance of sughaph corresponding
to a problem with three binary random variables relatindiftiel system on a car,
as shown in Figure 8.21.  The variables are cabBedepresenting the state of a
battery that is either charge® (= 1) or at (B = 0), F representing the state of
the fuel tank that is either full of fueH = 1) or empty £ = 0), andG, which is
the state of an electric fuel gauge and which indicates efthie(G = 1) or empty

¢ Christopher M. Bishop (2002-2006). Springer, 2006. Firsttmg.
Further information available &ttp://research.microsoft.com/ cmbishop/PRML



8.2. Conditional Independence 377

G G G

Figure 8.21 An example of a 3-node graph used to illustrate the phenomenon of “explaining away'. The three
nodes represent the state of the battery (B), the state of the fuel tank (F) and the reading on the electric fuel
gauge (G). See the text for details.

(G = 0). The battery is either charged or at, and independentdyfiel tank is
either full or empty, with prior probabilities
p(B =1)
p(F =1)

Given the state of the fuel tank and the battery, the fuel gaagds full with proba-
bilities given by

0:9
0 :9:

p(G=1jB =1;F =1) 0:8
p(G=1jB=1;F=0) = 0:2
p(G=1B=0;F=1) = 0:2
p(G=1B=0;F=0) = 0:1

so this is a rather unreliable fuel gauge! All remaining abiities are determined
by the requirement that probabilities sum to one, and so we A@omplete speci -
cation of the probabilistic model.

Before we observe any data, the prior probability of the faek being empty
is p(F = 0) = 0 :1. Now suppose that we observe the fuel gauge and discover that
it reads empty, i.eG = 0, corresponding to the middle graph in Figure 8.21. We
can use Bayes' theorem to evaluate the posterior probabilithe fuel tank being
empty. First we evaluate the denominator for Bayes' theggien by

X X
p(G=0)= p(G =0jB;F)p(B)p(F) =0:315 (8.30)
B 2f 0;1g F 2f 0;1g

and similarly we evaluate

X
p(G=0jF =0) = p(G=0jB;F =0)p(B)=0:81 (8.31)
B 2f 0;1g

and using these results we have

P(G=0jF =0)p(F =0) ,

p(F =0jG =0) = G=0)

0:257 (8.32)
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and sop(F = 0jG = 0) > p(F = 0). Thus observing that the gauge reads empty
makes it more likely that the tank is indeed empty, as we wantldgtively expect.
Next suppose that we also check the state of the battery ashdhat it is at, i.e.,

B = 0. We have now observed the states of both the fuel gauge arhttezy, as
shown by the right-hand graph in Figure 8.21. The posteriobability that the fuel
tank is empty given the observations of both the fuel gaugktaa battery state is
then given by

(G =0jB =0;F = 0)p(F =0)
" Far01gP(G =0jB =0;F)p(F)

where the prior probabilitp(B = 0) has cancelled between numerator and denom-
inator. Thus the probability that the tank is empty llesreasedfrom 0:257 to
0:111) as a result of the observation of the state of the batterig ddcords with our
intuition that nding out that the battery is atxplains awayhe observation that the
fuel gauge reads empty. We see that the state of the fuel tahthat of the battery
have indeed become dependent on each other as a result ofinbgbe reading
on the fuel gauge. In fact, this would also be the case ifeabtof observing the
fuel gauge directly, we observed the state of some descenti@& Note that the
probabilityp(F = 0jG = 0;B =0) ' 0:111is greater than the prior probability
p(F = 0) = 0 :1 because the observation that the fuel gauge reads zenarstiltes
some evidence in favour of an empty fuel tank.

p(F =0jG=0;B =0) =

0:111 (8.33)

8.2.2 D-separation

We now give a general statement of the d-separation profieegrl, 1988) for
directed graphs. Consider a general directed graph in whjdh, andC are arbi-
trary nonintersecting sets of nodes (whose union may belanthbn the complete
set of nodes in the graph). We wish to ascertain whether épkat conditional
independence statemeht? B j C is implied by a given directed acyclic graph. To
do so, we consider all possible paths from any nod® in any node irB. Any such
path is said to bélockedif it includes a node such that either

(a) the arrows on the path meet either head-to-tail or taibtbat the node, and the
node is in the set, or

(b) the arrows meet head-to-head at the node, and neither thee nodany of its
descendants, is in the &t

If all paths are blocked, thef is said to be d-separated fraBhby C, and the joint
distribution over all of the variables in the graph will sf§iA ? B j C.

The concept of d-separation is illustrated in Figure 8.22graph (a), the path
from a to b is not blocked by nodé because it is a tail-to-tail node for this path
and is not observed, nor is it blocked by noglbecause, although the latter is a
head-to-head node, it has a descenddntcause is in the conditioning set. Thus
the conditional independence statemart bj ¢ doesnot follow from this graph.

In graph (b), the path froma to bis blocked by nodé because this is a tail-to-tail
node that is observed, and so the conditional independenpeiya ? bj f will
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Figure 8.22 lllustration of the con- 4 f a f
cept of d-separation. See the text for

details.

Section 2.3

Figure 8.23

(a) (b)

be satis ed by any distribution that factorizes accordiogtis graph. Note that this
path is also blocked by nodsbecause is a head-to-head node and neither it nor its
descendant are in the conditioning set.

For the purposes of d-separation, parameters suchasd 2 in Figure 8.5,
indicated by small lled circles, behave in the same was aseoled nodes. How-
ever, there are no marginal distributions associated withh $iodes. Consequently
parameter nodes never themselves have parents and sdaltipatugh these nodes
will always be tail-to-tail and hence blocked. Consequettiey play no role in
d-separation.

Another example of conditional independence and d-separit provided by
the concept of i.i.d. (independent identically distrili)telata introduced in Sec-
tion 1.2.4. Consider the problem of nding the posteriortdizition for the mean
of a univariate Gaussian distribution. This can be represtloy the directed graph
shown in Figure 8.23 in which the joint distribution is deady a priorp( ) to-
gether with a set of conditional distributiopéx,j ) forn =1;:::;N. In practice,

that we condition on and consider the joint distribution of the observationsngs
d-separation, we note that there is a unique path fronxang any otheix;¢; and
that this path is tail-to-tail with respect to the observed& . Every such path is

blocked and so the observatidds= fxy;:::;Xn g are independent given, so that
. W .
p(Dj )= p(xnj ): (8.34)
n=1

(@) Directed graph corre-
sponding to the problem
of inferring the mean  of
a univariate Gaussian dis-
tribution from observations
X1;::5;Xn . (b) The same
graph drawn using the plate
notation.

(b)
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Figure 8.24 A graphical representation of the "naive Bayes'

Section 3.3

model for classication. Conditioned on the
class label z, the components of the observed

independent.
X1

However, if we integrate over, the observations are in general no longer indepen-
dent
p(D) = p(Dj )p( )d &  p(xn): (8.35)

0 n=1

Here is alatent variable, because its value is not observed.

Another example of a model representing i.i.d. data is tla@lgin Figure 8.7
corresponding to Bayesian polynomial regression. Heretihehastic nodes corre-
spond toft,g, w and®. We see that the node fov is tail-to-tail with respect to
the path fron® to any one of the nodes and so we have the following conditional
independence property

B2 t,jw: (8.36)
Thus, conditioned on the polynomial coef cients, the predictive distribution for
B is independent of the training daté,;:::;ty g. We can therefore rst use the

training data to determine the posterior distribution ahercoef cientsw and then
we can discard the training data and use the posteriorlaison forw to make
predictions of for new input observatioris.

A related graphical structure arises in an approach to iatatisn called the
naive Bayesnodel, in which we use conditional independence assunmgptmsim-
plify the model structure. Suppose our observed variabisists of eD -dimensional

classes. Using the 1-df- encoding scheme, we can represent these classek by a

dimensional binary vectar. We can then de ne a generative model by introducing
a multinomial priorp(zj ) over the class labels, where tk€ component y of

is the prior probability of clas§k, together with a conditional distributigo(xjz)

for the observed vector. The key assumption of the naive Bayes model is that,

dependent. The graphical representation of this modebwslin Figure 8.24. We
see that observation afblocks the path betweeq andx; forj 6 i (because such
paths are tail-to-tail at the nodg and sox; andx; are conditionally independent
givenz. If, however, we marginalize out (so thatz is unobserved) the tail-to-tail
path fromx; to X; is no longer blocked. This tells us that in general the maigin
densityp(x) will not factorize with respect to the components«ofWe encountered
a simple application of the naive Bayes model in the contéxXtusing data from
different sources for medical diagnosis in Section 1.5.

with their class labels, then we can t the naive Bayes moddhe training data
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using maximum likelihood assuming that the data are drawlependently from

the model. The solution is obtained by tting the model fockalass separately
using the correspondingly labelled data. As an examplg@sgthat the probability
density within each class is chosen to be Gaussian. In tlsis, ¢the naive Bayes
assumption then implies that the covariance matrix for €aahssian is diagonal,
and the contours of constant density within each class wilkis-aligned ellipsoids.
The marginal density, however, is given by a superpositiodiagonal Gaussians
(with weighting coef cients given by the class priors) arahgill no longer factorize

with respect to its components.

The naive Bayes assumption is helpful when the dimensigrialiof the input
space is high, making density estimation in the Ri#dimensional space more chal-
lenging. It is also useful if the input vector contains botbcdete and continuous
variables, since each can be represented separately ygingpaiate models (e.g.,
Bernoulli distributions for binary observations or Gaass for real-valued vari-
ables). The conditional independence assumption of thidetrie clearly a strong
one that may lead to rather poor representations of the-ctasditional densities.
Nevertheless, even if this assumption is not precisely gatj the model may still
give good classi cation performance in practice becauselitision boundaries can
be insensitive to some of the details in the class-conditidensities, as illustrated
in Figure 1.27.

We have seen that a particular directed graph represen¢sacspecomposition
of a joint probability distribution into a product of conibal probabilities. The
graph also expresses a set of conditional independeneengtats obtained through
the d-separation criterion, and the d-separation thecsegaily an expression of the
equivalence of these two properties. In order to make tleiarclt is helpful to think
of a directed graph as a lter. Suppose we consider a paatiigoint probability
distributionp(x) over the variablexg corresponding to the (nonobserved) nodes of
the graph. The Iter will allow this distribution to pass thugh if, and only if, it can
be expressed in terms of the factorization (8.5) impliedhgygraph. If we present to
the lter the set of all possible distributiongx) over the set of variables, then the
subset of distributions that are passed by the Iter will lemdtedDF , for directed
factorization This is illustrated in Figure 8.25.  Alternatively, we caseuthe
graph as a different kind of Iter by rst listing all of the awlitional independence
properties obtained by applying the d-separation critet the graph, and then
allowing a distribution to pass only if it satis es all of the properties. If we present
all possible distributiong(x) to this second kind of lIter, then the d-separation
theorem tells us that the set of distributions that will Hevaéd through is precisely
the setDF .

It should be emphasized that the conditional independeraggepties obtained
from d-separation apply to any probabilistic model desmtiby that particular di-
rected graph. This will be true, for instance, whether thieabdes are discrete or
continuous or a combination of these. Again, we see thatticpkar graph is de-
scribing a whole family of probability distributions.

At one extreme we have a fully connected graph that exhilbitsomditional in-
dependence properties at all, and which can represent asybi®joint probability
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Figure 8.25 We can view a graphical model (in this case a directed graph) as a lIter in which a prob-

ability distribution p(x) is allowed through the lter if, and only if, it satis es the d irected
factorization property (8.5). The set of all possible probability distributions p(x) that pass
through the Iter is denoted DF . We can alternatively use the graph to Iter distributions
according to whether they respect all of the conditional independencies implied by the
d-separation properties of the graph. The d-separation theorem says that it is the same
set of distributions DF that will be allowed through this second kind of Iter.

distribution over the given variables. The §dt will contain all possible distrib-
utionsp(x). At the other extreme, we have the fully disconnected graph,one
having no links at all. This corresponds to joint distriloums which factorize into the
product of the marginal distributions over the variablesipasing the nodes of the
graph.

