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Abstract. The problemof interactive foreground/backgroundsegmentationin
still imagesis of greatpracticalimportancein imageediting.Thestateof theart
in interactivesegmentationis probablyrepresentedby thegraphcutalgorithmof
Boykov andJolly (ICCV 2001).Its underlyingmodelusesbothcolourandcon-
trast information,togetherwith a strongprior for region coherence.Estimation
is performedby solvinga graphcut problemfor which very ef�cient algorithms
have recentlybeendeveloped.However themodeldependsonparameterswhich
mustbesetby handandtheaim of this work is for thoseconstantsto belearned
from imagedata.
First, a generative, probabilisticformulationof themodelis setout in termsof a
“GaussianMixture Markov RandomField” (GMMRF). Secondly, a pseudolike-
lihoodalgorithmis derivedwhichjointly learnsthecolourmixtureandcoherence
parametersfor foregroundandbackgroundrespectively. Error ratesfor GMMRF
segmentationarecalculatedthroughoutusinganew imagedatabase,availableon
the web, with groundtruth provided by a humansegmenter. The graphcut al-
gorithm,usingthelearnedparameters,generatesgoodobject-segmentationswith
little interaction.However, pseudolikelihood learningproves to be frail, which
limits thecomplexity of usablemodels,andhencealsotheachievableerrorrate.

1 Intr oduction

Theproblemof interactive imagesegmentationis studiedherein the framework used
recentlyby others[1–3] in which theaim is to separate,with minimal userinteraction,
a foregroundobjectfrom its backgroundso that, for practicalpurposes,it is available
for pastinginto a new context. Somestudies[1,2] focuson inferenceof transparency
in orderto dealwith mixedpixelsandtransparenttexturessuchashair. Otherstudies
[4,3] concentrateon capturingthetendency for imagesof solid objectsto becoherent,
via Markov RandomFieldpriorssuchastheIsingmodel.In this setting,thesegmenta-
tion is “hard” — transparency is disallowed.Foregroundestimatesundersuchmodels
canbe obtainedin a preciseway by graphcut, and this cannow be performedvery
ef�ciently [5]. This hasapplicationto extractingthe foregroundobjectintact,even in
camou�age— whenbackgroundandforegroundcolour distributionsoverlapat least
in part.We have not comeacrossstudiesclaimingto dealwith transparency andcam-
ou�age simultaneously, andin our experiencethis is a verydif�cult combination.This
paperthereforeaddressesthe problemof hardsegmentationproblemin camou�age,
anddoesnotdealwith thetransparency issue.
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The interactive segmentationproblem The operationof adaptive segmentationby
our model,termeda “GaussianMixture Markov RandomField” (GMMRF), is illus-
tratedby thefollowing example.Thedesiredobjecthasbeencleanlyseparatedfrom its
backgroundwith amodestamountof userinteraction(�gure 1). Strippingawaydetails

(a) (b) (c) (d)

Fig.1. Illustrating the GMMRF algorithm for interactive segmentation.Theuserdrawsa
fat pentrail enclosingtheobjectboundary(a), marked in blue. This de�nesthe “trimap” with
foreground/background/unclassi�edlabels.TheGMMRFalgorithmproduces(b). Missingparts
of theobjectcanbeaddedef�ciently: theuserroughlyappliesa foregroundbrush(c), markedin
blue, andtheGMMRFmethodaddsthewholeregion (d).

of userinteraction,thebasicprobleminput consistsof animageandits “trimap” asin
�gure 1a).Thetrimapde�nestrainingregionsfor foregroundandbackground,andthe
segmentationalgorithmis thenappliedto the“unclassi�ed” region asshown, in which
all pixelsmustbeclassi�ed foregroundor backgroundasin �g. 1b).Theclassi�cation
procedureneedsto apply:

– jointly acrossthosepixels;
– matchingthelabelsof adjoininglabelledpixels;
– usingmodelsfor colourandtexturepropertiesof foregroundandbackgroundpixels

learnedfrom therespective trainingregions;
– bene�ting from any generalnotionsof region coherencethat can be encodedin

prior distributions.

