
1 Oct 2010 Northwest Probability Seminar 



È Underlying geometry: finite graph G=( V,E ) . 

È Set of possible configurations: 
 

È Probability of a configuration qÇU
given by the Gibbs distribution 
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High  Critical  Low  



È One of the most commonly used MC samplers for 
the Gibbs distribution:  

ÁUpdate sites via iid Poisson(1) clocks 

ÁEach update replaces a spin at u ÇV  by  

a new one | kconditioned on V Qyu{ 
(heat-bath version). 

È Ergodic reversible MC with stationary measure k. 

 

È How fast does it converge to equilibrium? 
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È Spectral gap in the spectrum of the generator: 
          gap =  smallest positive eigenvalue  
   the of heat-kernel H.  

ÁGoverns convergence in L0&k' . 

È Mixing time : standard measure of convergence: 
ÁThe L/ (total-variation) mixing time within c is 

 
 
where H is the heat-kernel. 
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È Setting: Ising model on the lattice (D/ nD)d . 
Belief: For some critical inverse-temperature  c̀  : 

È Low temperature:   (`< c̀ ) 
gap-1 and tmix are exponential  in the surface area. 

È Critical temperature:   (`; c̀ ) 
gap-1 and tmix are polynomial  in the surface area. 

È High temperature:   (`: c̀ ) 

1.  Rapid  mixing:  gap¬1 =  O(1) and tmix q log n 

2. Mixing occurs abruptly ( cutoff phenomenon). 

6 



È Fast mixing for high temperatures:  
Ğ[Aizenman, Holley õ84] 

Ğ[Dobrushin , Shlosman õ87] 

Ğ[Holley, Stroock õ87, õ89] 

Ğ[Holley õ91]  

Ğ[Stroock, Zegarlinski  õ92a, õ92b, õ92c] 

Ğ[Zegarlinski  õ90, õ92] 

Ğ[Lu, Yau õ93] 

Ğ[Martinelli, Olivieri  õ94a, ô94b] 

Ğ[Martinelli, Olivieri , Schonmann õ94] 

È Slow Mixing for low temperatures:  
È [Schonmann õ87],  

È [Chayes, Chayes, Schonmannõ87], 

È [Martinelli õ94],  

È [Cesi, Guadagni, Martinelli, Schonmannõ96]. 
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È High temperature: gap¬1 is uniformly bounded,  

O(log n) mixing for all  :̀ c̀ =  log(1+ ς) . 
ÁDynamics conjectured to exhibit cutoff  [Peresõ04]. 

ÁRecently confirmed [Lubetzky, S.]:  
 

 

È Low temperature: for <̀ c̀  both gap¬1 and the 
mixing time are exp[(c( )̀+ o(1))n]. 
 

 

È Remains to verify power -law at critical ;̀ c̀  é 
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È Polynomial lower bound on gap¬1  via the polynomial 

decay of spin-spin correlation whose asymptotics were 
established by [Onsager õ44] ([cf. Holley õ91]). 

È Numerical experiments: " universal exponent of |2.17  

Á[Ito õ93], [Wang, Hatano, Suzuki õ95], [Grassberger õ95], 
[Nightingale, Blöte õ96], [Wang, Hu õ97],é 

È Compared to conjectured power -law behavior of gap¬1 : 
No known sub-exponential upper bounds é 

È Only geometries with proved power -law for critical Ising: 
Á Mean-field  [Ding, Lubetzky, Peres õ09] (Curie-Weiss model) 

Á Regular tree [Ding, Lubetzky, Peres õ10] (Bethe lattice). 
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È Understanding of the limit developed emerged 
with the advent of SchrammðLoewner evolution.  

 

È Recent breakthrough results due to  
Smirnov describe full scaling limit  
of cluster interfaces as CLE3. 

 

È We use Russo-Seymour-Welsh type estimates for 
FK-Ising with arbitrary b.c. 
Ğ[Chelkak, Smirnov ô09] 

Ğ[Camia, Newman õ09] 

Ğ[Duminil -Copin , Hongler, Nolin õ09] 
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