Note that for any given graph, the set of distributi@is will include any dis-
tributions that have additional independence propertea®bd those described by
the graph. For instance, a fully factorized distributiotl aiways be passed through
the lter implied by any graph over the corresponding setafi@bles.

We end our discussion of conditional independence pragsebly exploring the
concept of aMarkov blanketor Markov boundary Consider a joint distribution

conditional distribution of a particular node with variabk; conditioned on all of
the remaining variables; ¢ ;. Using the factorization property (8.5), we can express
this conditional distribution in the form

P(XijXtjsig)

Y -
pP(Xkjpay)

- 7 .k
I

P(Xkjpay) dX;
k

in which the integral is replaced by a summation in the caslisofete variables. We
now observe that any factp(xjpay ) that does not have any functional dependence
on x; can be taken outside the integral oxgr and will therefore cancel between
numerator and denominator. The only factors that remaihbeilthe conditional
distributionp(x;jpa;) for nodex; itself, together with the conditional distributions
for any nodex such that node; is in the conditioning set gb(xxjpay ), in other
words for whichx; is a parent oky. The conditionap(x;jpa;) will depend on the
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Figure 8.26  The Markov blanket of a node x; comprises the set

8.3.

of parents, children and co-parents of the node. It
has the property that the conditional distribution of
Xi, conditioned on all the remaining variables in the
graph, is dependent only on the variables in the

Markov blanket. Xi

parents of node;, whereas the conditionafgxjpa,) will depend on the children

of x; as well as on theo-parentsin other words variables corresponding to parents
of nodexy other than nodg;. The set of nodes comprising the parents, the children
and the co-parents is called the Markov blanket and is itstl in Figure 8.26. We
can think of the Markov blanket of a nodg as being the minimal set of nodes that
isolatesx; from the rest of the graph. Note that it is not suf cient tolinde only the
parents and children of node because the phenomenon of explaining away means
that observations of the child nodes will not block pathdi®do-parents. We must
therefore observe the co-parent nodes also.

Markov Random Fields

Section 8.2

We have seen that directed graphical models specify a faatmm of the joint dis-
tribution over a set of variables into a product of local atindal distributions. They
also de ne a set of conditional independence propertietsthest be satis ed by any
distribution that factorizes according to the graph. We toow to the second ma-
jor class of graphical models that are described by undicegtaphs and that again
specify both a factorization and a set of conditional indefsnce relations.

A Markov random eld also known as alarkov networkor an undirected
graphical modelKindermann and Snell, 1980), has a set of nodes each of which
corresponds to a variable or group of variables, as well ast @fslinks each of
which connects a pair of nodes. The links are undirected,ishthey do not carry
arrows. In the case of undirected graphs, it is conveniebéegn with a discussion
of conditional independence properties.

8.3.1 Conditional independence properties

In the case of directed graphs, we saw that it was possibéstavhether a par-
ticular conditional independence property holds by apygya graphical test called
d-separation. This involved testing whether or not the patinnecting two sets of
nodes were “blocked'. The de nition of blocked, however,snssomewhat subtle
due to the presence of paths having head-to-head nodes. gt ask whether it
is possible to de ne an alternative graphical semanticpfobability distributions
such that conditional independence is determined by sigwglph separation. This
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Figure 8.27 An example of an undirected graph in

8. GRAPHICAL MODELS

which every path from any node in set
A to any node in set B passes through
at least one node in set C. Conse-
quently the conditional independence
property A ? B j C holds for any
probability distribution described by this
graph.

is indeed the case and corresponds to undirected graphickdlm By removing the
directionality from the links of the graph, the asymmetryvoeen parent and child
nodes is removed, and so the subtleties associated withtbdaehd nodes no longer
arise.

Suppose that in an undirected graph we identify three satedds, denoted,
B, andC, and that we consider the conditional independence prppert

A? BjC: (8.37)

To test whether this property is satis ed by a probabilitgtdbution de ned by a
graph we consider all possible paths that connect nodeg i g&nodes in seB.

If all such paths pass through one or more nodes irCsehen all such paths are
“blocked' and so the conditional independence propertghioHowever, if there
is at least one such path that is not blocked, then the profesgs not necessarily
hold, or more precisely there will exist at least some distibns corresponding to
the graph that do not satisfy this conditional independeatation. This is illus-
trated with an example in Figure 8.27.  Note that this is dydbe same as the
d-separation criterion except that there is no “explairwgy' phenomenon. Test-
ing for conditional independence in undirected graphs ésefore simpler than in
directed graphs.

An alternative way to view the conditional independenceéite$o imagine re-
moving all nodes in se€ from the graph together with any links that connect to
those nodes. We then ask if there exists a path that conrmectsode inA to any
node inB. If there are no such paths, then the conditional indeperelproperty
must hold.

The Markov blanket for an undirected graph takes a partigutample form,
because a node will be conditionally independent of all otleeles conditioned only
on the neighbouring nodes, as illustrated in Figure 8.28.

8.3.2 Factorization properties

We now seek a factorization rule for undirected graphs ththicerrespond to
the above conditional independence test. Again, this mitbive expressing the joint
distributionp(x) as a product of functions de ned over sets of variables thatacal
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For an undirected graph, the Markov blanket of a node
X; consists of the set of neighbouring nodes. It has the
property that the conditional distribution of x;, conditioned
on all the remaining variables in the graph, is dependent
only on the variables in the Markov blanket.

to the graph. We therefore need to decide what is the apjateprbtion of locality
in this case.

If we consider two nodes; andx; that are not connected by a link, then these
variables must be conditionally independent given all otteales in the graph. This
follows from the fact that there is no direct path betweenttiienodes, and all other
paths pass through nodes that are observed, and hence #tbhsam blocked. This
conditional independence property can be expressed as

p(Xi;ijani;j g) = p(Xinnfi;j g)p(xjjxnfi;j g) (8-38)

wherex s ij g denotes the set of all variables withx; andx; removed. The factor-
ization of the joint distribution must therefore be suchttk@andx; do not appear
in the same factor in order for the conditional independgmogerty to hold for all
possible distributions belonging to the graph.

This leads us to consider a graphical concept calletigaie, which is de ned
as a subset of the nodes in a graph such that there exists laelinleen all pairs of
nodes in the subset. In other words, the set of nodes in aecigfully connected.
Furthermore, anaximal cliquds a clique such that it is not possible to include any
other nodes from the graph in the set without it ceasing todligae. These concepts
are illustrated by the undirected graph over four varialeswn in Figure 8.29.

This graph has ve cliques of two nodes given by, ; X»0, f X2; X309, f X3; X40,
fX4; X209, andf xq; X3g, as well as two maximal cliques given Ibx; X»; x3g and
fXo;X3;X40. The setf X1;X2; X3;X49 is not a clique because of the missing link
from x; to X4.

We can therefore de ne the factors in the decomposition efi¢int distribution
to be functions of the variables in the cliques. In fact, wa cansider functions
of the maximal cliques, without loss of generality, becaoeer cliques must be
subsets of maximal cliques. Thusf¥;; X»; X3g is @ maximal clique and we de ne

A four-node undirected graph showing a clique (outlined in
green) and a maximal clique (outlined in blue).
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an arbitrary function over this clique, then including dmtfactor de ned over a
subset of these variables would be redundant.

Let us denote a clique b§ and the set of variables in that clique by . Then
the joint distribution is written as a product pbtential functions ¢ (x¢) over the
maximal cliques of the graph

1Y
p(x) = 7 c(xc): (8.39)
C
Here the quantity , sometimes called thgartition function is a normalization con-
stant and is given by X Y
x C

which ensures that the distributiga{x) given by (8.39) is correctly normalized.
By considering only potential functions which satisfg (xc) > 0 we ensure that
p(x) > 0. In (8.40) we have assumed thattomprises discrete variables, but the
framework is equally applicable to continuous variables combination of the two,
in which the summation is replaced by the appropriate coatlin of summation
and integration.

Note that we do not restrict the choice of potential funcitmthose that have a
speci ¢ probabilistic interpretation as marginal or camatial distributions. This is
in contrast to directed graphs in which each factor repitsdbe conditional distrib-
ution of the corresponding variable, conditioned on theesthits parents. However,
in special cases, for instance where the undirected grapbnistructed by starting
with a directed graph, the potential functions may indeegtisaich an interpretation,
as we shall see shortly.

One consequence of the generality of the potential funstian(xc) is that
their product will in general not be correctly normalizede terefore have to in-
troduce an explicit normalization factor given by (8.40)edall that for directed
graphs, the joint distribution was automatically normadias a consequence of the
normalization of each of the conditional distributionstie factorization.

The presence of this normalization constant is one of themn@ajitations of
undirected graphs. If we have a model withdiscrete nodes each haviKgstates,
then the evaluation of the normalization term involves sungoverK M states and
so (in the worst case) is exponential in the size of the mobed partition function
is needed for parameter learning because it will be a funaif@ny parameters that
govern the potential functionsc (X¢ ). However, for evaluation of local conditional
distributions, the partition function is not needed beesaisonditional is the ratio of
two marginals, and the partition function cancels betwaenerator and denomina-
tor when evaluating this ratio. Similarly, for evaluatiragl marginal probabilities
we can work with the unnormalized joint distribution andrih@rmalize the mar-
ginals explicitly at the end. Provided the marginals oniyolres a small number of
variables, the evaluation of their normalization coefrievill be feasible.

So far, we have discussed the notion of conditional indepeoelbased on sim-
ple graph separation and we have proposed a factorizatitmegbint distribution
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that is intended to correspond to this conditional indepeice structure. However,
we have not made any formal connection between conditiondgendence and
factorization for undirected graphs. To do so we need taictstttention to poten-
tial functions ¢ (X¢) that are strictly positive (i.e., never zero or negativedoy
choice ofx¢). Given this restriction, we can make a precise relatignletween
factorization and conditional independence.

To do this we again return to the concept of a graphical moslal #er, corre-
sponding to Figure 8.25. Consider the set of all possiblgiligions de ned over
a xed set of variables corresponding to the nodes of a paeicundirected graph.
We can de neUl to be the set of such distributions that are consistent wighset
of conditional independence statements that can be readtfre graph using graph
separation. Similarly, we can de rigF to be the set of such distributions that can
be expressed as a factorization of the form (8.39) with retidpehe maximal cliques
of the graph. Thédammersley-Cliffordheorem (Clifford, 1990) states that the sets
Ul andUF are identical.

Because we are restricted to potential functions which @ielg positive it is
convenient to express them as exponentials, so that

c(xc)=expf E(xc)g (8.41)

whereE(x¢) is called anenergy functionand the exponential representation is
called theBoltzmann distributionThe joint distribution is de ned as the product of
potentials, and so the total energy is obtained by addingtleegies of each of the
maximal cliques.

In contrast to the factors in the joint distribution for aetited graph, the po-
tentials in an undirected graph do not have a speci ¢ prdisdici interpretation.
Although this gives greater exibility in choosing the potél functions, because
there is no normalization constraint, it does raise the tipesf how to motivate a
choice of potential function for a particular applicatiorhis can be done by view-
ing the potential function as expressing which con gurati®f the local variables
are preferred to others. Global con gurations that haveatixely high probability
are those that nd a good balance in satisfying the (possiblyicting) in uences
of the clique potentials. We turn now to a speci c exampleltastrate the use of
undirected graphs.

8.3.3 lllustration: Image de-noising

We can illustrate the application of undirected graphsgiaimexample of noise
removal from a binary image (Besag, 1974; Geman and Gem&#,; B&sag, 1986).
Although a very simple example, this is typical of more sagibated applications.
Let the observed noisy image be described by an array of\bjrizel valuesy; 2
f 1;+1g, where the index = 1;:::;D runs over all pixels. We shall suppose
that the image is obtained by taking an unknown noise-fresgen described by
binary pixel valuex; 2 f 1;+1g and randomly ipping the sign of pixels with
some small probability. An example binary image, togethith & noise corrupted
image obtained by ipping the sign of the pixels with problékil0%, is shown in
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Figure 8.30 lllustration of image de-noising using a Markov random eld. The top row shows the original
binary image on the left and the corrupted image after randomly changing 10% of the pixels on the right. The
bottom row shows the restored images obtained using iterated conditional models (ICM) on the left and using
the graph-cut algorithm on the right. ICM produces an image where 96% of the pixels agree with the original
image, whereas the corresponding number for graph-cut is 99%.