2 Generative modelsfor interactive segmentation

This sectionreviews generative modelsfor two-layer(foreground/background) colour
imagesin order to arrive at the simplestcapable,probabilisticmodel for interactive
segmentation— thecontrast-sensitiveGMMRF. A generative,probabilisticmodelfor
imagepixel datacanbeexpressedin termsof colourpixel data � , opacityvariables� ,
opacityprior anddatalikelihoodasfollows.
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Image � is anarrayof colour(RGB) indexedby the(single)index � :
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with correspondinghiddenvariablesfor transparency �

������	���
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�������� , andhidden
variablesfor mixture index �

��� �!	���
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�
��"�#�$� . Eachpixel is considered,in general,
to have beengeneratedasan additive combinationof a proportion �%� ( &('
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'*) )
of foregroundcolour with a proportion )$+

�,� of backgroundcolour [2, 1]. Herewe
concentrateattentionon thehardsegmentationproblemin which �%�-�

&

�

) — binary
valued.

Gibbsenergy formulation Now theposteriorfor � is givenby
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This canbe written asa Gibbsdistribution, omitting thenormalisingconstant)�9
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which is anywayconstantwith respectto � :
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Theintrinsicenergies K and N encodetheprior distributions:
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andtheextrinsicenergy H de�nesthelikelihoodterm
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Simplecolour mixtur eobservation lik elihood A simpleapproachtomodellingcolour
observationsis asfollows.At eachpixel, foregroundcolour is consideredto begener-
atedrandomlyfrom one of [ Gaussianmixture componentswith mean \

�]
�
�
 � and
covariancê �]
�
�
 � from theforeground,andlikewisefor thebackground:
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andthecomponentshaveprior probabilities
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Theexponentialcoef�cient for eachcomponent,referredto hereasthe“extrinsicenergy
coef�cient” is denotedj
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. Thecorrespondingextrinsic term in
theGibbsenergy is givenby
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A usefulspecialcaseis theisotropicmixturein which j

� �v�������T�%�gwx� �#�_�����X�]y .
Notethat,for apixelwise-independentlikelihoodmodelasin (6), thepartition func-

tion
;,<

for the likelihooddecomposesmultiplicatively acrosssites � . Sincealsothe
partition function

;,z

for the prior is always independentof � , the MAP estimateof
� canbe obtained(3) by minimising AU+i{ |#}
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with respectto � andthis canbe
achievedexactly, giventhat �k� is binaryvaluedhere,usinga“minimum cut” algorithm
[4] which hasrecentlybeendeveloped[3] to achieve goodsegmentationin interactive
time(around1 secondfor a ~
&#&

l

image).

Simple opacity prior (No spatial interaction) The simplestchoiceof a joint prior
.��
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� is thespatiallytrivial one,decomposinginto aproductof marginals
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(variabletransparency). This is well known [3] to give poor resultsand this will be
quanti�ed in section5.

Ising Prior In order to convey a prior on object coherence,.�� �

� can be spatially
correlated,for examplevia a�rst orderGauss-Markov interaction[6,7] as,for example,
in theIsingprior:
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where q ‹Xr denotestheindicatorfunctiontakingvalues&

�

) for apredicate‹ , andwhere
Œ

is thesetof all cliquesin theMarkov network, assumedto betwo-pixel cliqueshere.
The constant„ is the Ising parameter, determiningthe strengthof spatialinteraction.
The MAP estimateof � canbe obtainedby minimising with respectto � the Gibbs
energy (3) with H asbefore,andtheIsing K (10). This canbeachievedexactly, given
that ��� is binaryvaluedhere,usinga “minimum cut” algorithm[4]. In practice[3] the
homogeneousMRF succeedsin enforcingsomecoherence,asintended,but introduces
“Manhattan”artefactsthatpoint to theneedfor a moresubtleform of prior and/ordata
likelihood,andagainthis is quanti�ed in section5.

