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1. INTRODUCTION

Traditional type systems allow unrestricted duplication of
values. Given a variable z of type file, a traditionally typed
program may instantiate a variable y with a copy of z:

let f(z : file) = (lety = zin close(x); write(y, “hello™))

In this example,  and y are aliases — they both refer to the
same file. Unfortunately, this aliasing causes a traditional
type checker to miss the mistake in the code above, where
the write attempts to write to a closed file. By contrast,
a linear type system would catch the mistake in the code
above, because a linear variable z would be consumed by
the instantiation y = x, and would therefore be out of scope
in the expression close(z). Nevertheless, linear types are
often considered too restrictive to use in practice, because
many programs rely on aliasing, and linear types appear to
prohibit aliasing entirely. Because of this apparent prohi-
bition, Crary, Walker, and Morrisett [1| proposed a more
complicated type system, called the calculus of capabilities,
that augments simple linear types with duplicable types. We
argue that linear types can express aliasing, and that in fact,
a very simple, standard, decidable linear logic can express
all of the capability calculus’s rules for linear and duplica-
ble types. The complete encoding of the capability calculus
using linear types is found in [2]; here, we present some ex-
amples of how linear types express aliasing, along with a
brief overview of the complete encoding.

The capability calculus describes the state of linear re-
sources using a capability, drawn from the following syntax:

C = elb[{a'}|{a"} |10 |C

Each resource « in a capability may be specified as unique
({al}), meaning that it appears nowhere else in the capa-
bility, or duplicable ({a'}), meaning that it may appear
elsewhere in the capability. The join operator & combines
capabilities together, so that a single capability may de-
scribe many resources. Joins are idempotent for duplica-
ble resources ({at} = {a™} @ {a'}) but not for unique

resources ({a'} # {a'} @ {a'}).
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Figure 1: Linear sequent rules (where A = Cy,...,C,)

Our encoding translates capabilities from the syntax above
into linear logic formulas drawn from the following syntax:

C = €|0|{a}| Ci®Cs| Ci&C> | C1 — Cs | true

The logic contains formulas C7 ® C2 (“both C; and CY”),
C1&C> (“choice of either C; or C2”), and C1 — C> (“con-
suming C; produces C>”), as well as variables e, resources
{a}, and constants () (empty) and true. Figure 1 shows the
inference rules for these linear logic formulas. Note that as-
sumptions in linear logic cannot be duplicated or discarded;
the assumption C,C' is equivalent to neither C nor C,C,C
(for an introduction to linear logic, see [6]).

Figure 2 shows examples of functions whose linear re-
source usage is specified by capability calculus capabilities
(left side) and linear logic formulas (right side). (For sim-
plicity, the examples show preconditions and postconditions,
rather than using the low-level continuation-passing style
types described in [1] and [2].) The first function, g, has the
simplest specification: for any resource «, g requires « to
be unique on entry to g, and g ensures that « is still unique
upon exit. The next function, hl, expects two linear re-
sources 3 and 7, but closes 3, so that the postcondition only
mentions v. Because both {3'} and {~'} are unique, they
cannot refer to the same file (5 and v cannot be aliased).
This means that the implementation of g would be unable
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take; if hl closes the resource 8 (which ¢ instantiated with
«), then it would be incorrect for g’s postcondition to claim
that « is still alive.



gla] : pre{at}, post{a'}

h1[B,7] : pre{'} ® {+'}, post{~'}

h2[B,7] : pre{ 8T} ® {v"}, post{T} © {v"}
h3[3,7, (e < {BT} @ {v*})] : pree, post e
h4[B,7,¢] : pree @ {8} ® {7y}, poste D {yT}

h5[3,7,6,e < {67} :pree@ {B'} @ {v*},
post e B {7*}

gla] : pre{a}, post{a}
h1(B3,7] : pre{8} @ {7}, post{~}
h2[83,] : pre({B} ® true)&({~} ® true),
post({B} ® true)& ({7} ® true)
h3[8,7, €] : pre & ({8} ® true)&e({7} ® true),
post & ({8} @ true)& ({7} ® true)
hA[B,7,€ €’ i pree’ @ {8} @ (¢"&({~} @ true)),

h5[/67 77 67 6’76/l:| :
pree @ {8} @ (€"&(¢ —o {6} @ true)& ({7} @ true))
post € @ (e"& (€' —o {6} ® true)& ({7} ® true))

post e @ (e"&({v} ® true))

Figure 2: Examples in capability calculus (left), linear logic (right)