Figure 8.30. Given the noisy image, our goal is to recoverattiginal noise-free
image.

Because the noise level is small, we know that there will biecang correlation
betweerx; andy;. We also know that neighbouring pixelsandx; in animage are
strongly correlated. This prior knowledge can be captusgdgithe Markov random
eld model whose undirected graph is shown in Figure 8.31. isTdraph has
two types of cliques, each of which contains two variabldse €liques of the form
fXi;yig have an associated energy function that expresses thdatimmebetween
these variables. We choose a very simple energy functioth&se cliques of the
form  x;y; where is a positive constant. This has the desired effect of giging
lower energy (thus encouraging a higher probability) whkeandy; have the same
sign and a higher energy when they have the opposite sign.

The remaining cliques comprise pairs of variadies; x; g wherei andj are
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Figure 8.31 An undirected graphical model representing a

Exercise 8.13

Markov random eld for image de-noising, in

which x; is a binary variable denoting the state

of pixel i in the unknown noise-free image, and y;

denotes the corresponding value of pixel i in the Yi

observed noisy image. Q Q
e

indices of neighbouring pixels. Again, we want the energypé¢olower when the
pixels have the same sign than when they have the oppositeasig so we choose
an energy given by x iX; where is a positive constant.

Because a potential function is an arbitrary, nonnegatinetfon over a maximal
cligue, we can multiply it by any nonnegative functions obsets of the clique, or
equivalently we can add the corresponding energies. Irettasnple, this allows us
to add an extra terrhx; for each pixeli in the noise-free image. Such a term has
the effect of biasing the model towards pixel values thaehawe particular sign in
preference to the other.

The complete energy function for the model then takes tha for

X X X
E(x;y)=h Xj Xi X XiVi (8.42)
i fiij g i

which de nes a joint distribution ovex andy given by

pX;y) = 7 exel E(x:Y)g: ©43)

We now X the elements of to the observed values given by the pixels of the
noisy image, which implicitly de nes a conditional disttition p(xjy) over noise-
free images. This is an example of tiséng modelwhich has been widely studied in
statistical physics. For the purposes of image restoratierwish to nd an image
having a high probability (ideally the maximum probabijityfo do this we shall use
a simple iterative technique callégrated conditional mode®r ICM (Kittler and
Foglein, 1984), which is simply an application of coord@avise gradient ascent.
The ideais rst to initialize the variableisx; g, which we do by simply setting; =
y; for all i. Then we take one nodg at a time and we evaluate the total energy
for the two possible stateg = +1 andx; = 1, keeping all other node variables
xed, and setx; to whichever state has the lower energy. This will eithevdea
the probability unchanged, i; is unchanged, or will increase it. Because only
one variable is changed, this is a simple local computatianb ¢an be performed
ef ciently. We then repeat the update for another site, amdrs until some suitable
stopping criterion is satis ed. The nodes may be updated sgstematic way, for
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Figure 8.32 (a) Example of a directed X1 X2 XN 1 XN
graph.  (b) The equivalent undirected (2) ( ) ( ) < ) < )
graph.

X1 X2 XN XN 1

instance by repeatedly raster scanning through the imad®y ohoosing nodes at
random.

If we have a sequence of updates in which every site is visitddast once,
and in which no changes to the variables are made, then byitdmrhe algorithm
will have converged to a local maximum of the probabilityistheed not, however,
correspond to the global maximum.

For the purposes of this simple illustration, we have xed trarameters to be

=1:0, =2:1andh = 0. Note that leavindh = 0 simply means that the prior
probabilities of the two states &f are equal. Starting with the observed noisy image
as the initial con guration, we run ICM until convergencealling to the de-noised
image shown in the lower left panel of Figure 8.30. Note tliate set = 0,
which effectively removes the links between neighbouringis, then the global
most probable solution is given bxyy = y; for all i, corresponding to the observed
Exercise 8.14 noisy image.
Later we shall discuss a more effective algorithm for ndiigh probability so-
Section 8.4 lutions called the max-product algorithm, which typicdiads to better solutions,
although this is still not guaranteed to nd the global maximof the posterior dis-
tribution. However, for certain classes of model, inclgthe one given by (8.42),
there exist ef cient algorithms based gmaph cutsthat are guaranteed to nd the
global maximum (Greigt al, 1989; Boykovet al, 2001; Kolmogorov and Zabih,
2004). The lower right panel of Figure 8.30 shows the reddpplying a graph-cut
algorithm to the de-noising problem.

8.3.4 Relation to directed graphs

We have introduced two graphical frameworks for represgrrobability dis-
tributions, corresponding to directed and undirected lggapnd it is instructive to
discuss the relation between these. Consider rst the proldf taking a model that
is speci ed using a directed graph and trying to convert iboundirected graph. In
some cases this is straightforward, as in the simple exampiegure 8.32. Here
the joint distribution for the directed graph is given as adurct of conditionals in
the form

P(X) = p(X1)P(X2jX1)P(X3jX2)  P(XNJXN 1): (8.44)

Now let us convert this to an undirected graph represemiatis shown in Fig-
ure 8.32. In the undirected graph, the maximal cliques anplgithe pairs of neigh-
bouring nodes, and so from (8.39) we wish to write the joistrithution in the form

p(x) = % 1:2(X1;X2) 2;3(X2; X3) N LN (XN 15 XN (8.45)
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Figure 8.33 Example of a simple X1 X3 X1 X3
directed graph (a) and the corre-
sponding moral graph (b). X2

X4 Xa
(a) (b)
This is easily done by identifying

1.2(X1;X2) = p(X1)P(X2jX1)
2:3(X2; X3) P(X3jX2)

NN (XN 13XN) P(XNJXN 1)

where we have absorbed the margip@!;) for the rst node into the rst potential
function. Note that in this case, the partition functionr= 1.

Let us consider how to generalize this construction, sowlatan convert any
distribution speci ed by a factorization over a directe@dph into one speci ed by a
factorization over an undirected graph. This can be acHiéuae clique potentials
of the undirected graph are given by the conditional digtidns of the directed
graph. In order for this to be valid, we must ensure that theoE®ariables that
appears in each of the conditional distributions is a membat least one clique of
the undirected graph. For nodes on the directed graph hfwhgne parent, this is
achieved simply by replacing the directed link with an uedied link. However, for
nodes in the directed graph having more than one parentsthi suf cient. These
are nodes that have “head-to-head' paths encountereddtisauission of conditional
independence. Consider a simple directed graph over 4 rsbaes in Figure 8.33.
The joint distribution for the directed graph takes the form

P(X) = p(X1)p(X2)p(X3)P(XajX1; X2; X3): (8.46)

We see that the factqa(x4jx1; X2; X3) involves the four variablezy, x», X3, and
X4, and so these must all belong to a single clique if this coorht distribution is
to be absorbed into a clique potential. To ensure this, weextid links between
all pairs of parents of the node;. Anachronistically, this process of ‘marrying
the parents' has become knownrasralization and the resulting undirected graph,
after dropping the arrows, is called theoral graph It is important to observe that
the moral graph in this example is fully connected and soletshno conditional
independence properties, in contrast to the original thcbgraph.

Thus in general to convert a directed graph into an undidagtaph, we rst add
additional undirected links between all pairs of parentgéch node in the graph and
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Section 8.4

Section 8.2

Figure 8.34

then drop the arrows on the original links to give the moralpdr. Then we initialize

all of the clique potentials of the moral graph to 1. We théretaach conditional

distribution factor in the original directed graph and riplitit into one of the clique

potentials. There will always exist at least one maximajuadi that contains all of
the variables in the factor as a result of the moralizatiep.siNote that in all cases
the partition function is given by =1.

The process of converting a directed graph into an undidegteph plays an
important role in exact inference techniques such agjhetion tree algorithm
Converting from an undirected to a directed representatianuch less common
and in general presents problems due to the normalizatiostints.

We saw that in going from a directed to an undirected reptasien we had to
discard some conditional independence properties frongtaph. Of course, we
could always trivially convert any distribution over a dited graph into one over an
undirected graph by simply using a fully connected undeearaph. This would,
however, discard all conditional independence propesaigsso would be vacuous.
The process of moralization adds the fewest extra links andtains the maximum
number of independence properties.

We have seen that the procedure for determining the conditiodependence
properties is different between directed and undirecteglgs. It turns out that the
two types of graph can express different conditional indeleace properties, and
it is worth exploring this issue in more detail. To do so, weure to the view of
a speci c (directed or undirected) graph as a lter, so that set of all possible
distributions over the given variables could be reduceddalset that respects the
conditional independencies implied by the graph. A grapsaisl to be @& map
(for "dependency map') of a distribution if every condittdmdependence statement
satis ed by the distribution is re ected in the graph. Thusanpletely disconnected
graph (no links) will be a trivial D map for any distribution.

Alternatively, we can consider a speci c distribution argkavhich graphs have
the appropriate conditional independence propertiesvdfyeconditional indepen-
dence statement implied by a graph is satis ed by a specistritiution, then the
graph is said to be ammap (for “independence map') of that distribution. Clearly a
fully connected graph will be a trivial | map for any distriimn.

If it is the case that every conditional independence pitypErthe distribution
is re ected in the graph, and vice versa, then the graph ttsabe goerfect magor

Venn diagram illustrating the set of all distributions
P over a given set of variables, together with the
set of distributions D that can be represented as a
perfect map using a directed graph, and the set U
that can be represented as a perfect map using an
undirected graph.
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Figure 8.35 A directed graph whose conditional independence A B

Figure 8.36

8.4.

properties cannot be expressed using an undirected
graph over the same three variables.

that distribution. A perfect map is therefore both an | mag a> map.

Consider the set of distributions such that for each distidln there exists a
directed graph that is a perfect map. This set is distinehftioe set of distributions
such that for each distribution there exists an undirectagdlythat is a perfect map.
In addition there are distributions for which neither dieztnor undirected graphs
offer a perfect map. This is illustrated as a Venn diagramigufe 8.34.

Figure 8.35 shows an example of a directed graph that is &geniap for
a distribution satisfying the conditional independencepgrtiesA ? B j; and
A6?B jC. There is no corresponding undirected graph over the saree th
variables that is a perfect map.

Conversely, consider the undirected graph over four vigabhown in Fig-
ure 8.36. This graph exhibits the properti&s6? B j;, C ? D jA[ B and
A ? B jC|[ D. Thereis no directed graph over four variables that impghesame
set of conditional independence properties.

The graphical framework can be extended in a consistent wayraphs that
include both directed and undirected links. These areataliain graphgLauritzen
and Wermuth, 1989; Frydenberg, 1990), and contain the tédeand undirected
graphs considered so far as special cases. Although suphgycan represent a
broader class of distributions than either directed or igntéed alone, there remain
distributions for which even a chain graph cannot provideedget map. Chain
graphs are not discussed further in this book.

An undirected graph whose conditional independence C
properties cannot be expressed in terms of a directed
graph over the same variables.

Inference in Graphical Models

We turn now to the problem of inference in graphical modeiswhich some of
the nodes in a graph are clamped to observed values, and Wweavi®mpute the
posterior distributions of one or more subsets of other sode we shall see, we
can exploit the graphical structure both to nd ef cient alithms for inference, and
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Figure 8.37 A graphical representation of Bayes' theorem. X X X
See the text for details.
y y y
(a) (b) (c)

to make the structure of those algorithms transparent.i8p#yg, we shall see that
many algorithms can be expressed in terms of the propagafitotal messages
around the graph. In this section, we shall focus primaniytechniques for exact
inference, and in Chapter 10 we shall consider a number abappate inference
algorithms.