3 Incorporating contrast dependence

The Ising prior on opacity, beinghomogeneous,is a ratherblunt instrument,andit is
convincingly argued[3] that a “prior” that encouragesobject coherenceonly where
contrastis low, is far moreeffective. However, a “prior” that is dependenton datain
thisway (dependentondatain thatimagegradientsarecomputedfrom intensities� ) is
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not strictly a prior. Herewe encapsulatethespirit of a contrast-sensitive “prior” more
preciselyasa gradientdependentlikelihoodtermof theform

•

� Ž��

/ �

�c•%�]„•� (11)

where• is a furthercoherenceparameterin a Gauss-Markov processover � .
It turns out that the contrastterm introducesa new technicalissuein the data-

likelihoodmodel:long-rangeinteractionsareinducedthatfall outsidetheMarkov frame-
work, andthereforestrictly fall outsidethescopeof graphcut optimisation.The long-
rangeinteractionis manifestedin thepartitionfunction

;�<

for thedatalikelihood.This
is aninconvenientbut inescapableconsequenceof theprobabilisticview of thecontrast-
sensitivemodel.While it imperilsthegraphcutcomputationof theMAP estimate,and
thiswill beaddressedin duecourse,correcttreatmentof thepartitionfunctionturnsout
to be critical for adaptivity. This is becauseof the well-known role of partition func-
tions[7] in parameterlearningfor Gibbsdistributions.Notealsothat recentadvances
in DiscriminativeRandomFields[8] which canoftencircumventsuchissues,turn out
not to beapplicableto usingtheGMMRF modelwith trimaplabelling.

3.1 Gibbsenergy for contrast-sensitiveGMMRF

A modi�ed Gibbsenergy that takescontrastinto accountis obtainedby replacingthe
term K in (10)by
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which relaxesthetendency to coherencewhereimagecontrastis strong. Theconstant
• is supposedto relateto „ via observationnoiseandwe set
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where š
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�
 › denotesexpectationover the test imagesample,and taking the constant
–5�i™ is justi�ed later.

The resultsof minimising A
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— seelater) gives
considerablyimprovedsegmentationperformance[3]. In our experience“Manhattan”
artefactsaresuppressedby thereducedtendency of segmentationboundariesto follow
Manhattangeodesics,in favour of following linesof highcontrast.Resultsin section5
will con�rm quantitatively theperformancegain.

3.2 Probabilistic model

In thecontrast-sensitiveversionof theGibbsenergy, theterm K

‘ nolongercorresponds
to aprior for � , asit did in thehomogeneouscase(10).TheentireGibbsenergy is now
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Addinga“constant”term
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to A hasno effect on theminimum of A

���k� w.r.t. � , andtransformstheproblemin a
helpfulwayaswewill see.Theadditionof (15)gives A

�3K-JœH whereK is theearlier
Isingprior (10)andnow H is givenby
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with separatetextureconstants•

z

�c•_	 for foregroundandbackgroundrespectively. This
is a fully generative,probabilisticaccountof thecontrast-sensitivemodel,cleanlysep-
aratingprior andlikelihoodterms.TransformingA by theadditionof theconstantterm
(15) hashadseveral bene�cial effects.First it separatesthe energy into a component

K which is active only at foreground/backgroundregion boundaries,anda component
H whosecontrastterm actsonly within region. It is thusclearthat theparameter• is
a textural parameter— and that is why it makessenseto learn separateparameters

•

z

��•_	 . Secondlywhen,for tractability in learning,theGibbsenergy is approximated
by aquadraticenergy in thenext section4, thetransformationis in factessentialfor the
resultingdata-likelihoodMRF to beproper(ie capableof normalisation).

Infer enceof foreground and background labels fr om posterior Given that H is
now dependenton � and � simultaneously, thepartitionfunction

; <

for thelikelihood,
which wasa locally factorisedfunction for the simple likelihoodmodelof section2,
now containsnon-localinteractionsover � . It is no longerstrictly correctthatthepos-
terior canbe maximisedsimply by minimising A

�¡HUJ3K . Neglectingthe partition
function

;,<

in this way canbe justi�ed, it turnsout, by a combinationof experiment
andtheory— seesection6.

MAP inferenceof � is thereforedoneby applyingmin cut asin [3] to the Gibbs
energy A . For this stepwe caneithermarginaliseover � , or maximizewith respectto

� , thelatterbeingcomputationallycheaperandtendingto produceverysimilar results
in practice.