By contrast, h2 does not require 8 and v to be distinct,
because the “+” annotation indicates that {81} and {y"}
are duplicable. This means that g could call h2 with both
[ = a and v = a, since the capability calculus considers
g’s precondition {a'} to be a subcapability of {a™}, which
is in turn equivalent to {a™} @ {a'}. For safety’s sake,
h2 is not allowed to deallocate 8 and ~y, so h2’s postcon-
dition will be the same as its precondition: {at} @ {a™}
in the case where § = « and v = «. From g¢g’s perspec-
tive, this postcondition is too weak, though; g cannot co-
erce {aT} @ {a™} back to {a'}. The function h3 solves this
problem using bounded quantification. Rather than directly
declaring {37} @ {7"} to be its precondition, h3 allows any
€ as its precondition, subject the the constraint that e is
a subcapability of {37} ® {yT}. For example, g may call
h3 with 8 = a and v = « and ¢ = {a'}, which satisfies
e < {B*}@{y"}, and gives g the strong postcondition {a'}
that it needs. This ability to fully recover the uniqueness
of a resource « after temporarily aliasing a distinguishes
the capability calculus from other approaches to linearity
and aliasing®, and allows the capability calculus to support
memory management based on aliasable regions|1][5].

The linear logic versions of g and hl are straightforward:
unique resources {a'} become linear logic resources {a},
and joins of unique resources {3'}@®{~'} become linear pairs
{B} ® {~}. Linear logic’s equivalent of duplicable resources
is less obvious, so consider a simple example: suppose the
resource in question is a hand, where it takes one hand to
wave and two hands to clap. Given {81 }@®{y"}, it’s possible
to wave  and wave 7 as often as desired, but it’s never
possible to clap 8 and v together, because although {37} @
{~v*} gives access to either 3 or v at any given time, it never
gives access to two distinct resources (§ and 7y simultaneously
(since B and v might be two aliases for the same resource,
not two distinct resources). This suggests using linear logic’s
choice operator C1&C5, which gives access to either C; or
C5, but not both. The following judgments demonstrate this
idea:

{a} F ({a} ®true)&({a} @ true)
{Bro{v} F ({8} @true)l({7} @ true)

!For example, extended L3[3] can “freeze” a unique resource
to make it aliasable (even more aliasable, in fact, than
the capability calculus’s duplicable capabilities), and then
“thaw” and “refreeze” the resource, but can never get a frozen
resource completely back to its original unique state — a re-
source can change its state 7 before its first freeze, but after
getting frozen at a particular 7, each subsequent refreeze
requires the same 7.

The first judgment shows how g may call h2: by instanti-
ating both 3 and v with «, g uses its precondition {a} to
satisfy h2's precondition ({8} ® true)&({~v} ® true). The
second judgment shows how h1l may call h2. Notice the im-
portance of the ®true in the second judgment; the judgment
{8} @ {7} F {B}&{~} is not derivable in linear logic.
Subcapabilities present another challenge to the linear
logic encoding. Here, the key insight [7][4] is that a sub-
capability relation € < C' gives anyone possessing € a choice:
either use take € as it is, or coerce it to C' (note that the
capability calculus’s rules prohibit e from appearing inside
C' in the bounded declaration € < C). Thus, the declaration
€ < C' may be replaced by a simple declaration of ¢, and a
replacement of all free occurrences of € with e&C, as shown
in the linear logic version of h3. If g calls h3 with f = a and
v = « and € = {a}, then ¢g’s precondition implies h3’s pre-
condition and h3’s postcondition implies ¢g’s postcondition:

{a} F {a}&({a} ® true)&({a} ® true)
{a}&({a} @ true)&({a} @ true) - {a}

Similarly, h1 may call h3 by choosing € = {3} ® {7}, which
implies h3’s precondition and is implied by h3’s postcondi-
tion:

{8t @ {7} F ({8} ® {v})&({F} @ true)&({7} @ true)
({8} @ {(7H&({B} ® true)& ({7} © true) - {5} @ {7}