To start with, let us consider the graphical interpretatidrBayes' theorem.
Suppose we decompose the joint distribufgr; y) over two variablex andy into
a product of factors in the formp(x;y) = p(x)p(yjx). This can be represented by
the directed graph shown in Figure 8.37(a).  Now suppose \sergb the value
of y, as indicated by the shaded node in Figure 8.37(b). We canthie marginal
distributionp(x) as a prior over the latent variabke and our goal is to infer the
corresponding posterior distribution over Using the sum and product rules of
probability we can evaluate

X
p(y)=  p(yix9p(x9 (8.47)

x0

which can then be used in Bayes' theorem to calculate

p(yix)p(x) .
ply)

Thus the joint distribution is now expressed in terms6f) andp(xjy). From a
graphical perspective, the joint distributipfx; y) is now represented by the graph
shown in Figure 8.37(c), in which the direction of the arr@wvéversed. This is the
simplest example of an inference problem for a graphicalehod

p(xjy) = (8.48)

8.4.1 Inference on a chain

Now consider a more complex problem involving the chain afesof the form
shown in Figure 8.32. This example will lay the foundationdaliscussion of exact
inference in more general graphs later in this section.

Speci cally, we shall consider the undirected graph in Fe8.32(b). We have
already seen that the directed chain can be transformedrrgguivalent undirected
chain. Because the directed graph does not have any nodesneie than one
parent, this does not require the addition of any extra |irsksl the directed and
undirected versions of this graph express exactly the satnef £onditional inde-
pendence statements.
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The joint distribution for this graph takes the form

p(x) = % 1:2(X1;X2) 2;3(X2; X3) N LN (XN 15 XN (8.49)

We shall consider the speci ¢ case in which tNenodes represent discrete vari-
ables each having states, in which case each potential function 1., (Xn 1;Xn)
comprises alk K table, and so the joint distribution héd 1)K ? parameters.

Let us consider the inference problem of nding the margufiatributionp(x,,)
for a speci c nodex,, that is part way along the chain. Note that, for the moment,
there are no observed nodes. By de nition, the required matds obtained by
summing the joint distribution over all variables except so that

X X X X
p(xn) = p(x): (8.50)

X1 Xn 1 Xn+1 XN

In a naive implementation, we would rst evaluate the joinstdbution and
then perform the summations explicitly. The joint disttibn can be represented as
a set of numbers, one for each possible valuexifoBecause there aié variables
each withK states, there a¢ N values forx and so evaluation and storage of the
joint distribution, as well as marginalization to obtgifx, ), all involve storage and
computation that scale exponentially with the leni§tiof the chain.

We can, however, obtain a much more ef cient algorithm byleitimg the con-
ditional independence properties of the graphical modeVelsubstitute the factor-
ized expression (8.49) for the joint distribution into @) 5then we can rearrange the
order of the summations and the multiplications to allowréguired marginal to be
evaluated much more ef ciently. Consider for instance thmsation oveky . The
potential y 1.v (XN 1;XN) IS the only one that depends aR , and so we can
perform the summation

X
N LN (XN 15XN) (8.51)

XN

rst to give a function ofxy 1. We can then use this to perform the summation
overxy 1, which will involve only this new function together with theotential

N 28 1(Xn 2;XN 1), because this is the only other place that ; appears.
Similarly, the summation ovex; involves only the potential 1.2(X1; X2) and so
can be performed separately to give a functionxgf and so on. Because each
summation effectively removes a variable from the distidny this can be viewed
as the removal of a node from the graph.

If we group the potentials and summations together in thig wa can express
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the desired marginal in the form

1
p(Xn) = Z
2 " " ## 3
X X X
4 n 1n(Xn 1;Xn) 2:3(X2; X3) 1:2(X1; X2) 5
Xn 1 X2 X1
| {z }
> . (Xn) 3
X X
4 nn +1 (Xn; Xn+1) N 1;N (XN 17XN) S: (8.52)
Xn+1 XN
| {z }
(Xn)

The reader is encouraged to study this re-ordering cayedislithe underlying idea
forms the basis for the later discussion of the general stodygt algorithm. Here
the key concept that we are exploiting is that multiplicati® distributive over addi-
tion, so that

ab+ ac= a(b+ ¢) (8.53)

in which the left-hand side involves three arithmetic opieres whereas the right-
hand side reduces this to two operations.

Let us work out the computational cost of evaluating the ireglmarginal using
this re-ordered expression. We have to perfdfm 1 summations each of which is
overK states and each of which involves a function of two variabkes instance,
the summation ovex; involves only the function 1.5(X1; X2), which is a table of
K K numbers. We have to sum this table oxeffor each value ok, and so this
hasO(K ?) cost. The resulting vector ¢ numbers is multiplied by the matrix of
numbers ».3(X2; X3) and so is agai®(K ?). Because there alé 1 summations
and multiplications of this kind, the total cost of evalugtithe marginap(x,) is
O(NK ?). This is linear in the length of the chain, in contrast to tkpanential cost
of a naive approach. We have therefore been able to expkitidiny conditional
independence properties of this simple graph in order taiolan ef cient calcula-
tion. If the graph had been fully connected, there would Hazeen no conditional
independence properties, and we would have been forcedrodirectly with the
full joint distribution.

We now give a powerful interpretation of this calculatioriénms of the passing
of localmessagearound on the graph. From (8.52) we see that the expressithrefo
marginalp(x,) decomposes into the product of two factors times the nomatidin
constant

P(Xn) = 5 (Xn) (Xn): (8.54)

1
Z
We shall interpret (x,) as a message passed forwards along the chain from node
Xn 1 to nodex,. Similarly, (x,) can be viewed as a message passed backwards

¢ Christopher M. Bishop (2002—2006). Springer, 2006. Firsttmg.
Further information available &ttp://research.microsoft.com/ cmbishop/PRML



8.4. Inference in Graphical Models 397

Figure 8.38  The marginal distribution Xn 1) (Xn) (Xn) (Xn+1)

p(xn) for a node x,, along the chain is ob- — E— -— -—

tained by multiplying the two messages Of ..... 40 4 Of ..... 40
(xn) and  (Xn), and then normaliz- \_/

ing. These messages can themselves X1 Xn 1 Xn Xn+1 XN

be evaluated recursively by passing mes-

sages from both ends of the chain to-
wards node Xn .

along the chain to node, from nodex,.; . Note that each of the messages com-
prises a set oK values, one for each choice xf, and so the product of two mes-
sages should be interpreted as the point-wise multiplinatif the elements of the
two messages to give another sekofvalues.

The message (xn) can be evaluated recursively because

2 3
X
(xn) = n 1;n(Xn 1;Xn)4 5
Xn 1 Xn 2
X
= n 1;n(Xn 1;Xn)  (Xn 1): (8.55)
Xn 1
We therefore rst evaluate
X
(x2) = 1,2(X1; X2) (8.56)

X1

and then apply (8.55) repeatedly until we reach the desioelé nNote carefully the
structure of the message passing equation. The outgoingages (x,) in (8.55)
is obtained by multiplying the incoming message(x, 1) by the local potential
involving the node variable and the outgoing variable arehtsBumming over the
node variable.
Similarly, the message (X,) can be evaluated recursively by starting with
nodexy and using
2 3

X X

n+1:n (Xn+1 5 Xn) 4 5

Xn+1 Xn+2

n+1;n (Xn+13%Xn)  (Xn+1): (8.57)

(Xn)

Xn+1

This recursive message passing is illustrated in Figur8.8.3 The normalization
constantZ is easily evaluated by summing the right-hand side of (84 all
states ok, , an operation that requires on®(K ) computation.

Graphs of the form shown in Figure 8.38 are calidrkov chains and the
corresponding message passing equations represent aplexainthe Chapman-
Kolmogorovequations for Markov processes (Papoulis, 1984).
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Now suppose we wish to evaluate the margina(ls,) for every noden 2

node will have computational cost that@(N >M 2). However, such an approach
would be very wasteful of computation. For instance, to p{et;) we need to prop-
agate a message () from nodexy back to nodec,. Similarly, to evaluate(x;)
we need to propagate a messageé) from nodexy back to nodexz. This will
involve much duplicated computation because most of thesages will be identical
in the two cases.

Suppose instead we rst launch a messagé€xy 1) starting from nodexy
and propagate corresponding messages all the way back éxpaaind suppose we
similarly launch a message (x;) starting from nodex; and propagate the corre-
sponding messages all the way forward to nagle Provided we store all of the
intermediate messages along the way, then any node caratv@kimarginal sim-
ply by applying (8.54). The computational cost is only twibat for nding the
marginal of a single node, rather thahtimes as much. Observe that a message
has passed once in each direction across each link in thé.ghgite also that the
normalization constar® need be evaluated only once, using any convenient node.

If some of the nodes in the graph are observed, then the pomdsg variables
are simply clamped to their observed values and there is norstion. To see
this, note that the effect of clamping a varialdg to an observed valuk, can
be expressed by multiplying the joint distribution by (orrenaore copies of) an
additional function (x,; kn), which takes the valug whenx,, = k, and the value
0 otherwise. One such function can then be absorbed into ddbb potentials that
containx,. Summations ovex, then contain only one term in whict, = k.

Now suppose we wish to calculate the joint distributjg(x, 1;x,) for two
neighbouring nodes on the chain. This is similar to the eatin of the marginal
for a single node, except that there are now two variablesatleanot summed out.

Exercise 8.15 A few moments thought will show that the required joint diattion can be written
in the form

Ptn 1% = 3 (a 1) 1n(tn 2i%n)  (Xn): (8.58)

Thus we can obtain the joint distributions over all of thessaft variables in each
of the potentials directly once we have completed the mespagsing required to
obtain the marginals.

This is a useful result because in practice we may wish to aspetric forms
for the clique potentials, or equivalently for the condité&distributions if we started
from a directed graph. In order to learn the parameters ctipotentials in situa-

Chapter 9 tions where not all of the variables are observed, we can@mipeEM algorithm
and it turns out that the local joint distributions of thegcles, conditioned on any
observed data, is precisely what is needed in the E step. Wecsmsider some
examples of this in detail in Chapter 13.

8.4.2 Trees

We have seen that exact inference on a graph comprisingaahaodes can be
performed ef ciently in time that is linear in the number adees, using an algorithm
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Figure 8.39 Examples of tree-
structured graphs, showing (a) an
undirected tree, (b) a directed tree,
and (c) a directed polytree.

@ (b) (©

that can be interpreted in terms of messages passed aloalgatime More generally,
inference can be performed ef ciently using local messagssmg on a broader
class of graphs calletiees In particular, we shall shortly generalize the message
passing formalism derived above for chains to givestitva-producgélgorithm, which
provides an ef cient framework for exact inference in trgtedctured graphs.

In the case of an undirected graph, a tree is de ned as a grapihich there
is one, and only one, path between any pair of nodes. Suchgythprefore do not
have loops. In the case of directed graphs, a tree is de neld that there is a single
node, called theoot, which has no parents, and all other nodes have one parent. If
we convert a directed tree into an undirected graph, we s¢éth moralization step
will not add any links as all nodes have at most one parentaaredconsequence the
corresponding moralized graph will be an undirected treaaniples of undirected
and directed trees are shown in Figure 8.39(a) and 8.39()te that a distribution
represented as a directed tree can easily be convertedretoepresented by an

Exercise 8.18 undirected tree, and vice versa.

If there are nodes in a directed graph that have more thanareafp but there is
still only one path (ignoring the direction of the arrowsjween any two nodes, then
the graph is a called polytree as illustrated in Figure 8.39(c). Such a graph will
have more than one node with the property of having no parantsfurthermore,
the corresponding moralized undirected graph will have$oo

8.4.3 Factor graphs

The sum-product algorithm that we derive in the next sedsoapplicable to
undirected and directed trees and to polytrees. It can lércagparticularly simple
and general form if we rst introduce a new graphical constian called afactor
graph(Frey, 1998; Kschischnarg al, 2001).

Both directed and undirected graphs allow a global functibiseveral vari-
ables to be expressed as a product of factors over subséigsef variables. Factor
graphs make this decomposition explicit by introducingitialdal nodes for the fac-
tors themselves in addition to the nodes representing thiablas. They also allow
us to be more explicit about the details of the factorizatamwe shall see.