4 Learning parameters

This sectionaddressesthe critical issueof how mixture parameters\

� �����k� , ^

� �����k�

and h%� �����k� canbelearnedfrom datasimultaneouslywith coherenceparameters€7•xž

• .
In the simple uncoupledmodel with •_ž��

& for �¡�

&

�

) mixture parameterscan
belearnedby conventionalmethods,but whencoherenceparametersareswitchedon,
learningof all parametersis couplednon-trivially.
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4.1 Quadratic approximation

It would appearthat theexponentialform of H in (16) is anobstacleto tractabilityof
parameterlearning,andso thequestionariseswhetherit is anessentialcomponentof
themodel.Intuitively it seemswell chosenbecauseof theswitchingbehaviourbuilt into
theexponential,thatswitchesthemodelin andoutof its “coherent”mode.Nonetheless,
in theinterestsof tractabilityweuseaquadraticapproximation,solelyfor theparameter
learningprocedure.Theapproximatedform of theextrinsicenergy (16)becomes:
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andtheapproximationis goodprovided ••ž#Ÿ
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Learning ¥ Note that since the labelleddataconsiststypically of separatesetsof
foregroundandbackgroundpixelsrespectively (�g 1a,b)thereis no trainingdatacon-
taining the boundarybetweenforegroundandbackground.Thereis thereforeno data
over which the Ising term (10) canbe observed,since „ no longerappearsin the ap-
proximatedH

¢ . Therefore„ cannotsimplybelearnedfrom trainingdatain thisversion
of theinteractive segmentationproblem.However for theswitchingof theexponential
termin (16) to actcorrectlyit is clearthatwe musthave
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throughoutregionsof homogeneoustextureso,overbackgroundfor instance,we must
have „(§O•�ž#Ÿ
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, whichis alsotheconditionfor goodquadraticapproximation
above. Given that the statisticsof �

…

+

��� are found to be consistentlyGaussianin
practice,this is securedby (13).

4.2 Pseudolikelihood

A well establishedtechniquefor parameterestimationin formally intractableMRFslike
this oneis to introducea “pseudolikelihoodfunction” [6] andmaximiseit with respect
to its parameters.Thepseudolikelihoodfunctionhastheform
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where A

¢ will be calledthe “pseudo-energy”, andnotethat
¨

is free of any partition
function.Thereis noclaimthat

¨

itself approximatesthetruelikelihood,but that,under
certaincircumstances,its maximumcoincidesasymptoticallywith thatof thelikelihood
[7] — asymptotically, thatis,asthesizeof thedata� tendsto in�nity . Strictly theresults
applyfor integer-valuedMRFs,soformally we shouldconsider� to beinteger-valued,
andafterall it doesrepresenta setof quantisedcolourvalues.

Following [7], thepseudo-energy is de�ned to be
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where �#�e�I�v©1€����

• — theentiredataarrayomitting ��� . Now
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by theMarkov property, where «�� is the “Markov blanket” at grid point � — theset
of its neighboursin the Markov model.For the earlierexampleof a �rst-order MRF,

«%� simply containsthe N, S, E, W neighboursof � . Taking into accountthe earlier
detailsof theprobabilitydistribution over theMarkov structure,it is straightforwardto
beshow that,over thetrainingset
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Terms „,q �

…

Š�¯���1r from K have beenomittedsincethey do not occurin the training
setsof the type usedhere(�g 1), asmentionedbefore.Finally, thepseudo-likelihood
energy function
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and =�?!@�+
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¢

� is the(local)partitionfunction.