In these examples, both g and hl call h3 by instantiat-
ing € with purely unique capabilities (¢ = {a'} for g and
e = {B'} @ {y'} for hl). In general, though, capability
variables may stand for mixtures of unique and duplicable
capabilities. To see how such mixtures complicate the lin-
ear logic encoding, consider two potential encodings of h4’s
precondition ¢ @ {#'} ® {7"} and postcondition ¢ ® {y*}:

pre(e@ {}) © ({n} @ true),
pre{f} @ (e&({7} ® true)),

The first encoding supports unique € well, but fails on a du-
plicable ¢ = {v1}; the postcondition ({y} ® true) ® ({7} ®
true) is never satisfiable, for example. The second encoding
supports aliased € well, but fails on a unique € = {al}; the
postcondition {a}&({v} ® true) is too weak to imply both
{a} and {7} together. Neither encoding is sufficient in gen-
eral, since h4 must be polymorphic over all instantiations
of €, including instantiations that mix unique and duplica-
ble capabilities, such as ¢ = {a'} ® {y"}. Therefore, the
general encoding splits capability variables € into separate
unique and duplicable portions €’ and €” (where ¢ = ¢ ©e”).

poste ® ({7} ® true)
post €& ({7} ® true)



As shown in figure 2’s encoding of function h4, the unique
portion € resides with other unique resources (such as {8}
in h4), while the duplicable portion ¢” resides with the du-
plicable resources (such as {y*} in h4). More generally, the
encoding of a capability C consists of a unique encoding and
a duplicable encoding paired together to form U(C)®@D(C),
where:

Ue) =¢€ D(e) = €”

Uy =10 D(0) =0

U({a'}) ={a} D({a'})=0
U{aTH =10 D({a"}) = {a}
UC1 & Co) = D(Cy & C2) =

(D(C1) ® true)
&(D(C2) ® true)

Splitting variables into two parts introduces a slight compli-
cation into the encoding of bounded quantification ¢ < C,
since € @ ¢’ < C no longer defines a single variable ¢ to
replace with e&C. To resolve this issue, observe that having
€¢” gives you a choice: take € as it is, or combine it with
€' to produce C. For a C that is purely duplicable®, this
suggests replacing free occurrences of €’ with ¢’&(e’ — C).
The encoding of h5, for example, is the same as the encod-
ing of h4, except that the constraint ¢ < {6*} turns into
€ @€’ < {6}, which the encoding represents by substitut-
ing ¢’ & (¢’ —o {5} ®true) for €”. If the caller chooses ¢ = {3}
in the capability calculus, for instance, then in the linear
logic encoding, the caller can choose ¢ = {6} and ¢’ =0, so
that €’&(e’ —o {6} ® true) is P& ({§} — {6} ® true), which
is trivially satisfied.

Finally, the capability calculus supports stripped capabil-
ities C, along with equivalence rules that say {a!} = {a1},
{at}={a"},Ci8Co=C1®C2,C=C,and ) = 0. In
fact, the only capability without a simplifying equivalence
rule is a variable €; it’s not immediately obvious how to rep-
resent € without using the stripping operator. Therefore, for
each variable €, the encoding introduces a auxillary variable
€s, and each time € is instantiated with a capability C, the
encoding instantiates es with the encoding of C. To preserve
the capability calculus’s equivalence rules (in particular, the
rule C < U), the encoding constrains each € so that € < eg.

Based on these ideas, the complete encoding [2] translates
any well-typed capability calculus program into a well-typed
program based on linear logic. The encoding first eliminates
stripped capabilities C, then splits variables into unique and
duplicable portions and translates each ¢ < C using the
€& (¢’ —o C) approach described above.

So far, this short paper has discussed the capability cal-
culus’s capability language but not the capability calculus’s
term language. In fact, although [2] explores some alter-
native source term languages and target term languages, it
is not necessary to change the term language syntax at all
to accommodate capabilities based on linear logic; the only
changes required to the syntax are the new definition of C
presented here and a simplified definition of type contexts
A. This means that the term encoding (in contrast to the
elaborate capability encoding) is nearly trivial: just intro-
duce and instantiate extra variables es, €, and €¢” for each

2 A non-duplicable C requires more effort; [2] encodes ¢ < C
by splitting C' into its unique and duplicable portions C’ and
", declaring another variable ¢’ subject to the constraints
€ =€"®C" and €’ ®e’ < C”, and then substituting €’ HC’
for € and €’& (" — C") for €”.

€ introduction and instantiation. Furthermore, this ensures
that the encoding introduces no run-time overhead, com-
pared to the original capability calculus program. Finally,
this means that it is easy to update the capability calculus’s
soundness proof to reflect the new definitions of C' and A.
The end result is a simpler language (compare the rules in
figure 1 to the larger set of equivalence and subcapability
rules found in the capability calculus) that is still sound,
yet expresses any capability calculus program.
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