Let us write the joint distribution over a set of variableghr form of a product
of factors Y

p(x) = fs(Xs) (8.59)

S

wherexs denotes a subset of the variables. For convenience, weddvadte the
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Figure 8.41
f(X1;X2;X3) =

8. GRAPHICAL MODELS

Figure 8.40 Example of a factor graph, which corresponds X1 X2 X3

to the factorization (8.60).

fa fb fc fd

individual variables byx;, however, as in earlier discussions, these can comprise
groups of variables (such as vectors or matrices). Eacbrfégtis a function of a
corresponding set of variablasg.

Directed graphs, whose factorization is de ned by (8.5present special cases
of (8.59) in which the factor$s(xs) are local conditional distributions. Similarly,
undirected graphs, given by (8.39), are a special case inhathie factors are po-
tential functions over the maximal cliques (the normaliggoef cient 1=Z can be
viewed as a factor de ned over the empty set of variables).

In a factor graph, there is a node (depicted as usual by &¥fian every variable
in the distribution, as was the case for directed and untdidegraphs. There are also
additional nodes (depicted by small squares) for eachrféig{es) in the joint dis-
tribution. Finally, there are undirected links connectiagh factor node to all of the
variables nodes on which that factor depends. Consideexample, a distribution
that is expressed in terms of the factorization

P(X) = fa(x1;X2)fb(X1; X2)f c(X2; X3)f a(X3): (8.60)

This can be expressed by the factor graph shown in Figure 8ldt® that there are
two factorsf 5(X1; X2) andf p(X1; X2) that are de ned over the same set of variables.
In an undirected graph, the product of two such factors wairaply be lumped
together into the same clique potential. Similafly(x,; x3) andf 4(x3) could be
combined into a single potential oves andxs. The factor graph, however, keeps
such factors explicit and so is able to convey more detaitéatination about the
underlying factorization.

X2 X1 X2 X1 X2

X3 X3

(b) (©

(a) An undirected graph with a single clique potential (x1;X2;x3). (b) A factor graph with factor
(X1;X2;X3) representing the same distribution as the undirected graph. (c) A different factor

graph representing the same distribution, whose factors satisfy fa (X1; X2; X3)fo(X1;X2) = (X1;X2;X3).

¢ Christopher M. Bishop (2002-2006). Springer, 2006. Firsttmg.
Further information available &ttp://research.microsoft.com/ cmbishop/PRML



X1

X3

@

8.4. Inference in Graphical Models 401

X2 X1 X2 X1 X2

X3 X3

(b) (©

Figure 8.42 (a) A directed graph with the factorization p(x1)p(X2)p(xsjx1; X2). (b) A factor graph representing
the same distribution as the directed graph, whose factor satises f (x1;x2;X3) = p(X1)p(X2)p(X3jx1;X2). (C)
A different factor graph representing the same distribution with factors fa(x1) = p(x1), fu(X2) = p(xz2) and
fe(X1;X2;X3) = p(XajX1;X2).

Factor graphs are said to bartite because they consist of two distinct kinds
of nodes, and all links go between nodes of opposite typeehemal, factor graphs
can therefore always be drawn as two rows of nodes (variaddesiat the top and
factor nodes at the bottom) with links between the rows, agvahin the example in
Figure 8.40. In some situations, however, other ways ohlaut the graph may
be more intuitive, for example when the factor graph is d=tifrom a directed or
undirected graph, as we shall see.

If we are given a distribution that is expressed in terms ofiadirected graph,
then we can readily convert it to a factor graph. To do thiscveate variable nodes
corresponding to the nodes in the original undirected grapd then create addi-
tional factor nodes corresponding to the maximal cliguesThe factord s(xs) are
then set equal to the clique potentials. Note that there meaetberal different factor
graphs that correspond to the same undirected graph. Thesepts are illustrated
in Figure 8.41.

Similarly, to convert a directed graph to a factor graph, ing$y create variable
nodes in the factor graph corresponding to the nodes of teetdd graph, and then
create factor nodes corresponding to the conditionalidigtons, and then nally
add the appropriate links. Again, there can be multiplediagtaphs all of which
correspond to the same directed graph. The conversion ofeatéld graph to a
factor graph is illustrated in Figure 8.42.

We have already noted the importance of tree-structurgohgréor performing
ef cientinference. If we take a directed or undirected taeel convertit into a factor
graph, then the result will again be a tree (in other words falector graph will have
no loops, and there will be one and only one path connectiggwa nodes). In
the case of a directed polytree, conversion to an undiregtapoh results in loops
due to the moralization step, whereas conversion to a fgcégh again results in a
tree, as illustrated in Figure 8.43. In fact, local cyclesidirected graph due to
links connecting parents of a node can be removed on cooveisia factor graph
by de ning the appropriate factor function, as shown in Fig8.44.

We have seen that multiple different factor graphs can ssethe same di-
rected or undirected graph. This allows factor graphs to beerapeci ¢ about the
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@

(b) ()

Figure 8.43 (a) A directed polytree. (b) The result of converting the polytree into an undirected graph showing
the creation of loops. (c) The result of converting the polytree into a factor graph, which retains the tree structure.

Section 13.3

Figure 8.44

precise form of the factorization. Figure 8.45 shows an etamof a fully connected
undirected graph along with two different factor graphs. (ki) the joint distri-
bution is given by a general forp(x) = f (x1;X2; X3), whereas in (c), it is given
by the more speci c factorizatiop(x) = fa(X1; X2)fp(X1; X3)fc(X2; X3). It should
be emphasized that the factorization in (c) does not coore$po any conditional
independence properties.

8.4.4 The sum-product algorithm

We shall now make use of the factor graph framework to derpeveerful class
of ef cient, exact inference algorithms that are applicatd tree-structured graphs.
Here we shall focus on the problem of evaluating local madgirover nodes or
subsets of nodes, which will lead us to them-productlgorithm. Later we shall
modify the technique to allow the most probable state to beadogiving rise to the
max-sunalgorithm.

Also we shall suppose that all of the variables in the modeldiscrete, and
so marginalization corresponds to performing sums. Thedwork, however, is
equally applicable to linear-Gaussian models in which caarginalization involves
integration, and we shall consider an example of this inidsteen we discuss linear
dynamical systems.

(a) A fragment of a di- X1 X2 X1 X2
rected graph having a lo-

cal cycle. (b) Conversion

to a fragment of a factor

graph having a tree struc- f(X1;X2:X3)
ture, in which f (x1;X2;x3) =

P(X1)p(X2jX1)p(X3jX1;X2).

X3 X3

(a) (b)
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X1 X2 X1 X2 X1 fa X2

f(X1;X2;X3)

X3 X3 X3

(@) (b) (©

Figure 8.45 (a) A fully connected undirected graph. (b) and (c) Two factor graphs each of which corresponds
to the undirected graph in (a).

There is an algorithm for exact inference on directed graptiout loops known
asbelief propagatior(Pearl, 1988; Lauritzen and Spiegelhalter, 1988), anduseq
alent to a special case of the sum-product algorithm. Hergha# consider only the
sum-product algorithm because it is simpler to derive arapiay, as well as being
more general.

We shall assume that the original graph is an undirectedtraalirected tree or
polytree, so that the corresponding factor graph has atmeetsre. We rst convert
the original graph into a factor graph so that we can deal With directed and
undirected models using the same framework. Our goal isgto@the structure of
the graph to achieve two things: (i) to obtain an ef cientaekinference algorithm
for nding marginals; (ii) in situations where several marals are required to allow
computations to be shared ef ciently.

We begin by considering the problem of nding the margipét) for partic-
ular variable node. For the moment, we shall suppose that all of the variables
are hidden. Later we shall see how to modify the algorithrmémiporate evidence
corresponding to observed variables. By de nition, thegivaal is obtained by sum-
ming the joint distribution over all variables excepso that

X
p(x)= p(x) (8.61)

Xnx

wherex n x denotes the set of variablesxnwith variablex omitted. The idea is
to substitute fop(x) using the factor graph expression (8.59) and then integshan
summations and products in order to obtain an ef cient athor. Consider the
fragment of graph shown in Figure 8.46 in which we see thatrbe structure of
the graph allows us to partition the factors in the jointrifisition into groups, with
one group associated with each of the factor nodes that igalmaur of the variable
nodex. We see that the joint distribution can be written as a prodiithe form

Y
p(x) = Fs(x; Xs) (8.62)
s2 ne(x)

ne(x) denotes the set of factor nodes that are neighbouxs ahdX s denotes the
set of all variables in the subtree connected to the variaddiex via the factor node
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Figure 8.46 A fragment of a factor graph illustrating the
evaluation of the marginal p(x).

fs! X(X)

Fs(X; X's)

fs, andFs(x; X s) represents the product of all the factors in the group aasesti
with factorf s.
Substituting (8.62) into (8.61) and interchanging the samd products, we ob-

tain
mn #
Y X
p(x) = Fs(X; Xs)

s2ne(x) Xs

Y
= fat x(X): (8.63)
s2 ne(x)

Here we have introduced a set of functions: x(x), de ned by

X
for x(X) Fs(X; Xs) (8.64)
Xs

which can be viewed amessagefrom the factor nodegs to the variable noda.
We see that the required margindk) is given by the product of all the incoming
messages arriving at node

In order to evaluate these messages, we again turn to Figi6eaBid note that
each factoiFs(x; X s) is described by a factor (sub-)graph and so can itself be fac-
torized. In particular, we can write

fs depends, and so it can also be denotgdusing the notation of (8.59).
Substituting (8.65) into (8.64) we obtain

mn #
X X Y X
fo x(X) = s s X Xm) Gm (Xm; Xsm)
X1 XM m2ne(fs)nx  Xym
= T fs(X; X100 Xm) xm! fo(Xm) (8.66)
X1 XM m2ne(fs)nx
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Figure 8.47 lllustration of the factorization of the subgraph as- XM
sociated with factor node fs.

\‘XM! fs(XM)

Xm

Gm (Xm; Xsm)

wherene(f s) denotes the set of variable nodes that are neighbours cdi¢herihode
fs, andne(fs) n x denotes the same set but with nodeemoved. Here we have
de ned the following messages from variable nodes to factmtes

X
xm! fs(Xm) Gm (Xm; Xsm): (8.67)
Xsm

We have therefore introduced two distinct kinds of messtigse that go from factor
nodes to variable nodes denoted «(x), and those that go from variable nodes to
factor nodes denoted,; ¢ (Xx). In each case, we see that messages passed along a
link are always a function of the variable associated with\tariable node that link
connects to.

The result (8.66) says that to evaluate the message senabtoa fiode to a vari-
able node along the link connecting them, take the produtiteoihcoming messages
along all other links coming into the factor node, multiply the factor associated
with that node, and then marginalize over all of the varialdesociated with the
incoming messages. This is illustrated in Figure 8.47. limportant to note that
a factor node can send a message to a variable node once é@deaged incoming
messages from all other neighbouring variable nodes.

Finally, we derive an expression for evaluating the messagen variable nodes
to factor nodes, again by making use of the (sub-)graph fiaetiion. From Fig-
ure 8.48, we see that ter@m (Xm; Xsm) associated with noder, is given by a
product of termd$ (Xm ; X mi ) €ach associated with one of the factor nodehat is
linked to nodex;,, (excluding nodd ), so that

Y
Gm(Xm;Xsm) = Fi(Xm; Xmi) (8.68)

12 ne(Xm )nfs

where the product is taken over all neighbours of nggeexcept for nodd 5.
Note that each of the factoFs(xm ; X m ) represents a subtree of the original graph
of precisely the same kind as introduced in (8.62). Sulsigu8.68) into (8.67),
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Figure 8.48

Figure 8.49

lllustration of the evaluation of the message sent by a fL
variable node to an adjacent factor node.

fi

I:I (Xm : X mil )
we then obtain
mn #
Y X
Xm ! fs(Xm) = Fir(Xm; Xmi)
I2ne(Xm)nfs Xm
= 11 xm (Xm) (8.69)

12ne(xm)nfs

where we have used the de nition (8.64) of the messages g&ssa factor nodes to
variable nodes. Thus to evaluate the message sent by alean@de to an adjacent
factor node along the connecting link, we simply take thedpm of the incoming
messages along all of the other links. Note that any variablie that has only
two neighbours performs no computation but simply passessages through un-
changed. Also, we note that a variable node can send a messadgactor node
once it has received incoming messages from all other neigiryy factor nodes.