4.3 Parameter estimationby autoregressionover the pseudolikelihood

It is well known that the parametersof a GaussianMRF canbe obtainedfrom pseu-
dolikelihoodasanauto-regressionestimate[9]. For tractability, we split theestimation
problemup into ±
[ problems,onefor eachforegroundandbackgroundmixturecom-
ponent,treatedindependentlyexceptfor sharingcommonconstants•

z

and •_	 . For this
purpose,themixture index �1� at eachpixel is determinedsimply by maximisationof
thelocal likelihood:
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Further, for tractability, we restrictthedata €��
�

• to thosepixels(muchthemajority in
practice)whoseforeground/backgroundlabel � agreeswith all its neighbours— ie the
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Observables��� with agivenclasslabel �k� andcomponentindex �1� arethendealtwith
together, in accordancewith thepseudolikelihoodmodelabove, asvariablesfrom the
regression
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and
¹
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/

«%�

/ . Themeancolouris estimatedsimplyas
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where š
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 › denotesthe samplemeanover pixels from class � andwith component
index � . We cansolve for ¶ and ^ usingstandardlinearregressionasfollows:
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Lastly, model parametersfor eachcolour component,for instanceof the back-
ground,shouldbeobtainedto satisfy
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andsimilarly for theforeground.
Notetherearesometechnicalproblemshere.Firstis that(31)representsaconstraint

that is not necessarilysatis�ed by ^ and ¶ , andso the regressionneedsto be solved
underthis constraint.Secondis that in (32) j

� �v�_�����X� shouldbe positive de�nite but
this constraintwill not automaticallybe obeyedby thesolutionof theautoregression.
Thirdly that onevalueof •

z

needsto satisfy the setof equationsabove for all back-
groundcomponents.The �rst problemis dealtwith by restricting j to be isotropicso
that ^ and ¶ mustalsobeisotropicandtheentiresetof equationsaresolvedstraightfor-
wardlyunderisotropy constraints.(In otherwords,eachcolourcomponentis regressed
independentlyof theothers.)It turnsout that this alsosolvesthesecondproblem.An
unconstrainedautoregressionon typical natural imagedata,with generalsymmetric
matricesfor the j

� �1�_�����X� , will, in our experience,often leadto a non-positive de�-
nite solutionfor j

� �1�_�����X� andthis is unusablein the model.Curiouslythis problem
with pseudolikelihoodandautoregeressionseemsnot to begenerallyacknowledgedin
standardtexts [7, 9]. Empirically howeverwe have foundthattheproblemceaseswith
isotropic j

� �#�������X� , andsowe have usedthis throughoutour experiments.Theuseof
isotropiccomponentsseemsnotto havemucheffectonqualityprovidedthat,of course,
a largernumberof mixturecomponentsmustbeusedthanfor equivalentperformance
with generalsymmetriccomponent-matrices.Lastly, thetying of •

z

acrosscomponents
canbeachievedsimply by averagingpost-hoc, or by applyingthetying constraintex-
plicitly aspartof theregressionwhich is, it turnsout,quitetractable(detailsomitted).

5 Results

Testingof the GMMRF segmentationalgorithmsusesa databaseof ~
& images.We
comparetheperformanceof: i) Gaussiancolourmodels,with no spatialinteraction;ii)
thesimpleIsing model;iii) thefull contrast-sensitiveGMMRF modelwith �x edinter-
actionparameter„ ; iv) thefull GMMRF with learnedparameters.Resultsareobtained
using ™ -connectivity, andisotropicGaussianmixtureswith [

�I½

& componentsasthe
datapotentials

n

� .
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(a) (b) (c)

(d) (e) (f)

Fig.2. (a,d)Twoimagesfromthetestdatabase. (b,e)Userde�nedtrimapwith foreground(white),
background(black) andunclassi�ed(grey). (c,f) Experttrimap which classi�espixelsinto fore-
ground(white),background(black) andunknown(grey); unknownhere refers to pixelstooclose
to theobjectboundaryfor theexpertto classify, includingmixedpixels.

Test Database The databasecontains )�~ training and ½

~ test images,available on-
line1. Thedatabasecontrastswith theform of groundtruth suppliedwith theBerkeley
database2 which is designedto testexhaustive, for bottomup segmentation[10]. Each
imagein our databasecontainsa foregroundobject in a naturalbackgroundenviron-
ment(see�g. 2). Sincethepurposeof thedatasetis to evaluatevariousalgorithmsfor
hard imagesegmentation,objectswith noor little transparency areused.Consequently,
partly transparentobjectslike trees,hairor glassarenot included.Two kindsof labeled
trimapsareassignedto eachimage.The �rst is the usertrimap asin �g. 2(b,e).The
secondis an“expert trimap” obtainedfrom painstakingtracingof objectoutlineswith
a �ne pen (�g. 2(c,f)). The �ne pen-trail coverspossiblymixed pixels on the object
boundary. Thesepixelsareexcludedfrom theerrorratemeasuresreportedbelow, since
thereis node�niti vegroundtruthasto whetherthey areforegroundor background.

Evaluation Segmentationerrorrateis de�ned as
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where“misclassi�ed pixels” excludesthosefrom theunclassi�edregion of theexpert
trimap. This simplemeasurementis suf�cient for a basicevaluationof segemntation

1 http://www.research.microsoft.com/vision/cambridge/segmentation/
2 http://www.cs.berkeley.edu/projects/vision/grouping/segbench/
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performance.It might be desirableat somelaterdateto devisea secondmeasurethat
quanti�esthedegreeof usereffort thatwouldberequiredto correcterrors,for example
by penalisingscatterederrorpixels.

0 200 400
3

4

5

6

g

Error rate (%)

Fig.3. Theerror rateon thetrainingsetof Ä�Å images,usingdifferentvaluesfor Æ . Theminimum
error is achievedfor Æ¾ÇUÈ7Å . TheGMMRFmodelusesisotropicGaussiansand É -connectivity.

Testdatabasescores In orderto comparetheGMMRF methodwith alternativemeth-
ods,a �x ed valueof the Ising parameter„ is learneddiscriminatively by optimising
performanceover thetrainingset(�g. 3), giving avalueof „d�

±#~ . Thentheaccompa-
nying • constantis �x edasin (13). For full Gaussiansand Ê -connectivity the learned
valuewas „M�

±
& . The performanceon the testsetis summarizedin �gure 4 for the

Segmentationmodel Error rate
GMMRF; discriminatively learnedÆ�ÇUÈ�Ë ( Ì¯ÇLÄ�Ë full Gaussian) Í�Î Ï�Ð

LearnedGMMRF parameters( ÌDÇUÑ7Ë isotropicGauss.) Ò
Î Ó %
GMMRF; discriminatively learnedÆ�ÇUÈ7Å ( Ì¯Ç’Ñ7Ë isotropicGaussian) Ï
Î É %
Stronginteractionmodel( Æ�ÇLÄ�Ë7Ë7Ë ; Ì¯Ç’Ñ7Ë isotropicGaussian) Ä7Ä7Î Ë %
Isingmodel( Æ�ÇUÈ7Å ; Ì¯Ç’Ñ7Ë isotropicGaussian) Ä7Ä7Î È %
Simplemixturemodel– no interaction( ÌDÇ’Ñ7Ë isotropicGaussian) Ä�Ó
Î Ñ %

Fig.4. Error rateson thetestdatasetfor differentmodelsandparameterdeterminationregimes.
For isotropic Gaussians,the full GMMRFmodelwith learnedparameters outperformsboth the
full modelwith discriminativelylearnedparameters, andsimpleralternativemodels.However,
exploitinga full Gaussianmixture modelimprovesresultsfurther.

variousdifferentmodelsandlearningprocedures.Resultsfor thetwo imagesof �gure
2 from thetestdatabase,areshown in �gure 5. As mightbeexpected,modelswith very
strongspatialinteraction,simpleIsing interaction,or without any spatialinteractionat
all, all performpoorly. Themodelwith nospatialinteractionhasatendency to generate
many isolated,segmentedregions(see�g. 5). A stronginteractionmodel( „U�

)7&#&#& )
hastheeffectof shrinkingthetheobjectwith respectto thetruesegmentation.TheIsing
model,with „V�

±#~ setby hand,givesslightly betterresults,but introduces“Manhat-
tan” artefacts— theborderof thesegmentationoftenfailsto correspondto imageedges.
Theinferiority of theIsingmodelandthe“no interactionmodel”hasbeendemonstrated
previously [3] but hereis quanti�ed for the�rst time.
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In contrast,the GMMRF model with learned„ is clearly superior. For isotropic
Gaussiansand ™ -connectivity theGMMRF modelwith parameterslearnedby thenew
pseudolikelihoodalgorithmleadsto slightly betterresultsthanusing the discrimina-
tively learned„ .