Recall that our goal is to calculate the marginal for vagaimddex, and that this
marginal is given by the product of incoming messages altirgj the links arriving
at that node. Each of these messages can be computed rebuirsiterms of other
messages. In order to start this recursion, we can view ttexas the root of the
tree and begin at the leaf nodes. From the de nition (8.6@)see that if a leaf node
is a variable node, then the message that it sends alongatarahonly link is given
by

xt f(x)=1 (8.70)

as illustrated in Figure 8.49(a). Similarly, if the leaf moid a factor node, we see
from (8.66) that the message sent should take the form

1 x(X) = F(x) (8.71)

The sum-product algorithm x f(X)=1 1 x(X)= f(x)

begins with messages sent e e

by the leaf nodes, which de- Q—. .—O
pend on whether the leaf X f f X
node is (a) a variable node, @ (b)

or (b) a factor node.
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as illustrated in Figure 8.49(b).

At this point, it is worth pausing to summarize the particwersion of the sum-
product algorithm obtained so far for evaluating the maabp(x). We start by
viewing the variable node as the root of the factor graph and initiating messages
at the leaves of the graph using (8.70) and (8.71). The megsasping steps (8.66)
and (8.69) are then applied recursively until messages bega propagated along
every link, and the root node has received messages fromitdlreighbours. Each
node can send a message towards the root once it has recedasages from all
of its other neighbours. Once the root node has receivedagessrom all of its
neighbours, the required marginal can be evaluated usi6g)8We shall illustrate
this process shortly.

To see that each node will always receive enough messagestidto send out
a message, we can use a simple inductive argument as fol@early, for a graph
comprising a variable root node connected directly to sdvactor leaf nodes, the
algorithm trivially involves sending messages of the fo8/() directly from the
leaves to the root. Now imagine building up a general grapaduing nodes one at
a time, and suppose that for some particular graph we haviddealgorithm. When
one more (variable or factor) node is added, it can be cordemtly by a single
link because the overall graph must remain a tree, and scethenade will be a leaf
node. It therefore sends a message to the node to which iitkisdj which in turn
will therefore receive all the messages it requires in otdesend its own message
towards the root, and so again we have a valid algorithmethecompleting the
proof.

Now suppose we wish to nd the marginals for every variabld@m the graph.
This could be done by simply running the above algorithmsififer each such node.
However, this would be very wasteful as many of the requi@dgutations would
be repeated. We can obtain a much more ef cient procedur@srlaying' these
multiple message passing algorithms to obtain the genamalmoduct algorithm
as follows. Arbitrarily pick any (variable or factor) nodedcdesignate it as the
root. Propagate messages from the leaves to the root aebefothis point, the
root node will have received messages from all of its neiginbolt can therefore
send out messages to all of its neighbours. These in turntivéh have received
messages from all of their neighbours and so can send outgesalong the links
going away from the root, and so on. In this way, messagesassed outwards
from the root all the way to the leaves. By now, a message \vaMehpassed in
both directions across every link in the graph, and everyenwill have received
a message from all of its neighbours. Again a simple indecsixgument can be
used to verify the validity of this message passing protoBekause every variable
node will have received messages from all of its neighbaues;an readily calculate
the marginal distribution for every variable in the graptheThumber of messages
that have to be computed is given by twice the number of linkthe graph and
so involves only twice the computation involved in nding mgle marginal. By
comparison, if we had run the sum-product algorithm sepbrédr each node, the
amount of computation would grow quadratically with theesdf the graph. Note
that this algorithm is in fact independent of which node wesigihated as the root,
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Figure 8.50 The sum-product algorithm can be viewed

Exercise 8.21

purely in terms of messages sent out by factor

nodes to other factor nodes. In this example,

the outgoing message shown by the blue arrow

is obtained by taking the product of all the in- X1

coming messages shown by green arrows, mul-

tiplying by the factor fs, and marginalizing over

the variables x1 and xa. X5 fs

and indeed the notion of one node having a special statusntrasliiced only as a
convenient way to explain the message passing protocol.

Next suppose we wish to nd the marginal distributign(xs) associated with
the sets of variables belonging to each of the factors. Byndlagi argument to that
used above, it is easy to see that the marginal associatedattor is given by the
product of messages arriving at the factor node and the factdr at that node

Y
p(Xs) = fs(Xs) it fs(Xi) (8.72)

i2ne(fs)

in complete analogy with the marginals at the variable nodéghe factors are
parameterized functions and we wish to learn the values efpirameters using
the EM algorithm, then these marginals are precisely thafifies we will need to
calculate in the E step, as we shall see in detail when we skste hidden Markov
model in Chapter 13.

The message sent by a variable node to a factor node, as wedgvds simply
the product of the incoming messages on other links. We cas ifvish view the
sum-product algorithm in a slightly different form by elingiting messages from
variable nodes to factor nodes and simply considering ngessihat are sent out by
factor nodes. This is most easily seen by considering thepbein Figure 8.50.

So far, we have rather neglected the issue of normalizatfadhe factor graph
was derived from a directed graph, then the joint distritouts already correctly nor-
malized, and so the marginals obtained by the sum-prodgetitim will similarly
be normalized correctly. However, if we started from an wectied graph, then in
general there will be an unknown normalization coef ci@én¥ . As with the simple
chain example of Figure 8.38, this is easily handled by warkiith an unnormal-
ized versiorp(x) of the joint distribution, wher@(x) = g(x)=Z. We rst run the
sum-product algorithmto nd the corresponding unnormedimarginalg(x;). The
coef cient 1=Z is then easily obtained by normalizing any one of these matgj
and this is computationally ef cient because the normaiarais done over a single
variable rather than over the entire set of variables asavogirequired to normalize
B(x) directly.

At this point, it may be helpful to consider a simple exampldliustrate the
operation of the sum-product algorithm. Figure 8.51 show#mple 4-node factor
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Figure 8.51 A simple factor graph used to illustrate the ~ X1 sz\ X3
sum-product algorithm. Q ] B O
fa f b
fe
Xa

graph whose unnormalized joint distribution is given by
B(X) = fa(X1;X2)fu(X2; X3)f c(X2; X4): (8.73)

In order to apply the sum-product algorithm to this graphukedesignate node;
as the root, in which case there are two leaf nhodeandx,. Starting with the leaf
nodes, we then have the following sequence of six messages

xit fa(X1) = 1X (8.74)
fal xo(X2) = fa(X1;X2) (8.75)
xa! fo(Xa) = ]X (8.76)
fo! x,(X2) = fo(X2:X4) (8.77)
xa! fp(X2) = ot x2(X2) for x,(X2) (8.78)
fo! xs(X3) = fo(X2:X3) x5! fp- (8.79)

The direction of ow of these messages is illustrated in F@8.52. Once this
message propagation is complete, we can then propagatagessisom the root
node out to the leaf nodes, and these are given by

xs! fp(X3) = 1x (8.80)
fol x,(X2) = fp(X2; X3) (8.81)
ol fa(X2) = ! x2(X2) o1 x,(X2) (8.82)
fal xi(X1) = fa(X1:X2) x,1 f.(X2) (8.83)
ol fo(X2) = ! x5 (X2) 1o x, (X2) (8.84)
fo! xa(Xa) = fe(X2:Xa) x,1 f.(X2): (8.85)
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X1_>_’X2_’_’X3 X1<_<_X2<_<_X3
O—a—O)—a—(O) O—a—(Or—m—(O)
!
!

-— S —

X4 Xa
(a) (b)

Figure 8.52 Flow of messages for the sum-product algorithm applied to the example graph in Figure 8.51. (a)
From the leaf nodes x; and x4 towards the root node xs. (b) From the root node towards the leaf nodes.

One message has now passed in each direction across egchnichlve can now
evaluate the marginals. As a simple check, let us verify tiratmarginalp(x;) is
given by the correct expression. Using (8.63) and subtgdior the messages using
the above results, we have

B(X2) = .t x,(X2) fb!#xe(xz) fol xZ(X%)..
X X X
fa(X1;X2) fu(X2; X3) fc(X2;Xa)
XX X e X
= fa(X1;X2)Tp(X2; X3)f c(X2; Xa)
p(x) (8.86)

X1 X3 Xa

#

as required.

So far, we have assumed that all of the variables in the gnagphidden. In most
practical applications, a subset of the variables will bgesbed, and we wish to cal-
culate posterior distributions conditioned on these olsemns. Observed nodes are
easily handled within the sum-product algorithm as follo®gppose we partitiox
into hidden variabled and observed variables and that the obser@ed value of
is denoteds. Then we simply multiply the joint distributiop(x) by ~; I (vi; k),
wherel (v;k) = 1 if v = b andl (v;0) = 0 otherwise. This product corresponds
to p(h;v = ) and hence is an unnormalized versionpffijv = ). By run-
ning the sum-product algorithm, we can ef ciently calceléie posterior marginals
p(hijv = 1) up to a normalization coef cient whose value can be founccightly
using a local computation. Any summations over variables fhen collapse into a
single term.

We have assumed throughout this section that we are deaithgliscrete vari-
ables. However, there is nothing speci c to discrete vddaleither in the graphical
framework or in the probabilistic construction of the sunaguct algorithm. For
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Table 8.1 Example of a joint distribution over two binary variables for | x=0 x=1
which the maximum of the joint distribution occurs for dif- =0 0.3 0.4
i . y= . .
ferent variable values compared to the maxima of the two -1 0.3 0.0
marginals. y= : :

continuous variables the summations are simply replacddtbgrations. We shall
give an example of the sum-product algorithm applied to plyiE linear-Gaussian
Section 13.3 variables when we consider linear dynamical systems.

8.4.5 The max-sum algorithm

The sum-product algorithm allows us to take a joint disttidoup(x) expressed
as a factor graph and ef ciently nd marginals over the compat variables. Two
other common tasks are to nd a setting of the variables thaatthe largest prob-
ability and to nd the value of that probability. These can dddressed through a
closely related algorithm calletiax-sumwhich can be viewed as an application of
dynamic programming the context of graphical models (Cormetal.,, 2001).

A simple approach to nding latent variable values havinghiprobability
would be to run the sum-product algorithm to obtain the nreigip(x;) for every
variable, and then, for each marginal in turn, to nd the ek that maximizes
that marginal. However, this would give the set of values #raindividually the
most probable. In practice, we typically wish to nd the sétvalues thafointly
have the largest probability, in other words the veat8® that maximizes the joint
distribution, so that

XM = arg max p(x) (8.87)
X

for which the corresponding value of the joint probabilitiiywe given by

p(x™*) = max p(x): (8.88)

In generalx™ is not the same as the setgf values, as we can easily show using
a simple example. Consider the joint distributia(x;y) over two binary variables
x;y 2 f 0;1ggivenin Table 8.1. The joint distribution is maximized bytsey x =
1landy = 0, corresponding the valu&4. However, the marginal fqu(x), obtained
by summing over both values gf is given byp(x = 0) =0 :6 andp(x = 1) = 0 :4,
and similarly the marginal foy is given byp(y = 0) = 0 :7 andp(y = 1) = 0 :3,
and so the marginals are maximized>by 0 andy = 0, which corresponds to a
value of0:3 for the joint distribution. In fact, it is not dif cult to costruct examples
for which the set of individually most probable values hasyability zero under the
Exercise 8.27 joint distribution.

We therefore seek an ef cient algorithm for nding the valoéx that maxi-
mizes the joint distributiorp(x) and that will allow us to obtain the value of the
joint distribution at its maximum. To address the secondege problems, we shall
simply write out the max operator in terms of its components

maxp(x) = max :::max p(x) (8.89)
X 1 M
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whereM is the total number of variables, and then substitutepfor) using its
expansion in terms of a product of factors. In deriving theagaroduct algorithm,
we made use of the distributive law (8.53) for multiplicatidcHere we make use of
the analogous law for the max operator

max(ab;ag = amax(b; 9 (8.90)

which holds ifa > 0 (as will always be the case for the factors in a graphical f)ode
This allows us to exchange products with maximizations.