Thelowesterrorrate,however, wasachievedusingfull covarianceGaussiansin the
GMMRF with discriminatively learned„ . Wewereunableto comparewith pseudolike-
lihood learning;thepotentialinstability of pseudolikelihoodlearning(section4) turns
out to beanoverwhelmingobstaclewhenusingfull covarianceGaussians.

6 Discussion

We have formalisedtheenergy minimizationmodelof Boykov andJolly [3] for fore-
ground/backgroundsegmentationasa probabilisticGMMRF anddevelopeda pseudo-
likelihoodalgorithmfor parameterlearning.A labelleddatabasehasbeenconstructed
for this taskandevaluationshavecorroboratedandquanti�ed thevalueof spatialinter-
actionmodels— theIsingprior andthecontrast-sensitiveGMMRF. Further, evaluation
hasshown that parameterlearningfor the GMMRF by pseudolikelihoodis effective.
Indeed,it is a little moreeffective thansimplediscriminative learningfor a compara-
ble model(isotropicGMMRF); but the frailty of pseudolikelihoodlearninglimits the
complexity of modelthatcanbeused(eg full covarianceGMMRF is impractical)and
that in turn limits achievableperformance.A numberof issuesremainfor discussion,
asfollows.

DRF. — the Discriminative RandomField model [8] hasrecentlybeenshown to be
very effective for imageclassi�cation tasks.It hasthe greatvirtue of banishingthe
issuesconcerningthelikelihoodpartitionfunction

;�<

thataffecttheGMMRF. However
it canbe shown that the DRF formulationcannotbe usedwith the form of GMMRF
developedhere,and trimap labelleddata,becausethe parameterlearningalgorithm
breaksdown (detailsomittedfor lackof space).

Line process.Thecontrast-sensitive GMMRF hassomesimilarity to thewell known
line processmodel[11]. In factit hasanimportantadditionalfeature,thattheobserva-
tion modelis a non-trivial MRF with spatialinteraction(thecontrastterm),andthis is
a crucialingredientin thesuccessof contrast-sensitiveGMMRF segmentation.

Lik elihood partition function. As mentionedin section3.2, the partition function
;,<

dependson � andthisdependency shouldbetakeninto accountwhensearchingthe
MAP estimateof � . However, for thequadraticallyapproximatedextrinsicenergy (17),
this partition function is proportionalto the determinantof a sparseprecisionmatrix,
which canbe numericallycomputedfor givenparametersand � . Within the rangeof
valuesusedin practicefor thedifferentparameters,we foundexperimentallythat
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with Ô varyingwithin a range �
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� . Hence,by ignoring { |#}

;�<

in theglobalenergy
to be minimised,we assumeimplicitly that the prior is effectively Ising with slightly
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weaker interactionparameter„

+

Ô . Sincewe have seenthat graphcut is relatively
insensitive(�g. 3) to perturbationsin „ , this justi�es neglectof theextrinsicpartitionfn

;,<

andtheapplicationof graphcut to theGibbsenergy alone.

Adding parametersto the MRF. It might seemthatsegmentationperformancecould
be improvedfurtherby allowing moregeneralMRF models.They would have greater
numbersof parameters,more than could reasonablybe set by hand,and this ought
to presshomethe advantageof the new parameterlearningcapability. We have run
preliminaryexperimentswith i) spatiallyanisotropiccliquepotentials,ii) largerneigh-
bourhoods(8-connected)and iii) independent,unpooledforegroundandbackground
texture parameters•

z

and •_	 (usingmin cut over a directedgraph).However, in all
caseserrorratesweresubstantiallyworsened.A detailedanalysisof theseissuesis part
of futureresearch.

Acknowledgements.Wegratefullyacknowledgediscussionswith andassistancefrom
P. Anandan,C.M. Bishop,B. Frey, T. Werner, A.L. Yuille andA. Zisserman.