Consider rst the simple example of a chain of nodes desdrlipe(8.49). The
evaluation of the probability maximum can be written as

1
maxp(x) = = max max[ 1.2(X1;Xz) N 1N (XN 1 XN)]
X Z X1 XN
1 . .
= o max 1.2(X1;X2) max N 1N (XN 15XN)
Z X1 XN

As with the calculation of marginals, we see that exchantjiiegmax and product
operators results in a much more ef cient computation, anel that is easily inter-
preted in terms of messages passed from m@dbackwards along the chain to node
X1.

We can readily generalize this result to arbitrary treaettired factor graphs
by substituting the expression (8.59) for the factor graxtaesion into (8.89) and
again exchanging maximizations with products. The stmecti this calculation is
identical to that of the sum-product algorithm, and so wesiarply translate those
results into the present context. In particular, supposewle designate a particular
variable node as the “root' of the graph. Then we start a seiessages propagating
inwards from the leaves of the tree towards the root, wittheamde sending its
message towards the root once it has received all incomirsgages from its other
neighbours. The nal maximization is performed over thedarct of all messages
arriving at the root node, and gives the maximum value(a). This could be called
themax-productlgorithm and is identical to the sum-product algorithmeptahat
summations are replaced by maximizations. Note that asthige, messages have
been sent from leaves to the root, but not in the other domcti

In practice, products of many small probabilities can leadwmerical under-
ow problems, and so it is convenient to work with the loghrit of the joint distri-
bution. The logarithm is a monotonic function, so tha i b thenlna > In b, and
hence the max operator and the logarithm function can becim@ged, so that

In maxp(x) =max Inp(x): (8.91)
The distributive property is preserved because
max(a+ b;a+ c) = a+ max(b;0: (8.92)

Thus taking the logarithm simply has the effect of replading products in the
max-product algorithm with sums, and so we obtainrrex-sunalgorithm. From
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the results (8.66) and (8.69) derived earlier for the suodpct algorithm, we can
readily write down the max-sum algorithm in terms of messaggsing simply by
replacing “sum' with ‘max’ and replacing products with suofifogarithms to give

2 3
X
frx(X) = max AInf(xXyiXm)+ ot f (Xm)® (8.93)
XaXou m 2 ne(fs)nx
X
xt £(X) = 1 x(X): (8.94)
12 ne(x)nf

The initial messages sent by the leaf nodes are obtainedddggnwith (8.70) and
(8.71) and are given by

xt £(X) = 0 (8.95)
f1 x(x) = Inf(x) (8.96)
while at the root node the maximum probability can then bemated, by analogy
with (8.63), using
2 3
X
p"* = max 4 fo1 x(x)9: (8.97)
X s2 ne(x)

So far, we have seen how to nd the maximum of the joint distiidn by prop-
agating messages from the leaves to an arbitrarily chosgmoale. The result will
be the same irrespective of which node is chosen as the ramt/ W turn to the
second problem of nding the con guration of the variables fvhich the joint dis-
tribution attains this maximum value. So far, we have sergsages from the leaves
to the root. The process of evaluating (8.97) will also give valuex™ for the
most probable value of the root node variable, de ned by

2 3

X
XM = argmax 4 o x(X)9: (8.98)

X 2 ne(x)

At this point, we might be tempted simply to continue with thessage passing al-
gorithm and send messages from the root back out to the leasieg (8.93) and
(8.94), then apply (8.98) to all of the remaining variableles. However, because
we are now maximizing rather than summing, it is possibl¢ tthere may be mul-
tiple con gurations ofx all of which give rise to the maximum value fpfx). In
such cases, this strategy can fail because it is possiblthéoindividual variable
values obtained by maximizing the product of messages &t made to belong to
different maximizing con gurations, giving an overall cguration that no longer
corresponds to a maximum.

The problem can be resolved by adopting a rather differami kif message
passing from the root node to the leaves. To see how this wiatkas return once
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Figure 8.53 A lattice, or trellis, diagram show- >

ing explicitly the K possible states (one per row

of the diagram) for each of the variables x,, inthe | =1 D D D oo
chain model. In this illustration K = 3. The ar-

row shows the direction of message passing in the
max-product algorithm. For every state k of each
variable x,, (corresponding to column n of the dia-
gram) the function (x,) de nes a unique state at
the previous variable, indicated by the black lines. 1 s
The two paths through the lattice correspond to
con gurations that give the global maximum of the
joint probability distribution, and either of these
can be found by tracing back along the black lines
in the opposite direction to the arrow.

n 2 n 1 n n+1

corresponding to the graph shown in Figure 8.38. Supposeakeerodexy to be
the root node. Then in the rst phase, we propagate messagediie leaf node;
to the root node using

Xn! fon (Xn) = fn 10! Xn (Xn)

fn 1n! xn(Xn) Tax Infp 1;n(Xn 1;Xn) +
n 1

xa 1!l fn 10 (Xn)

which follow from applying (8.94) and (8.93) to this partiaugraph. The initial
message sent from the leaf node is simply

Xq! f1;z(xl) =0: (899)
The most probable value fai is then given by

XN =argmax gy a0 xy (XN) (8.100)
XN

Now we need to determine the states of the previous varididesorrespond to the
same maximizing con guration. This can be done by keepiagkrof which values
of the variables gave rise to the maximum state of each Jariabother words by
storing quantities given by

(Xxp)=argmax Infn 1n(Xn 1;Xn)+ x, ;0 0 20 (Xn) : (8.101)

Xn 1

To understand better what is happening, it is helpful toesent the chain of vari-
ables in terms of dattice or trellis diagram as shown in Figure 8.53.  Note that
this is not a probabilistic graphical model because the sadpresent individual
states of variables, while each variable corresponds tdusrgoof such states in the
diagram. For each state of a given variable, there is a urstate of the previous
variable that maximizes the probability (ties are brokdhegi systematically or at
random), corresponding to the functiofx,) given by (8.101), and this is indicated
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by the lines connecting the nodes. Once we know the most plebalue of the -
nal nodexy , we can then simply follow the link back to nd the most probabtate
of nodexy 1 and so on back to the initial noae. This corresponds to propagating
a message back down the chain using

g = (xp) (8.102)

and is known adack-tracking Note that there could be several valuexpf ; all
of which give the maximum value in (8.101). Provided we charse of these values
when we do the back-tracking, we are assured of a globallgistant maximizing
con guration.

In Figure 8.53, we have indicated two paths, each of which k&l suppose
corresponds to a global maximum of the joint probabilitytdisition. If k = 2
andk = 3 each represent possible valuesx@f*, then starting from either state
and tracing back along the black lines, which correspondtetating (8.102), we
obtain a valid global maximum con guration. Note that if wadrun a forward
pass of max-sum message passing followed by a backward pdsben applied
(8.98) at each node separately, we could end up selecting states from one path
and some from the other path, giving an overall con guratibat is not a global
maximizer. We see that it is necessary instead to keep tifable onaximizing states
during the forward pass using the functior(,) and then use back-trackingto nd
a consistent solution.

The extension to a general tree-structured factor grapbldhmmw be clear. If
a message is sent from a factor nddeo a variable nodex, a maximization is
performed over all other variable nodes :::; Xy that are neighbours of that fac-
tor node, using (8.93). When we perform this maximizatior, keep a record of

sign consistent maximizing stat@§'®;:::;xy®. The max-sum algorithm, with
back-tracking, gives an exact maximizing con guration the variables provided
the factor graph is a tree. An important application of teishinique is for nding
the most probable sequence of hidden states in a hidden Mankdel, in which
case it is known as théiterbi algorithm.

As with the sum-product algorithm, the inclusion of evideno the form of
observed variables is straightforward. The observed bkasaare clamped to their
observed values, and the maximization is performed overetimaining hidden vari-
ables. This can be shown formally by including identity ftioos for the observed
variables into the factor functions, as we did for the sumdpict algorithm.

It is interesting to compare max-sum with the iterated ctiowal modes (ICM)
algorithm described on page 389. Each step in ICM is comjouiaty simpler be-
cause the “messages' that are passed from one node to theongptise a single
value consisting of the new state of the node for which theditmmal distribution
is maximized. The max-sum algorithm is more complex bec#usenessages are
functions of node variables and hence comprise a set §f values for each pos-
sible state ok. Unlike max-sum, however, ICM is not guaranteed to nd a glbb
maximum even for tree-structured graphs.
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8.4.6 Exact inference in general graphs

The sum-product and max-sum algorithms provide ef cierd aract solutions
to inference problems in tree-structured graphs. For maagtical applications,
however, we have to deal with graphs having loops.

The message passing framework can be generalized to aylgtaph topolo-
gies, giving an exact inference procedure known aghetion tree algorithrm{Lau-
ritzen and Spiegelhalter, 1988; Jordan, 2007). Here we aivgef outline of the
key steps involved. This is not intended to convey a detailederstanding of the
algorithm, but rather to give a avour of the various stagesived. If the starting
point is a directed graph, it is rst converted to an undieztgraph by moraliza-
tion, whereas if starting from an undirected graph this et required. Next the
graph istriangulated which involves nding chord-less cycles containing four o
more nodes and adding extra links to eliminate such chasldgcles. For instance,
in the graph in Figure 8.36, the cycke-C—B-D-A is chord-less a link could be
added betweeA andB or alternatively betwee@ andD. Note that the joint dis-
tribution for the resulting triangulated graph is still ded by a product of the same
potential functions, but these are now considered to betifumeover expanded sets
of variables. Next the triangulated graph is used to consaunew tree-structured
undirected graph calledjain tree whose nodes correspond to the maximal cliques
of the triangulated graph, and whose links connect pairdigfies that have vari-
ables in common. The selection of which pairs of cliques tonext in this way is
important and is done so as to giveraximal spanning trede ned as follows. Of
all possible trees that link up the cliques, the one that @seh is one for which the
weightof the tree is largest, where the weight for a link is the nunab@odes shared
by the two cliques it connects, and the weight for the trebéssum of the weights
for the links. If the tree is condensed, so that any cliqué itha subset of another
cligue is absorbed into the larger clique, this givésrection tree As a consequence
of the triangulation step, the resulting tree satis esrir@ning intersection property
which means that if a variable is contained in two cliquesnth must also be con-
tained in every clique on the path that connects them. Thasirers that inference
about variables will be consistent across the graph. Binaltwo-stage message
passing algorithm, essentially equivalent to the sum-pcodlgorithm, can now be
applied to this junction tree in order to nd marginals anchddionals. Although
the junction tree algorithm sounds complicated, at its tisathe simple idea that
we have used already of exploiting the factorization proegiof the distribution to
allow sums and products to be interchanged so that partiahgtions can be per-
formed, thereby avoiding having to work directly with thenjpdistribution. The
role of the junction tree is to provide a precise and ef ciamty to organize these
computations. It is worth emphasizing that this is achiewsidg purely graphical
operations!

The junction tree is exact for arbitrary graphs and is efntien the sense that
for a given graph there does not in general exist a computatiocheaper approach.
Unfortunately, the algorithm must work with the joint dibtitions within each node
(each of which corresponds to a clique of the triangulateglgy and so the compu-
tational cost of the algorithm is determined by the numbefapiables in the largest
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clique and will grow exponentially with this number in theseaof discrete variables.
An important concept is theeewidthof a graph (Bodlaender, 1993), which is de-
ned in terms of the number of variables in the largest cliglnefact, it is de ned to
be as one less than the size of the largest clique, to ensaira ttee has a treewidth
of 1. Because there in general there can be multiple diffguerction trees that can
be constructed from a given starting graph, the treewidtteiaed by the junction
tree for which the largest cliqgue has the fewest variabléghd treewidth of the
original graph is high, the junction tree algorithm becoringsractical.