References

1. Chuang,Y.Y., Curless,B., Salesin,D., Szeliski,R.: A Bayesianapproachto digital matting.
In: Proc.Conf.ComputerVisionandPatternRecognition.(2001)CD–ROM

2. Ruzon,M., Tomasi,C.: Alphaestimationin naturalimages.In: Proc.Conf.ComputerVision
andPatternRecognition.(2000)18–25

3. Boykov, Y., Jolly, M.P.: Interactivegraphcutsfor optimalboundaryandregionsegmentation
of objectsin N-D images.In: Proc.Int. Conf.onComputerVision.(2001)CD–ROM

4. Greig, D., Porteous,B., Seheult,A.: ExactMAP estimationfor binary images. J. Royal
StatisticalSociety51 (1989)271–279

5. Kolmogorov, V., Zabih,R.: Whatenergy functionscanbeminimizedvia graphcuts?IEEE
Trans.onPatternAnalysisandMachineIntelligencein press(2003)

6. Besag,J.: On thestatisticalanalysisof dirty pictures.J.Roy. Stat.Soc.Lond.B. 48 (1986)
259–302

7. Winkler, G.: Imageanalysis,random�elds anddynamicMonte Carlo methods.Springer
(1995)

8. Kumar, S.,Hebert,M.: Discriminative random�elds: A discriminative framework for con-
textual interactionin classi�cation. In: Proc.Int. Conf. on ComputerVision. (2003)CD–
ROM

9. Descombes,X., Sigelle,M., Preteux,F.: GMRF parameterestimationin a non-stationary
framework by a renormalizationtechnique. IEEE Trans.ImageProcessing8 (1999)490–
503

10. Malik, J.,Belongie,S.,Leung,T., Shi,J.: Contourandtextureanalysisfor imagesegmenta-
tion. Int. J.ComputerVision43 (2001)7–27

11. Geman,S.,Geman,D.: Stochasticrelaxation,Gibbsdistributions,andtheBayesianrestora-
tion of images.IEEETrans.onPatternAnalysisandMachineIntelligence6 (1984)721–741



14 Blake etal.

GMMRF; Æ�ÇUÈ�Ë ; full Gauss. GMMRF; Æ learned GMMRF; Æ�ÇUÈ7Å

Õ�Ö�Ö�×�Ö

ÇLÄ7Î Å % Õ�Ö�Ö�×�Ö

ÇVÉ#Î Å % Õ�Ö�Ö�×�Ö

ÇVÉ#Î Í %

Isingmodel; Æ�ÇUÈ7Å Stronginteraction;Æ¾ÇLÄ�Ë7Ë7Ë No interaction
Õ�Ö�Ö�×�Ö

ÇUÅ�Î Ï % Õ�Ö�Ö�×�Ö

ÇUÍ�Î Ó % Õ�Ö�Ö�×�Ö

Ç’Ò
Î Ï %

GMMRF; Æ�ÇUÈ�Ë ; full Gauss. GMMRF; Æ learned GMMRF; Æ�ÇUÈ7Å

Õ�Ö�Ö�×�Ö

Ç’Ó
Î Ò % Õ�Ö�Ö�×�Ö

ÇUÍ�Î Ë % Õ�Ö�Ö�×�Ö

Ç’Ï
Î Í %

Isingmodel; Æ�ÇUÈ7Å Stronginteraction;Æ¾ÇLÄ�Ë7Ë7Ë No interaction
Õ�Ö�Ö�×�Ö

ÇLÄ�Ë
Î Í % Õ�Ö�Ö�×�Ö

ÇLÄ�Å�Î Ï % Õ�Ö�Ö�×�Ö

ÇUÈ�Ë
Î Ë %

Fig.5. Resultsfor varioussegmentationalgorithms(see�g . 4) for the two imagesshownin �g .
2. For bothexamples,theerror rate increasesfromtop left to bottomright. GMMRFwith pseu-
dolikelihoodlearningoutperformstheGMMRFwith discriminativelylearnedÆ parameters,and
thevarioussimpleralternativemodels.Thebestresultis achievedhoweverusingfull covariance
GaussiansanddiscriminativelylearnedÆ .