8.4.7 Loopy belief propagation

For many problems of practical interest, it will not be fddsito use exact in-
ference, and so we need to exploit effective approximatiethieds. An important
class of such approximations, that can broadly be cate@dtionalmethods, will be
discussed in detail in Chapter 10. Complementing theserdetistic approaches is
a wide range ofamplingmethods, also callellonte Carlomethods, that are based
on stochastic numerical sampling from distributions arat thill be discussed at
length in Chapter 11.

Here we consider one simple approach to approximate inferengraphs with
loops, which builds directly on the previous discussion xda inference in trees.
The idea is simply to apply the sum-product algorithm eveugh there is no guar-
antee that it will yield good results. This approach is kn@sitoopy belief propa-
gation(Frey and MacKay, 1998) and is possible because the messagmg rules
(8.66) and (8.69) for the sum-product algorithm are puretal. However, because
the graph now has cycles, information can ow many times atbthe graph. For
some models, the algorithm will converge, whereas for atitevill not.

In order to apply this approach, we need to de nmassage passing schedule
Let us assume that one message is passed at a time on anyigkand in any
given direction. Each message sent from a node replacesavipps message sent
in the same direction across the same link and will itself ienation only of the
most recent messages received by that node at previouso$tidygsalgorithm.

We have seen that a message can only be sent across a link frodeavhen
all other messages have been received by that node acragkedtdinks. Because
there are loops in the graph, this raises the problem of hawitiate the message
passing algorithm. To resolve this, we suppose that armimiiessage given by the
unit function has been passed across every link in eachtidinre&very node is then
in a position to send a message.

There are now many possible ways to organize the messagegasbkedule.
For example, theooding schedulesimultaneously passes a message across every
link in both directions at each time step, whereas schediépass one message at
a time are callederial schedules

Following Kschischnangt al. (2001), we will say that a (variable or factor)
nodea has a messageendingon its link to a nodeb if node a has received any
message on any of its other links since the last time it senéssage td. Thus,
when a node receives a message on one of its links, this sneateling messages
on all of its other links. Only pending messages need to hesinitted because
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Exercise 8.29

other messages would simply duplicate the previous messate same link. For
graphs that have a tree structure, any schedule that sehdpenmding messages
will eventually terminate once a message has passed in é&chich across every
link. At this point, there are no pending messages, and tbdyat of the received
messages at every variable give the exact marginal. In gitagling loops, however,
the algorithm may never terminate because there might alwaypending messages,
although in practice it is generally found to converge withi reasonable time for
most applications. Once the algorithm has converged, og drtas been stopped
if convergence is not observed, the (approximate) locagmats can be computed
using the product of the most recently received incomingsagss to each variable
node or factor node on every link.

In some applications, the loopy belief propagation algonitcan give poor re-
sults, whereas in other applications it has proven to be efegtive. In particular,
state-of-the-art algorithms for decoding certain kindewobr-correcting codes are
equivalent to loopy belief propagation (Gallager, 1963rBeet al., 1993; McEliece
et al, 1998; MacKay and Neal, 1999; Frey, 1998).

8.4.8 Learning the graph structure

In our discussion of inference in graphical models, we hasumed that the
structure of the graph is known and xed. However, there sodhterest in go-
ing beyond the inference problem and learning the graplctsire: itself from data
(Friedman and Koller, 2003). This requires that we de ne acgpof possible struc-
tures as well as a measure that can be used to score eachrstruct

From a Bayesian viewpoint, we would ideally like to computecsterior dis-
tribution over graph structures and to make predictions\u®raging with respect
to this distribution. If we have a prigp(m) over graphs indexed bs, then the
posterior distribution is given by

p(mjD) /' p(m)p(Djm) (8.103)

whereD is the observed data set. The model evidep(@jm) then provides the
score for each model. However, evaluation of the evideng@ves marginalization
over the latent variables and presents a challenging catipnal problem for many
models.

Exploring the space of structures can also be problemagcaBse the number
of different graph structures grows exponentially with thember of nodes, it is
often necessary to resort to heuristics to nd good candilat

Exercises

8.1

8.2

? By marginalizing out the variables in order, show that ti@resentation
(8.5) for the joint distribution of a directed graph is cattg normalized, provided
each of the conditional distributions is normalized.

? Show that the property of there being no directed cycles iectbd
graph follows from the statement that there exists an ottleuenbering of the nodes
such that for each node there are no links going to a lowerbewed node.
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The joint distribution over three binary variables. |

PR OO RO Ol T

R OOl OO0

| p(a;b;9 1000 |
192
144
48
216
192
64
48
96

PP RO OO O

(??) Consider three binary variablesb; c2 f 0; 1g having the joint distribution
given in Table 8.2. Show by direct evaluation that this dstiion has the property
thata andb are marginally dependent, so tha(@a;b) 6 p(a)p(b), but that they
become independent when conditionedarso thatp(a; bc) = p(ajc)p(bc) for
bothc=0 andc=1.

(??) Evaluate the distributiong(a), p(kc), andp(cja) corresponding to the joint
distribution given in Table 8.2. Hence show by direct evabrathatp(a; b; 9 =
p(a)p(cja)p(hjc). Draw the corresponding directed graph.

(?) Draw a directed probabilistic graphical model correspogdb the
relevance vector machine described by (7.79) and (7.80).

(?) Forthe model shown in Figure 8.13, we have seen that the nushparameters

could be reduced fro@™ toM +1 by making use of the logistic sigmoid represen-
tation (8.10). An alternative representation (Pearl, 988iven by

py =1jxgy;iiixm) =1 (1 o) @ )N (8.104)

where the parameters represent the probabilitiggx; = 1), and o is an additional
parameters satisfying6 o, 6 1. The conditional distribution (8.104) is known as
thenoisy-OR Show that this can be interpreted as a “soft' (probahilistrm of the
logical OR function (i.e., the function that givgs= 1 whenever at least one of the
X; = 1). Discuss the interpretation of.

(??) Using the recursion relations (8.15) and (8.16), show tieattean and covari-
ance of the joint distribution for the graph shown in Figur&4are given by (8.17)
and (8.18), respectively.

) showthata? b;cjdimpliesa? bjd.

? Using the d-separation criterion, show that the conditicinribution
for a nodex in a directed graph, conditioned on all of the nodes in theKaar
blanket, is independent of the remaining variables in tlagkr
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Figure 8.54

8.10

8.11

8.12

8.13

8.14

8.15

Example of a graphical model used to explore the con- a b
ditional independence properties of the head-to-head

path a—c-bwhen a descendant of ¢, namely the node

d, is observed.

(?) Consider the directed graph shown in Figure 8.54 in whicterafithe variables
is observed. Show that? bj;. Suppose we now observe the variathleShow
that in generad 6?bj d.

(??) Considerthe example of the car fuel system shown in Fig@® &nd suppose
that instead of observing the state of the fuel ga@gdirectly, the gauge is seen by
the driverD who reports to us the reading on the gauge. This report isrditiat the
gauge shows fulD =1 or that it shows emptd = 0. Our driver is a bit unreliable,
as expressed through the following probabilities

p(D =1jG=1)
p(D =0jG =0)

0:9 (8.105)
0:9: (8.106)

Suppose that the driver tells us that the fuel gauge showsyemmpother words
that we observ® = 0. Evaluate the probability that the tank is empty given only
this observation. Similarly, evaluate the correspondingppbility given also the
observation that the battery is at, and note that this sedcprobability is lower.
Discuss the intuition behind this result, and relate thaltés Figure 8.54.

(?) Show that there arg™ (M D=2 distinct undirected graphs over a set of
M distinct random variables. Draw ti8epossibilities for the case &fl = 3.

(?) Consider the use of iterated conditional modes (ICM) to miré the energy
function given by (8.42). Write down an expression for thiéetience in the values
of the energy associated with the two states of a particalaablex; , with all other
variables held xed, and show that it depends only on quigstithat are local ta;

in the graph.

(?) Consider a particular case of the energy function given b42)8in which the
coefcients = h = 0. Show that the most probable con guration of the latent
variables is given by; = y; for alli.

(?? Show that the joint distributiop(x, 1;X,) for two neighbouring
nodes in the graph shown in Figure 8.38 is given by an expmessithe form (8.58).
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8.21

8.22

8.23

8.24
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(??) Consider the inference problem of evaluatp{g,jxn ) for the graph shown
in Figure 8.38, for allnodes 2 f 1;:::;N  1g. Show that the message passing
algorithm discussed in Section 8.4.1 can be used to solsetluiently, and discuss
which messages are modi ed and in what way.

(??) Consider a graph of the form shown in Figure 8.38 hawhg 5 nodes, in
which nodes<z andxs are observed. Use d-separation to show #ha? Xsg j Xs.
Show that if the message passing algorithm of Section 8sapplied to the evalu-
ation ofp(x2jX3z; Xs), the result will be independent of the valuexgf

(??) Show that a distribution represented by a directed tree méally
be written as an equivalent distribution over the corresiganundirected tree. Also
show that a distribution expressed as an undirected treebgasuitable normaliza-
tion of the clique potentials, be written as a directed ti@€alculate the number of
distinct directed trees that can be constructed from a givelirected tree.

(??) Apply the sum-product algorithm derived in Section 8.4.4te chain-of-
nodes model discussed in Section 8.4.1 and show that thissré®154), (8.55), and
(8.57) are recovered as a special case.

? Consider the message passing protocol for the sum-proldecttam on

a tree-structured factor graph in which messages are ogtggated from the leaves
to an arbitrarily chosen root node and then from the root radéo the leaves. Use
proof by induction to show that the messages can be passegtlinasm order that
at every step, each node that must send a message has reddeofettie incoming
messages necessary to construct its outgoing messages.

(??) Show that the marginal distributioqgxs) over the sets of variables
Xs associated with each of the factdsgxs) in a factor graph can be found by rst
running the sum-product message passing algorithm anckttedmating the required
marginals using (8.72).

(?) Consider a tree-structured factor graph, in which a givdrsstiof the variable
nodes form a connected subgraph (i.e., any variable nodedubset is connected
to at least one of the other variable nodes via a single fawide). Show how the
sum-product algorithm can be used to compute the margis#ilaition over that
subset.

(??) In Section 8.4.4, we showed that the marginal distribugipn) for a
variable node; in a factor graph is given by the product of the messagesiagrat
this node from neighbouring factor nodes in the form (8.&3)ow that the marginal
p(x;) can also be written as the product of the incoming messagw @y one of
the links with the outgoing message along the same link.

(??) Show that the marginal distribution for the variablesin a factorf s(xs) in

a tree-structured factor graph, after running the sum-+rbohessage passing algo-
rithm, can be written as the product of the message arrivitigeafactor node along
all its links, times the local factdr(xs), in the form (8.72).
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8.25 (?7?) In (8.86), we veri ed that the sum-product algorithm run dre tgraph in
Figure 8.51 with node&; designated as the root node gives the correct marginal for
X2. Show that the correct marginals are obtained alsa f@ndxs. Similarly, show
that the use of the result (8.72) after running the sum-pebalgorithm on this graph
gives the correct joint distribution fory; X».

8.26 (?) Consider a tree-structured factor graph over discretablas, and suppose we
wish to evaluate the joint distributiga(x; Xp) associated with two variablesg and
Xp that do not belong to a common factor. De ne a procedure famgithe sum-
product algorithm to evaluate this joint distribution in s one of the variables is
successively clamped to each of its allowed values.

8.27 (?7?) Consider two discrete variabl@sandy each having three possible states, for
examplex;y 2 f 0; 1; 2g. Construct a joint distributiop(x; y) over these variables
having the property that the valdethat maximizes the marginglx), along with
the valugp that maximizes the margingl(y), together have probability zero under
the joint distribution, so that(k; p) = 0.

8.28 (?7?) The concept of pendingmessage in the sum-product algorithm for
a factor graph was de ned in Section 8.4.7. Show that if tregpfrhas one or more
cycles, there will always be at least one pending messagspiective of how long
the algorithm runs.

8.29 (??) Show that if the sum-product algorithm is run on a factor yrajth a
tree structure (no loops), then after a nite number of mgesaave been sent, there
will be no pending messages.
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